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To the Seers, our Ancestors, the first Path-makers 


PREFACE 


Little is known at present to historians of mathe- 
matics regarding the achievements of the early Hindu 
mathematicians and our indebtedness to them. Though 
it is now generally admitted that the decimal place- 
value system of numeral notation. was invented and 
first used by the Hindus, it is not yet fully realized 
to what extent we are indebted to them for our 
elementaty mathematics. This is due to the lack of a 
reliable and authentic history of Hindu mathematics. 
Our object in writing the present book has been to 
make up’ for this deficiency by giving a comprehensive 
account of the growth and development of the 
science of mathematics in India from the earliest 
known times down to the seventeenth century of the 
Christian era. 


The subject is treated by topics. Under each topic 
are collected together and set forth in chronological 
order translations of relevant Sanskrit texts as found 
in the Hindu works. ‘The texts have been elucidated, 
wherever necessary, by adding explanatory notes and 
comments, and also by illustrative examples culled from 
original sources. We have tried to avoid repetition 
as far as has been consistent with our aim. However, 
on several occasions it has been considered desirable 
to repeat the same rule in the words of different authors 
in order to emphasize the continuity or rather the 
pa evolution of mathematical thought and termino- 
ogy in India. Comparative study of this kind has 
helped us to throw light on certain obscure Sanskrit 


р 


passages and technical terms whose full significance 
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had not, been understood before. In translating the 
texts we have tried to be as literal and faithful as 
possible without sacrificing the spirit of the original. 
Sometimes it has not been possible to find exact 
parallels to Sanskrit words and technical terms in 
English. In all such cases we have tried to maintain 
the spirit of the original in the English version. 

The above plan of the book has been adopted in 
pursuance of our intention to place before those who 
have no access to the Sanskrit sources all evidence, 
unfavourable as well as favourable, so that they can 
judge for themselves the claims of Hindu mathematics, 
without depending solely on our statements. In order 
to facilitate comparison with the development of 
mathematics in other countries the various topics have 
been arranged generally in accordance with the se- 
quence in Professor D. E. Smith's History of Mathematics, 
Vol. II. This has sometimes necessitated divergence 
from the arrangement of topics as found in the Hindu 
works on mathematics. 


In search of material for the book we had to 
examine the literature of the Hindus, non-mathematical 
as well as mathematical, whether in Sanskrit or in 
Prakrit (Pali and Ardha Mágadhi) Very few of the 
Hindu treatises on mathematics have been printed so 
far, and even these are not generally known. The 
manuscript works that exist in the various Sanskrit 
libraries in India and Europe are still less known. We 
have not spared labour in collecting as many of these 
as we could. Sanskrit mathematical works mentioned 
in the bibliography given at the end of this volume 
have been specially consulted by us. We are thankful 
to the authorities of the libraries at Madras, Bangalore, 
Trivandrum, Trippunithura and Benares, and those of 
the India Office (London) and the Asiatic Society of 
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Bengal (Calcutta) for supplying us transcripts of the 
manuscripts required or sending us manuscripts for 
consultation. We are indebted also to Dr. R. P. 
Paranjpye, Vice-Chancellor of the Lucknow University, 
for help in securing for our use several manuscripts 
or their transcripts from the state libraries in India 
and the India Office, London. 

It would not have been possible to carry our study 
as far as has been done without the spade work of 
previous writers. Foremost among these must be men- 
tioned the late Pandit Sudhakar Dvivedi of Benares, 
whose editions of the LZvati, Brábmasphuta-siddhánta, 
Trisatikd, .Mahdsiddhanta, Siddbanta-tattva-viveRa, etc., 
have been of immense help. Colebrooke’s translations of 
the arithmetic and algebra of Brahmagupta and Bhás- 
kara IL, Kern's edition of the Aryabhatiya and Ranga- 
carya's edition (with English translation) of the Gansta- 
sára-samgraba of Mahavira have also been of much use. 
The recent work of G. R. Kaye, however, has been 
found to be extremely unreliable. His translation of 
the Gagitapáda of the Aryabhatiya and his edition of the 
Bakhshali Manuscript are full of mistakes and are 
misleading. 

It has been decided to publish the book in three 
parts. The first part deals with the history of the 
numeral notation and of arithmetic. The second is 
devoted to algebra, a science in which the ancient Hindus 
made remarkable progress. The third part contains 
the history of geometry, trigonometry, calculus and 
various other topics such as magic squares, theory of 
series and permutations and combinations. Each part is 
complete in itself, so that one interested in any particular 
branch of mathematics need not consult all of them. 


Part I which is now being published contains two 
chapters. Chapter I gives an account of the various 
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CHAPTER І 


NUMERAL NOTATION 
t. A GLIMPSE OF ANCIENT INDIA 


The student of ancient Indian History is struck 
by the marvellous attainments of the Hindus, both 
in the Arts and the Sciences, at a very early period. 
The discoveries at Mohenjo-daro reveal that as early as 
3,000 B.C. the inhabitants of the land of the Sindhu— 
the Hindus—built brick houses, planned cities, used 
metals such as gold, silver, copper and bronze, and lived 
a highly organised life. In fact, they were far in advance 
of any other people of that period. The earliest works 
available, the Vedas (с. 3,000 B.C. or probably much 
earlier), although consisting mainly of hymns of praise 
and poems of worship, show a high state of civilisation. 
The Brábmaga literature (v. 2,000 B.C.) which follows 
the Vedas, is partly ritualistic and partly philosophical. 
In these works are to be found well-developed systems 
of metaphysical, social and religious philosophy, as well 
as the germs of most of the sciences and arts which have 
helped to make up the modern civilisation. It is here 
that we find the beginnings of the science of mathematics 
(arithmetic, geometry, algebra,- etc.) and astronomy. 
This Brábzaga period was followed by mote than two 
thousand years of continuous progress and brilliant 
achievements. Although during this period there were 
several foreign invasions as well as internal wars and 
many great kingdoms rose and fell, yet the continuity of 
intellectual progress was maintained. The constitution 
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of Hindu society was mainly responsible for this. 
The foreign invaders, instead of being a hindrance, 
contributed to progress and the strengthening óf Hindu 
society by bringing in new blood. "They settled in the 
land, adopted the religion and customs of the conquered 
and were -completely absorbed into Hindu society. 
There were a class of people—the Brahmanas—who 
took the vow of poverty, and devoted themselves, from 
one generation to another, to the cultivation of the 
sciences and arts, religion and philosophy. The 
Brahmanas, thanks to their selflessness and intellectual 
attainments, were highly respected by the kings and the 
people alike. They were the law-givers and advisers 
of the kings. In fact, this body of selfless thinkers 
and learned men were the real rulers of the land. 

The great Epic, the Réwdyana, was composed by 
Valmiki, the father of Sanskrit poetry, about 1,000 B.C., 
Panini, the grammarian, perfected Sanskrit grammar 
about yoo B.C. and Suéruta wrote on the sciences of 
medicine and surgery about боо В.С.* A century later, 
Mahavira and Buddha taught their unique systems of 
religious and moral philosophy, and the doctrine of 
Nirvéna. With the spread of these religions evolved 
the Jaina and Buddhist literatures. Some of the earlier 
Purdnas and Dharma-Sdstras were written about this 
time. The period доо B.C. to доо A.D., however, seems 
to have been a period of great activity and progress. 
During this period flourished the great Jaina meta- 
physician Umásváti, Patafijali, the grammarian and philo- 
sopher, Kautilya, the celebrated politician, Nagarjuna, 
the chemist, Caraka, the physician, and the immortal 
poets  Á$vaghosa, Bhása and Kalidasa. The great 


1 There is considerable divergence of opinion regarding the 
dates of the pre-historic works and personalities mentioned in this 
section. We have given those dates that appear most plausible. , 
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astronomical Svddhdntas, the Sérya, the Pitémaha, the 
Vasistha, the Peréfara and others were written during 
this period and the decimal place-value notation was ' 
perfected. 


.2. HINDUS AND MATHEMATICS 


Appreciation of Mathematics. 1t is said that 
in ancient India no science did ever attain an independent 
existence and was cultivated for its own sake. What- 
ever of any science is found in Vedic India is supposed 
to have originated and grown as the handmaid of one 
or the other of the six “members of the Veda,” and 
consequently with the primary object of helping the 
Vedic rituals. It is also supposcd, sometimes, that 
any further culture of the science was somewhat dis- 
couraged by the Vedic Hindus in suspicion that it might 
prove a hindrance to their great quest of the knowledge 
of the Supreme by diverting the mind to other external 
channels. "That is not, indeed, a correct view on the 
whole. It is perhaps true that in the earlier Vedic Age, 
sciences grew as help to religion. But itis generally 
found that the interest of people іп a particular 
branch of knowledge, in all climes and times, has al- 
ways been aroused and guided by specific reasons. 
Religion being the prime avocation of the earlier Hindus, 
it is not unnatural that the culture of other branches 
of knowledge grew as help to it and was kept subsi- 
diary. But there is enough evidence to show that 
in course of time all the sciences outgrew their original 
purposes and were cultivated for their own sake. A 
new orientation had indeed set in in the latter part of 
the Vedic Age. 


There is a story in the Chéndogya Upanisad* whose 


1 Chandogya Upanisad, vii. 1, 2, 4. 
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value in support of our view cannot be over-estimated. 
It is said that once upon a time Narada approached 
the sage Sanatkumára and begged of him the Brapa- 
vidyé or the supreme knowledge. Sanatkumára asked 
Narada to state what sciences and arts he had already 
studied so that he (Sanatkumára) might judge what 
still remained to be learnt by him. Thereupon Narada 
enumerated the various sciences and arts studied by him. 
This list included astronomy (naksatra-vidyd) and arith- 
metic (rési-vidyéd). Thus the culture of the science of 
mathematics ot of any other branch of secular know- 
ledge, was not considered to be a hindrance to spiritual 
knowledge. In fact, Apard-vidyd (“secular knowledge") 
was then considered to be a helpful adjunct to Paré-vidyó 
(“spiritual knowledge”). 

Importance to the culture of Gapita (mathematics) 
is also given by the Jainas. Their religious literature 
is generally classified into four branches, called anuyoga 
(“exposition of principles"). One of them is guxitdnn- 
yoga (the exposition of the principles of mathematics"). 
The knowledge of Samkhydna (literally, “the science of 
numbers," meaning arithmetic and astronomy) is stated 
to be one of the principal accomplishments of the Jaina 
ptiest.^ In Buddhist literature too, arithmetic (ganand, 
Samkhydna) is regarded as the first and the noblest of 
the arts.* All these will give a fair idea of the importance 
and value set upon the culture of ganita in ancient 
India. 

The following appreciation of mathematics, al- 
though belonging to a much later date, will be found 
to be interesting, especially, as it comes from the pen 


! Mundakopanisad, i. з, 3-5. 

2 Bhagavati-sátra, Sütra о; Ustarddbyayana-sdtra, xxv. т, 8, 38. 

з Vinaya Pitaka, ed. Oldenberg, Vol. IV, p. 7; Majjhima 
Nikdya, Vol. I, p. 85; Cillaniddesa, р. 199. 
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of Mahavira (850 A.D.), one of the best mathematicians 
of his time: 

“In all transactions which relate to worldly, Vedic 
or other similar religious affairs calculation is of use. 
In the science of love, in the science of wealth, in music 
and in drama, in the art of cooking, in medicine, in 
architecture, in prosody, in poetics and poetry, in logic 
and grammar and such other things, and in relation to 
all that constitutes the peculiar value of the arts, the 
science of calculation (дата) is held in high esteem. 
In relation to the movements of the sun and other 
heavenly bodies, in connection with eclipses and 
conjunctions of planets, and in connection with the 
triprasna (direction, position and time) and the course 
of the moon—indeed in all these it is utilised. The 
number, the diameter and the perimeter of islands, 
oceans and mountains; the extensive dimensions of the 
rows of habitations and halls belonging to the inhabi- 
tants of the world, of the interspace between the worlds, 
of the world of light, of the world of the gods and of 
the dwellers in hell, and other miscellaneous measure- 
ments of all sorts—all these ate made out by the help 
of ganita. The configuration of living beings therein, 
the length of their lives, their eight attributes, and other 
similar things; their progress and other such things, 
their staying together, etc.—all these are dependent 
upon ganita (for their due comprehension). What is 
the good of saying much? Whatever there is in all the 
three worlds, which are possessed of moving and non- 
moving beings, cannot exist as apart from ganita 
(measurement and calculation). 

* With the help of the accomplished holy sages, 
who are worthy to be worshipped by the lords of the 
world, and of their disciples and disciples! disciples, 
who constitute the well-known series of preceptors, 
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I glean from the great ocean of the knowledge of 
numbers a little of its essence, in the manner in which 
gems are picked from the sea, gold is from the stony 
rock and pearl from the oyster shell; and give out 
according to the power of my intelligence, the Sdra-sam- 
graha, a small work on saga, which is (however) not 
small in value." 


Mathematics in Hindu Education. The 
elementary stage in Hindu education lasted from the 
age of five till the age of twelve. This period slightly 
differed in the case of sons of kings and noblemen. 
The main subjects of study were Z/p/ or /e&bá (alphabets, 
reading and writing), 7#pa (drawing and geometry) and 
ganand (arithmetic). It is said in the Arthasdstra of 
Kautilya (400 B.C.) that having undergone the ceremony 
of tonsure, the student shall learn the alphabets (2р7) and 
arithmetic (samkhydna).? We find in the Hathigumpha 
Inscription? that king Kharavela (163 B.C.) of Kaling: 
spent nine years (from the age of sixteen to the age of 
25) in learning /e&54, rpa and ganand. Prince Gautama 
began his education when he was eight years of age 
“firstly (with) writing and then ‘arithmetic as the most 
important of the 72 sciences and arts.”* Mention of 
lekhd, rpa and ganand is also found in the Jaina canonical 
works.’ 


t GSS, i. 9-19. 
2 ArthaSsastra, ed, by R. Shamasastri, i. 5, 2; Eng. trans., 
. IO. 

3 Hatbigumpha and three other inscriptions, ed. by Bhagavanlal 
Indraji, p. 22. 

4 Antagada-daséo and Anuttarvavaiya-dasdo, Eng. trans. by L. D. 
Barnett, 1907, p. зо; cf. Ka/paszitra of Bhadrabáhu, Sütra 211. 

5 E.g. Samavaydnga-sittra, Sütra 72. 
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3. SCOPE AND DEVELOPMENT OF HINDU 
MATHEMATICS 


Ganita literally means “Һе science: of calculation” 
and is the Hindu name for mathematics. The term is a 
very ancient one and occurs copiously in Vedic literature. 
The Vedáriga Jyotisa (с. 1,200 B.C.) gives it the highest 
place of honour among the sciences which form the 
Vedéniga: “As the crests on the heads of peacocks, as 
the gems on the hoods of snakes, so is ganita at 
the top of the sciences known as the Veddénga.”* In 
ancient Buddhist literature we find mention of three 
classes of ganita: (1) mudrá (“finger arithmetic"), (2) 
ganan (“mental arithmetic”) and (3) samkhydna 
(“higher arithmetic in general") Опе of the earliest 
enumerations of these three classes occurs in the Digha 
Nikdya,? and it is also found in the Vinaya Pitaka,” 
Divyávadána* and Milindapafibo) The word samkhydna 
has been used for ganita in several old works.® At this 
remote period ganita included astronomy, but geometry 
(ksetra-ganita) belonged to a different group ob sciences 
known as Ka/pasétra. 


It is believed that some time before the beginning 
of the Christian era, there was a renaissance of Hindu 
Сапа" The effect of this revival on the scope of 


1Vatha sikha mayuranath naganam manayo yatha 
Tadvadvedangasastranam ganitarn mürdhani sthitam.”’ 

* T, p. 5r. Vedérga fyotisa, 4 

з IV, р. 7. uu 

* Divyávadána, ed. by E. B. Cowell and R. A. Neil, Cambridge, 
1886, pp. 5, 26 and 88. 

5 Milindapaübo, Eng. trans. by Rhys Davids, Oxford, 1890, 
- 91. 
Р 5 E.g., Kalpasitra of Bhadrabáhu, ed. by H. Jacobi, Leipzig, 
1897; Bhagavati-stitra, Bombay, 1918, p. 112; Arthasastra, i. 5. 2. 

T Bibhutibhusan Datta, “The scope and development of 
Hindu Ganita,” Indien Historical Quarterly, V, 1929, pp. 479-512. 
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ganita was great. Astronomy (/yofisa) became a separate 
subject aud geometry (&sefra-ganita) came to be included 
within its scope. The subjects treated in the Hindu 
Ganita of the early renaissance period consisted of the 
following:' Partkarma (‘fundamental operations”), 
Vyavabdéra ("determinations"), Rajju ("xope," meaning 
geometry), RZ£ (“rule of three"), Kalésavarna (“орега- 
tions with fractions"), Уа ра (“as many as," 
meaning simple equations), Varga ("Square," meaning 
quadratic equations), Ghana (“Cube”, meaning cubic 
equations), Varga-varga (biquadratic equations) and 
Vikalpa (“permutations and combinations"). 

Thus ganita came to mean mathematics in general, 
while ‘finger arithmetic’ as well as ‘mental arithmetic’ 
were excluded from the scope of its meaning For the 
calculations involved in gapita, the use of some writing 
material was essential. The calculations were performed 
on a board (24/7) with a piece of chalk or on sand (224/7) 
spread on the ground or on the pZ/£ Thus the terms 
pati-ganita (“science of calculation on the board”) or 
thili-karma (dust-work"), came to be used for higher 
mathematics. Later on the section of гапа dealing 
with algebra was given the name D/ja-gapita. ‘The first 
to effect this separation was Brahmagupta (628), but he 
did not use the term Béja-ganita. The chapter dealing 
with algebra in his Brábma-spbuta-siddbánta is called 
Kuttaka. Sridharácárya (750) regarded Pdéti-ganita and 
Bija-ganita as separate and wrote separate treatises on 
each. This distinction between Péfiganita and Béjaganita 
has been preserved by later writers. 


Having given a brief survey of the position and 
scope of mathematics in Ancient India, we turn to the 


*“*Parikammarh vavaháro rajju rast kalásavanne ya ! 
Jávantávati vaggo ghano tataha vaggavaggo vikappo ta u” 
Sthandngashtra, Sütra 747. 
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purpose in hand—that of giving a connected account 
of the development and growth of the different branches 
of mathematics. The numeration system of the Hindus 
will engage our attention fitst. 


4. NUMERAL TERMINOLOGY 


Scale of Notation. We can definitely say that 
from the very earliest known times, ten has formed 
the basis of numeration in India. In fact, there is 
absolutely no trace of the extensive use of any other 
base of numeration in the whole of Sanskrit literature. 
It is also characteristic of India that there should be 
found at a very early date long series of number names 
for very high numerals. While the Greeks had no 
terminology for denominations above the myriad (10*), 
and the Romans above the m/e (10°), the ancient Hindus 
dealt freely with no less than eighteen denominations. 
In modetn times also, the numeral language of no 
other nation is as scientific and perfect as that of the 
Hindus. 

In the Yajurveda Samhita (V djasaneyf) the following 
list of numeral ‘denominations is given: Eka (1), dasa 
(то), sata (100), sahasra (1000), ayata (10,000), miyuta 
(100,000), prayuta (1,000,000), arbuda (10,000,000), 
nyarbuda (100,000,000), samudra —— (1,000,000,000), 
madhya (10,000,000,000), ала (100,000,000,000), 
parárdba (1,000,000,000,000). The same list occurs at 
two places in the Ta/tzrfya Sambitá^ The Maitrdyani* 


! Various instances are to be found in the Rgveda; noted 
by Macdonell and Keith, Vedic Index, Vol. I, p. 343. 

? Yajurveda Sambitd, xvii. 2. ° 

2 iy, 40. 11. 4; and vii. 2. 20. I. 

ай. 8. 14; the list has ayua, prayata, then again ayata, then 
nyarbuda, samudra, madhya, anta, parárdba. 
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and Káfha&a! Sambitds contain the same list with slight 
alterations. The Paftavimia Brábmana has the Yajur- 
veda list upto nyarbuda inclusive, and then follow 
nikharva, vádava, абзін, etc. The Sdikbydyana Sranta 
Sra continues the series after nyarbuda with nikharva, 
samudra, salila, antya, ananta (= 10 billions). Each of 
these denominations is 10 times the preceding, so that 
they were aptly called daSagunottara samjüá? (‘“decuple 
terms”). 

Coming to later times, 7.é., about the 5th century 
B.C., we find successful attempts made to continue the 
series of number names based on the centesimal scale.* 
We quote below from the La/ztavistara,* a well-known 
Buddhist work of the first century B.C., the dialogue 
between Arjuna, the mathematician, and Prince Gautama 
(Bodhisattva): 


“The mathematician Arjuna asked the Bodhisattva, 
‘O young man, do you know the counting which goes 
beyond the 40/7 on the centesimal scale? 


Bodhisattva: I know. 


Arjuna: How does the counting proceed beyond 
the &of; on the centesimal scale? 


Bodhisattva: Hundred otis are called дауна, 
hundred gyutas niyuta, hundred niyutas &an&ara, hundred 
kankaras vivara, hundred vivaras ksobhya, hundred kso- 
bhyas vivdha, hundred vivdbas utsanpa, hundred stsarigas 
balula, hundred bahulas ndgabala, hundred ndgabalas tifi- 


2 xvii. 10; the list is che same with the exception that niysta 
and prayufa change places. In xxxix. 6, after myarbuda a new 
term tddava intervenes. 

* Cf, Bhaskara И, L, р. г. 

3 Sarottara ganand ot Satottdra гатуй (names on the cen- 
tesimal scale). 

^ Lalitavistara, ed. by Rajendra Lal Mitra, Calcutta, 1877, 
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lambha, hundred Zif/ambbas vyavastbána-brajfiapti, hundred 
vyavasthána-prajfabtis hetubila, bundred hetubilas karahu, 
hundred arabus betvindriya, hundred hetvindriyas samápta- 
ата, hundred  samápta-lambhas ganandgati, hundred 
ganandgatis niravadya, hundred miravadyas mudré-bala, hun- 
dred mudrd-balas sarva-bala, hundred sarva-balas visamjna- 
gati, hundred visamjid-gatis sarvajñá, hundred sarvajids 
vibbutatigamá, hundred vibbutaigamdas tallaksapa.’” 
Another interesting series of number names 
increasing by multiples of 10 millions is found in 
Káccáyana's Pali Grammar.? “Бог example: dasa 
(то) multiplied by dasa (10) becomes sata (тоо), 
Sata (100) multiplied by ten becomes sahassa (1,000), 
sahassa multiplied by ten becomes dasa sahassa (10,000), 
dasa sabassa multiplied by ten becomes sata sahassa® 
(100,000), sata sahassa multiplied by ten becomes dasa 
Sata sahassa (1,000,000), dasa sata sabassa multiplied by 
ten becomes 40/1 (10,000,000). Hundred-hundred- 
thousand 60/17 give рабой.“ In this manner the further 
terms are formed. What are their names? .......... 
hundred hundred-thousands is 40/4, hundred-hundred- 


"Thus fa/laksana==10*, 

This and the following show that the Hindus anticipated 
Archimedes by several centuries in the matter of evolving a series 
of number names which “are sufficient to exceed not only the 
number of a sand-heap as large as the whole earth, but one as 
large as the universe." 

Cf. ‘De harenae numero’ in the 1544 edition of the Opera of 
Archimedes; quoted by Smith and Karpinski, Hindu Arabic 
Numerals, Boston, 1911, p. 16. 

2 “Grammaire Ране de Káccáyana," Journ. Asiatique, Sixieme 
Serie, XVII, 1871, p. 411. The explanations to sütras 51 and 
52 are quoted here. 

з Also called /ekkha (laksa). 

4 Also called &ofz-&off, i.e., (10,000,000)? —10!*. The follow- 
ing numbers are in the denomination 022-601. Compare the 
Anuyogaduira-sitira, Sütta 142. 
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thousand 0/7 is pakofi, hundred-hundred-thousand 
pakotis is kotippakoti, hundred-hundred-thousand £oj7- 
ppakotis is nalinta, Wandred-hundted-thausand nabutas is 
ninnabnta, hundred-hundred-thousand x#innahutas is ak- 
&hobhini, similarly we have bindu, abbuda, nirabbuda, 
ahaha, ababa, atata, sogandbika, uppala, kumuda, pundarika 
paduma, &atbána, mabá&atbána, asankhyeya.”* 


In the .4sauyogadvéra-sffra? (с. 100 B.C.), a Jaina 
canonical work written before the commencement of 
the Christian era, the total number of human beings 
in the world is given thus: “а number which when 
expressed in terms of the denominations, &o/;-&o//, etc., 
occupies twenty-nine places (s754s4), or it is beyond the 
24th place and within the 32nd place, or it is a number 
obtained by multiplying sixth square (of two) by (its) 
fifth square, (7.e., 2%), or it is a number which сап be 
divided (by two) ninety-six times." Another big number 
that occurs in the Jaina works is the number representing 
the period of time known as S/rsaprabeli&d. According 
to the commentator Hema Candra (b. 1089), this 
number is so large as to occupy 194 notational places 
(atika-sthanehi). It is also stated to be (8,400,000)**. 


Notational Places. Latet on, when the idea of 
place-value was developed, the denominations (number 
names) were used to denote the places which unity would 
occupy in order to represent them (denominations) in 
writing a number on the decimal scale. For instance, 
according to Aryabhata I (499) the denominations are 
the names of ‘places’. He says: “Eka (unit) dasa 
(ten), sata (hundred), sahasra (thousand), ayw/z (ten 
thousand), туи (hundred thousand), prayuta (million), 


1 Thus asac&byeya is (10)!3^—(10,000,000)?9, 

? Sütra 142. 

3 The figures within brackets after the names of authors or 
wotks denote dates after Christ. 
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oti (ten million), arbuda (hundred million), and туза 
. (thousand million) are respectively from place to place 
each ten times the preceding."' The first use of the 
word *place' for the denomination is met with in the 
Jaina work quoted above. 


In most of the mathematical works, the denomina- 
tions are called “names of places," and eighteen of 
these are generally enumerated. Sridhara (750) gives 
the following names:? eka, dasa, fata, sahasra, ayuta, 
laksa, prayuta, koti, arbuda, abja, kharva, nikharva, maha- 
Saroja, Зайн, saritd-pati, antya, madhya, parárdba, and adds 
that the decuple names proceed even beyond this. 
Mahavira (850) gives twenty-four notational places:* 
eka, dasa, Sata, sahasra, dasa-sahasra, laksa, dasa-laksa, 
koti, dasa-koti, Sata-koti, arbuda, nyarbuda, kharva, 
mahakharva, padma, | mabá-badma, Азот, mahd-Rsoni, 
Sankha, mahd-Sankha, ksiti, mahé-ksiti, ksobha, mahé- 
&sobha. 

Bháskara П”ѕ (1150) list agrees with that of Sridhara 
except for mabásaroja and saritápati which are replaced 
by their synonyms abápadma and jaladhi respectively. 
Ht remarks that the nares of places have been assigned 
for practical use by ancient writers.* 

Narayana (1356) gives a similar list in which az, 
mabásaroja and saritápati are replaced by their synonyms 
Saroja, mahdbja and párávára respectively. 

Numerals in Spoken Language. The Sanshzit 
names for the numbers from one to nine are: eka, dw, 
tri, catur, райга sat, Sapta, asta, nava. These with the 


1 A, ii 2. 
2 Tris, R. 2-3; the term used is dasagundh saniidh, i.e., “decuple 
names." 


з GSS, i. 63-68; “The first place is what is known as eka; the 
second is dafa” etc. 
3 L, p. 2. 
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numerical denominations already mentioned suffice to 
express any required number. In an additive system 
it is immaterial how the elements of different denomina- 
tions, of which a number is composed, are spoken. 
Thus one-ten or ten-one would mean the same. But 
it has become the usual custom from times immemorial 
to adhere to a definite mode of arrangement, instead 
of speaking in a haphazard manner. 


In the Sanskrit language the arrangement is that 
when a number expression is composed of the first two 
denominations only, the smaller element is spoken 
first, but when it is composed also of higher denomina- 
tions, the bigger elements precede the smaller ones, 
the order of the first two denominations remaining as 
before. Thus, if a number expression contains the 
first four denominations, the normal mode of expression 
would be to say the thousands first, then hundreds, 
then units and then tens. It will be observed that 
there is a sudden change of order in the process of 
formation of the number expression when we go beyond 
hundred. Тһе change of order, however, is common 
to most of the important languages of the world.’ 
Nothing definite appears to be known as to the cause 
of this sudden change. 


The numbers 19, 29, 39, 49, etc., offer us instances 
of the use of the subtractive principle in the spoken 
language. In Vedic times we find the use* of the 
terms ekdnna-vimSati (one-less-twenty) and ekduna- 
catvdrimSat (one-less-forty) for nineteen and thirty-nine 
respectively. In later times (Sütta period) the ekduna was 
changed to eona, and occasionally even the prefix eka 


1Only in very few languages is the order continuously 
descending. In English the smaller elements are spoken first 
in the case of numbers upto twenty only. 

2 Taittiriya Sambitd, vii 2. 11. 
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was deleted and we have Zma-vimíatz, lüna-trimfat, etc.— 
forms which are used upto the present day. The al- 
ternative expressions 222-0252 (nine-ten), nava-vinisati 
(nine-twenty), etc., were also sometimes used.' 


Practically the whole of Sanskrit literature is in 
verse, so that for the sake of metrical convenience, 
various devices were resorted to in the formation of 
number expressions, the most common being the 
use of the additive? method. The following are a 
few examples of common occurrence taken from 
mathematical works: i 


Subtraçtive: (1) the number 139 is expressed as 
40-+- 100— r;* 
(2) 297 is expressed as 300—3.* 
Multiplicative: (1) the number eighteen is expressed 
as 2x 9; 


(2) twenty-seven is expressed as 
3X9 and 1z as 2x 65? 

(3) 28,483 is expressed as 834-400+ 
(4000 X 7). 


119 = nava-dasa (V 4јагапеу? Samhita, xiv. 23; Taittiríya Sambité, 
Xiv. 23. 30). 


29 = nava-vimiati (Vdjasaneyt Samhita, xiv. зл). 
99 = mava-navati (Rgveda, i. 84. 13). 
? 3339 = (riti fatáni trisahasrdni trimía ca nava ca, i.e., “three 


hundreds and three thousands and thirty and nine.” (Rgveda, 
ш. 9. 9; also x. $2. 6.) ‘ 

3 GSS, 1. 4: cattvarimsascaikona Satadhika ("forty increased by 
one-less-hundred”’). 

3L, p. 4, Ex. x: Trihinasya fata-trayasya ("three less three 
hundred"). 

5 А, ii, 3: dvi-navaka. 

© Tris, Ex. 43: tri-nava&a (“three nines”), dvi-sat (“two sixes'l). 

TGSS, i 28:  tryasitimifrdai catussatdni  catussahasraghna 
"agánvitáni (“eighty-thtee combined with four hundred and 
four thousand multiplied by seven"). ! 
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The expression of the number 12345654321 in the 
form “beginning with 1 upto 6 and then diminishing ia 
order" is rather interesting.’ 

What are known as alphabetic and word numerals 
were generally employed for the expression of large 
numbers. А detailed account of these numerals will 
be given later on. - 


5. THE DEVELOPMENT OF NUMERICAL 
SYMBOLISM 


Writing in Ancient India. It is generally held 
that numerical symbols were invented after writing had 
been in use for some time, and that in the early stages 
the numbers were written out in full in words. This 
seems to be true for the bigger units, but the signs for 
the smaller units are as old as writing itself. 


Until quite recently historians were divided as to 
the date when writing was in use in India. There were 
some who stated that writing was known even in the 
Vedic age, but the majority following Weber, Taylor, 
Biihler and others were of opinion that writing was 
introduced into India from the West about the eighth 
century B.C. These writers built up theories deriving 
the ancient Indian script, as found in the inscriptions 
of Ašoka, from the more ancient writing discovered in 
Egypt and Mesopotamia. The Semitic origin was first 
suggested by Sir W. Jones, in the year 1806, and later 
on supported by Kopp (1821), Lespius (1834), and many 
others. The supporters of this theory, however, do 
not completely agree amongst themselves. For, whilst 
W. Deccke and I. Taylor derive the Indian script from 
a South-Semitic script, Weber and Bühler derive 


1 GSS, 1.27: ekddisadantani kramena hindni. 
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it from the Phoenician or a North-Semitic script. 
Bühler rejects the derivation from a  South-Semitic 
script, stating that the theory requires too many assump- 
tions, and makes too many changes in the letter forms 
to be quite convincing. He, however, supports Weber's 
derivation from a North-Semitic script and has given 
details of the theory.* Ojha? has examined Bühler's 
theory in detail and rejects it stating that it is fanciful 
and that the facts are against it. He states that only 
one out of the twenty-two letters of the Phoenician 
(North-Semitic) script resembles a phonetically similar 
Brahmi letter. He supports his argument in a most 
convincing manner by a table of the two alphabets, 
with phonetically similar letters arranged in a line. He 
further shows that following Bühler's method of deri- 
vation almost any script could be proved to be the 
parent of another.* 


Other scholars, who held that writing was known 
in India as early as the Vedic age, based their conclusion 
upon literary evidence. The Vasistha Dharmasitra, 
which originally belonged to a school of the Rgveda 
offers clear evidence of the use of writing in the Vedic 
period. Vaéistha (xvi. то, 14-15) mentions written 
docurnents as legal evidence, and the first of these sütras 


‘For minor differences in the theories set up by different 
writers and also for several other theories, see Bühler, Pa/aeograpby, 
p. 9; the notes give the references. 

? Bühler, Lc, pp. of. 

5 PLM, pp. 18-31. 

* Recently several other eminent historians have expressed their 
disagreement with Bühler's derivation. See Bhandarkar, “Origin 
of the Indian Alphabet," Sir Asutosh ‘Mukerji Jubilee Volumes, 
Vol. ПІ, 1922, р. 493; Н. C. Ray, “The Indian Alphabet,” IA, 
ПІ, 1924, p. 253; also Mohenjo-daro and tbe Indus Walley Civilisation, 
1931, p. 424, where the following remark occurs: “I am con- 
vinced that all attempts to derive the Brahmi alphabet from Semitic 
alphabets were. complete failures.” 


2 
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is a quotation from an older work or from traditional 
lore. Another quotation from the Корейа itself (x. 62. 
7), which refers to the writing of the number eight is: 
Sabasram me dadato astakarnyab, meaning "gave me a 
thousand cows on whose cars the number eight was 
written.” The above interpretation, although doubted by 
some scholars, seems to be correct, as it is supported by 
Pánini.' Moreover, the practice of making marks on 
the ears of cows to denote their relation to their owners, 
scems to have been prevalent in ancient India.? 


At another place in the Корейа (x. 34), we find 
mention of a gambler lamenting his lot and saying that 
“having staked on one,? he lost his faithful wife.. 
Again, in the Atharvaveda (vii. 50, (52), 5) we find 
the mention of the word “written amount".* Panini’s 
grammar (e. тоо B.C.) contains the terms yavandni 
(“Semitic writing") and the compounds /pikdra and 
libikdra (iii. 2. 21) (writer), which show that writing 
was known in his time. In addition to these passages, 
the Vedic works contain some technical terms, such as 
aksara (a letter of the alphabet), &Zzda (chapter), patala, 
erantha (book), etc., which have been quoted as evidence 
of writing. These specific references to written docu- 
ments when considered with the advanced state of Vedic 
civilisation, especially the high development of trade 
and complicated monetary transactions, the use of prose 
in the Brabmanas, the collection, the methodical arrange- 
ment, the numeration, the analysis of the Vedic texts 


t Karno varna la&saná! (vi. 2. 112) and also (vi. з. 115) support 
the interpretation. 

? Atharvaveda (vi. 141) mentions the method of making 
mitbuta marks on the ears. In (xii. 4. 6) the practice is denounced. 
The Maitrdyani Sambitá has a chapter dealing with this topic. The 
method of making such marks is dealt with in tv. 2. 9. 

? Here ‘one’ refers to the number stamped on the dice. 

5 Ajaisam ted samli&bitamajaisamuta samrudham. 
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and the phonetic and lexicographic researches found in 
the Veddtigas, form sufficient grounds for assigning a 
very early date to the use of writing in India.* Although 
these arguments possess considerable weight, they were 
not generally recognised, as will always happen if an 
argumentum ex impossibiliis used. R. Shamasastry (1906) 
has published a derivation based upon ancient Indian 
hieroglyphic pictures which he believes to be preserved 
in the ZZg£ric figures. His learned article has not at- 
tracted the attention it deserves. 

Recent discoveries have however, sounded the 
death knell of all theories deriving the Indian script. 
from foreign sources. Pottery belonging to the Megali- 
thic (с. 1,500 B.C.) and Neolithic (6,000 B.C.—3,0oo B.C.) 
ages, preserved in the Madras Museum, has been found 
to be inscribed with writing. And according to 
Bhandarkar? five of these marks are identical with the 
Brahmi characters of the time of ASoka. ‘The excava- 
tions at Mohenjo-daro and Harappa have also brought 
to light written documents, seals and inscriptions, 
dating from before 3,000 B.C. Thus it would be now 
absurd to trace the Brahmi to any Semitic alphabet of 
the eighth or ninth century B.C. 

Earliest Numerals. The numerical figures con- 
tained in the seals and inscriptions of Mohenjo-daro, 
have not been completely deciphered as yet. The 
vertical stroke and combinations of vertical strokes 
arranged side by side, or one group below 
another, have been found. The numbers one to 
thirteen seem to have been written by means of 
vertical strokes, probably, as in the figures given below: 


Cf. Bühler, Ze, p. з. ? he. 

? Marshall, /.c., pp. 450-52. See also “Mohenjo-daro—Indus 
Epigraphy” by С. R. Hunter (JRAS, April, 1932, pp. 470, 478ff.) 
who is more pronounced about the fumerical values of some of 
the signs. 
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It is not yet quite certain whether there were special 
signs for greater numbers such as 20, 30, the hundreds 
and higher numbers. There are numerous other signs 
which are believed to represent such numbers, but 
there seems to be no means of finding out the true 
values of these signs at present. 


Between the finds of Mohenjo-daro and the inscrip- 
tions of A$oka, which contain numerals, there is a gap 
of 2,700 years or more. No written documents contain- 
ing numerals and belonging to this intervening period 
have been so far discovered. ‘The literary evidence, 
however, points to the use of numerical symbols at a 
very early date. The reference to the writing of the 
number eight in the Rgveda and the use of numerical 
denominations as big as io'? in the Yajurveda Samhita 
and in several other Vedic works, quoted before, offer 
sufficient grounds for concluding that, even at that 
remote period, the Hindus must have possessed a well 
developed system of numerical symbols. The con- 
clusion is supported by the fact that the Greek and the 
Roman numerical terminologies did not go beyond то“, 
even after writing and a satisfactory numerical symbolism 
had been in use for several centuries. 


The writings on the inscriptions of Asoka show 
that in his time the use of numerical symbols in India 
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was quite common.’ The variations in the forms of 
the numerical signs suggest that the symbols had been 
in use for a long time. 


Most of the inscriptions of Agoka and the following 
period are written in a script which has been called 
Brábmf, whilst some are in a different script known as 
Kharosfhí. The forms of the numerical symbols in 
the two scripts are different. We consider them 
separately. 


6. KHAROSTHÍ NUMERALS 


Early Occurrence. The Kharosthi lipi is a script 
written from right to left. The majority of the Kharo- 
sthi inscriptions have been found in the ancient province 
of Gandhara, the modern eastern Afghanistan and the 
northern Punjab. It was a popular script meant for 
clerks and men of business. ‘The period during which 
it seems to have been used in India extends from the 
fourth century B.C. to the third century A.D. In the 
Kharosthi inscriptions of Asoka only four numerals 
have been found. These are the primitive vertical 
marks for one, two, four, and five, thus: 


I 2 ý 


/ d My Й 


More developed forms of these numerals are found in 
the inscriptions of the Sakas, of the Parthians and 


1 Megasthenes speaks of mile-stones indicating the distances 
and the halting places on the roads. The distances must have 
been written in numerical figures (Bühler, Lc, p. 6; also Indika 
of Megasthenes, pp. 125-26). The complicated system of keeping 
accounts mentioned in the Arthasdstra of Kautilya confirms the 
conclusion. 


22 NUMERAL NOTATION 


of the Kusánas, of the 1st century B.C. and the 156 and 
2nd centuries A.D., as well as in other probably later 
documents. The following are some of the numerals 
of this period: 

I 2 3 4 5 6 1 8 


/ / / X IX HX — MIX XX 


10 20 до 50 6o 7o 8o 
2: 7 57 733 333 2333 37333 
100 200 300 122 274 


Cl PH $m ufo xu 


Forms and their Origin. It cannot be satis- 
factorily explained why the number four, which was 
previously represented by four vertical lines came to be 
represented by a cross later on. ‘The representation of 
the numbers five to eight follows the additive principle, 
with four as the base. 'This method of writing the 
numbers 4to 8 is not met with in the early records 
of the Semites. We do not know how the number 
nine was written. It is very probable that it was written 


as ХХ, że, 44+4+1 (reading from right to left, 


the order being the same as that of the script). 
The number ro has an entirely new sign. The 


question why it was not written as | | x X ‚ ог why 
the base X (4) was abandoned cannot be satisfac- 


torily answered. 
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It is accepted by all that the Kharosthi is a foreign 
Script brought into India from the west. The exact 
period at which it was imported is unknown. It might 
have been introduced at the time of the conquest of the 
Punjab by Darius (v. 500 B.C.) orearlier.! The numerals 
given above undoubtedly belong to this script as they 
proceed from right to left. 


The old symbols of the inscriptions of Asoka, 
however, seem to have undergone modification in 
India, especially the numbers from 4 to 19. The 
symbols for four and ten seem to have been coined 
in India, in order to introduce simplification and also 
to bring the Kharosthi numeral system in line with 
the Brahmi notation already in extensive use. The 


symbol X seems to have been derived by turning the 


Bráhmi symbol + which represents 4 in the inscrip- 


tions of Aéoka. The inclined cross to represent 4 is 
found in the Nabatean numerals in use in the earlier cen- 
turies of the Christian Era. The Nabatean numerals 
resemble the Kharosthi also in the use of the scale of 
twenty and in the method of formation of the hundreds. 
It is possible that the Semites might have borrowed the 
Kharosthi symbol for 4, although it is not unlikely, 
as Buhler thinks, that the symbol might have been 
invented independently by both nations. 


*The theory of the foreign origin of the script has to be 
revised in the light of the discoveries at Mohenjo-daro and Harappa, 
especially in view of the fact that the Mohenjo-daro alphabet ran 
from right to left. 

? |. Euting, Nabataische Inschriften aus Arabien, Berlin, 1885, 


рр. 96-97. 
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The numeral f (10) closely resembles the letter 


4 of the Brahmi alphabet. The symbol for twenty 


2 appears to be a cursive combination of two tens. 


It resembles one of the early Phoenician forms found in 
the papyrus Blacas' (sth century B.C.). The mode of 
expressing the numbers 30, 40, etc., by the help of the 
symbols for 10 and 20, is the same as amongst the early 
Phoenicians and Aramaeans. 

The symbol for roo resembles the letter za or żra 
of the Bráhmi script, to the right of which stands a 
vertical stroke. 

The symbols for 200, 300, etc., are formed by 
writing the symbols for 2, 3, etc., respectively to the 
right of the symbol for 100. This evidently is the use 
of the multiplicative principle, as is found amongst 
the early Phoenicians.? 

The formation of other numbers may be illustrated 
by the number 274 which is written with the help of thè 
symbols for 2, 100, 20, 10 and 4 arranged as 


x]3137u 


in the right to left order. The 2 on the right of roo 
multiplies 100, whilst the numbers written to the left 
are added, thus giving 274. 

The ancient Kharosthi numerals are given in 
Table I. 


1 Buhler, Palaeography, р. 77; Ojha, /.с.‚ p. 128; see Table II(2). 
? See Table II). 
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7. BRAHMI! NUMERALS 


Early Occurrence and Forms. The Brahmi ins- 
criptions are found distributed all over India. The 
Brahmi script was, thus, the national script of the 
ancient Hindus. It is undoubtedly an invention of the 
Brahmanas. The early grammatical and phonetic re- 
searches seem to have resulted in the perfection of this 
script about 1,000 B.C. or earlier. The Brahmi numerals 
are likewise a purely Indian invention. Attempts have 
been made by several writers of note to evolve a theory 
of a foreign origin of the numerals, but we are con- 
vinced that all those attempts were utter failures. These 
theories will be dealt with at their proper places. Due 
to the lack of early documents, we are not in a position 
to say what exactly were the original forms of the 
Brahmi symbols. Our knowledge of these symbols 
goes back to the time of King Asoka (v. 300 B.C.) 
whose vast dominions included the whole of India and 
extended in the north upto Central Asia. The forms 
of these symbols are: 


4 o 200 


The next important inscription containing numerals 
is found in a cave on the top of the Nanaghat hill in 
Central India, about seventy-five miles from Poona. 
The cave was made as a resting place for travellers by 
order of a King named Vedisri, a descendant of King 
Satavahana. The inscription contains a list of gifts 
made on the occasion of the performance of several 
Jajfas or religious sacrifices. It was first deciphered 


1 Cf. Langdon’s opinion in, Mohenjo-daro and the Indus Valley 
Czwisalzon, ch. xxiii. 
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by Pandit Bhagavanlal Indraji who has given the 
interpretation of the numerical symbols.* These occur 
at about thirty places, and their forms are as below: 


I 2 4 6 7 9 i 
- = ¥.¥ Y 2 NI CL cx. сс 
20 80 100 200 300 400 Joo 
о Ф a ?7 ғ AY п 
1,090 4,000 6,000 10,000 20,000 
T T Ћр Te To 


A number of inscriptions containing numerals and 
dating from the first or the second century A.D. are 
found in a cave in the district of Nasik in the Bombay 
presidency. These contain a fuller list of numerals. 
The forms? are as follows: 


I 2 3 4 5 6 7 8 
- = z T PS p 7 $3 
9 10 20 40 70 100 200 500 
? ос e X A ^7 / Jt 
1,000 2,000 3,000 4,000 8,000 70,000 
7 7 ? P 3? 9 


“On Ancient Nágari Numeration; from an inscription at 
Nanaghat,” Journ. of the Bombay Branch of the Royal Asiatic S. ociety, 
1876, Vol. XII, p. 404. 

? E. Senart, “The inscriptions in the caves at Nasik,” EI, Vol. 
VIII, pp. 59-96; “The inscriptions in the cave at Karle,” El, Vol. 
VII, pp. 47-74. 
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Even after the invention of the zero and the place- 
value system, the samd numerical symbols from 1 to 9, 
continued to be employed with the zero to denote 
numbers. Thus the gradual development of these forms 
can be easily traced. This gradual change from the 
old system without place-value to the new system 
with the zero and the place-value is to be met with in 
India alone. All other nations of the world have given 
up their indigenous numerical symbols which. they had 
used without place-value and have adopted the zero 
and a new set of symbols, which were never in use ih 
those countries previously. This fact alone is a strong 
proof of the Hindu origin of the zero and the place- 
value system. 


The numbers 1, 2 and 3 of the Brahmi notation 
were denoted by one, two and three horizontal lines 
placed one below the other. These forms clearly dis- 
tinguish the Bráhmi notation from the Kharosthi and 
the Semitic systems. 

It cannot be said why the strokes were hori- 
zontal in Brahmi and vertical in Kharosthi and 
Semitic writings, just as it cannot be said why the 
writing proceeded from left to right in Brahmi and 
from right to left in Kharosthi and Semitic writings. 
It appears to us that the Brahmi and the Kharosthi 
(Semitic) numerals have always existed side by side and 
it cannot be definitely said which of these is the’ earlier. 
The difference in writing the symbols 1 to 3, seems to 
be due to the inherent difference between the two 
systems of writing. The principles upon which numeri- 
cal signs are formed in the two systems are quite 
different. 

Difference from other Notations. In the Brahmi 


11 has been incortectly stated by Smith and Karpinski that 
the Nanaghat forms were vertical. See Hudu Arabic Numerals, p. 28. 
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there are separate signs for each of the numbers 1, 4 to 9 
and то, 20, 30, 40, 50, бо, 70, 80, 90, 100, 200, 300,..... 
1000, 2000, etc., while in the oldest Kharosthi and in 
the earliest Semitic writings, the Hieroglyphic and the 
Phoenician, the only symbols are those for 1, 10, 20 
and 100. 


The Hieratic and the Demotic numerals, however, 
resemble the Brahmi in having nineteen symbols for 
the numbers from 1 to 100, but the principle of forma- 
tion of the numbers 200, 300, 400, 2,000, 3,000 and 4,000 
are different, as will appear from Table Пс). The 
method of formation of intermediate and higher numbers 
is also different in the two systems. While the Brahmi 
places the bigger numbers to the left, the arrangement 
is the reverse of this in the Kharosthi and Semitic 
writings. Thus the number 274, is written in Brahmi 
with the help of the symbols for гоо, 70 and 4 as 
(200) (70) (4), while in the Kharosthi and the Semitic 
numerals it is written as (4) (70) (200).* 


Theories about their Origin. Quite a large 
number of theories have been advanced to explain the 
origin of the Brahmi numerals. Points of resemblance 
have been imagined between these numerals and those 
of other nations. Recourse has been taken by writers 
to the turning, twisting, adding on or cutting off of 
parts of the numerals of other ‘nations to fit their pet 
theories. It is needless to say that each of these theories 
had its own supporters who were quite convinced of 
the correctness of their explanations. We give below 
the outlines of some of these theories: 


1. Cunningham? believed that writing had been 
known in India from the earliest known times, and 


! Compare the. same number written in Kharosthi, p. 24. 
2 Inscriptions of Asoka, Corpus Inscriptionum Indicarum, Vol. I, 


p. 52. 
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that the earliest alphabet was pictographic. He suggest- 
ed that the Brahmi script was derived from the early 
pictographic writing. The theory is evidently capable 
of extension to the numerical signs. Later epigraphists, 
however, discarded the hypothesis as it appeared too 
fanciful to them. Cunningham’s bold hypothesis re- 
garding the antiquity of writing in India has been 
more than justified by the recent discovery of the use 
of a quasi-pictographic script on certain seals and in 
inscriptions belonging to the fourth millenium B.C. 
found amongst the excavations at Mohenjo-daro and 
Harappa. His theory has been revived by Langdon who 
is of opinion that the Brahmi alphabet could be derived 
from the pictographs of Mohenjo-daro.' The theory is 
incomplete as the writings of Mohenjo-daro have not 
been completely deciphered as yet. It can be called a 
guess only. .As regards the evolution of the Brahmi 
numerals, it may be stated that it is at present extremely 
difficult to differentiate the numerical symbols from the 
Mohenjo-daro script. If the surmise that the figures, 
given on p. 19, are numerical symbols be correct, it 
will not be possible to develop a theory deriving the 
Brahmi numerals from them. 


2. Bayley? asserted that the principles of the 
Brahmi system have been derived from the hieroglyphic 
notation of the Egyptians, and that the majority of the 
Indian symbols have been borrowed from Phoenician, 
Bactrian, and Akkadean figures or letters. As has been 
already remarked? the principles of the Brahmi and 
the hieroglyphic systems are entirely different and 


1 Mobenjo-daro etc., Chap. xii. This view is strongly supported 
by Hunter, Lc., p. 490. 

? Journal of the Royal Asiatic Soc., XV, part I, reprint, 
London, 1882, pp. 12 and 17. The theory was supported by 
Taylor, The Alphabet, London, 1883, Vol. П, pp. 265-66. 

*See pages 27-8. 
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unconnected. The reader will find the hieroglyphic and 
the Brahmi systems shown together in Tables П (а), (5), 
(c), and convince himself of the incorrectness of Bayley’s 
assertion. Moreover, the assumption that the Hindus 
borrowed from four or five different, partly very ancient 
and partly more modern, sources, is extremely difficult to 
believe. Regarding the resemblance between the Bactrian 
and Akkadean numbers and the Brahmi forms postu- 
lated by Bayley, Bühler! remarks that in four cases (four, 
six, seven andten) the facts are absolutely against Bayley’s 
hypothesis. Some writers have also criticized Bayley’s 
drawings as being affected by his theory.” Under these 
circumstances his derivation has to be rejected. 


3. Burnell’ pointed out the general agreement of 
the principles of the Indian system with those of the 
Demotic notation of the Egyptians. He asserted a 
resemblance between the Demotic signs for 1 to 9 
and the corresponding Indian symbols, and put forward 
the theory that the Hindus borrowed these signs and 
later on modified them and converted them into 
aksaras (letter forms). 


4. Bühler? has put forward a modification. of 
Burnells theory. He states, “It seems to me probable 
that the Brá/zza numerals are derived from the Egyptian 
Hieratic figures, and that the Hindus effected their 
transformation into A&saras, because they were already 
accustomed to express numerals by words." 


The above theories like the one examined before 
are not well founded. ‘Tables П (a), (D), (с), show the 
Hieratic and Demotic symbols together with those 
of the Bráhmi. An examination of the Tables will reveal 


! Bühler, Ол the Origin of the Indian Brahma Alphabet, Strassburg, 
1898, pp. 52, 53 foot-note. ' 

? Cf. Smith and Karpinski, Hindu Arabic Numerals, pp. 30-1. 

з Bühler, /¢., p. 82. 
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that out of the nineteen symbols to represent the num- 
bers from т to тоо, only the nine of the Brahmi resem- 
bles the corresponding symbol of the Demotic or the 
Hieratic." There is absolutely no resemblance between 
any of the others. To base thé derivation on a resem- 
blance between the Hieratic 5 and the Bráhmi 7, as is 
sought to be done, is absurd. Likewise the changing 
and twisting of the Demotic and Hieratic forms to suit 
the theory is\unacceptable. 


That there is somé resemblance between these 
systems in the fact that each employs the same number 
of signs, Z.e., nineteen, for the representation of numbers 
upto hundred, cannot be denied. There is, however, 
a difference in the method of formation of the hundreds 
and the thousands. In the Brahmi the numbers 200 
and 300 or 2,000 and 3,000, are formed by adding one 
métrké and two mátr&ás to the right of the symbol for 
hundred or thousand respectively, thus 


d. 100, T > o = зоо 
J = 1,000, q = 2,000, cr — 3,000. 


Il 
N 
о 
O 


| 


The numbers доо and 4,000 are formed by connecting 


the symbol for roo and 1,000 tothe number (4), 
thus 


od — = доо and 91 — 4,000. 


In the Hieratic the corresponding symbols are: 


ч == 2 
3 
4; 


ES 
I 
| 
N 
Q 
9 


— == тоо, Б, 
5 = 1,000, Ja 


| 
№ 
О 
Ó 
© 


| 
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J = зоо, 
pz. wie, da dus 


It will be observed that in the Hieratic system the sign 
for one thousand is not used in the formation of the 
other thousands. The similarity in principle, even if it 
were complete, would not force us to conclude that one 
of these nations copied the other. "The use of nineteen 
signs afforded the easiest and probably the best 
method of denoting numbers. It is not beyond the 
limits of probability that what appeared easy to the 
Egyptians might have also independently occurred to 
the Hindus. 


There are on the other hand some considerations 
which make us suggest that the Egyptians borrowed 
the principles of the Hieratic and the Demotic systems 
from outside, and probably from  India—a hypothesis 
which is not a priori impossible as it has been shown 
that the numeration system of the ancient Hindus based 
on nineteen signs might have been perfected about 
1,000 B.C. Itis known that the ancient Egyptian system 
employed only four signs, those for 1, 10, 20 and тоо. 
Why should there be a sudden change from the old 
system to one containing nineteen signs cannot be 
adequately explained except on the hypothesis of foreign 
influence. Further, the cursive forms for the numbers 
2, 3 and 4 are unsuited to the right to left Hieratic or 
Demotic script. Although these figures are connected 
with the earlier hieroglyphic and Phoenician figures, 
yet it is possible that the cursive combinations might 
have been formed to obtain the nineteen signs necessary 
for the new system, under the influence of a people with 
a left to right script. It may be, however, asserted that 
the hypothesis of an Indian origin of the Hieratic system 
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is a mere suggestion. The two points noted above, by 
themselves, would not be enough, unless backed by 
other facts, to put forward a theory. It is expected that 
further discoveries will throw light on this point. 


Relation with Letter Forms. It was suggested 
by James Princep,' as early as 1838, that the numerals 
were formed after the initial letters of the number 
names. But knowing the pronunciation of the number 
names, we find this not to be the case. Other investi- 

ators have held that the numeral signs were formed 

after the letters in the order of the ancient alphabet. 
Although we find that letters were used to denote 
numbers as early as the 8th century B.C.,? and that 
many systems of letter-numerals were invented in later 
times? and came into common use, yet we are forced to 
reject this hypothesis as resemblance between the old 
numerical forms and the letters in the alphabetic order 
cannot be shown to exist. 


A peculiar numerical notation, using distinct letters 
or syllables of the alphabet, is found to have been used 
in the pagination of old manuscripts as well as in some 
coins and a few inscriptions. The signs are, however, 
not always the same. Very frequently they are slightly 
differentiated, probably in order to distinguish the signs 
with numerical values from those with letter values. 
The fact that these symbols are letters is also acknow- 
ledged by the name a&sarapa/ which the Jainas occa- 
sionally give to this system, in order to distinguish it 
from the decimal notation, the aikapalli.* 


1 “Examination of inscriptions from Girnar in Gujerat, and 
Dhauli in Cuttack,” JASB, 1838. 

? The method seems to have been used by Panini. See p. 63. 

3 Vide infra, pp. 64ff. 

4 Bühler, c, p. 78. The details of the a&sarapa//? are given 
later on (pp. 72ff). 
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to put forward the hypothesis that the Brahmi numerals 
are derived from the letters or syllables of the Bsahmi 
script. The Pandit, however, admitted his inability 
to find the key.to the system, nor has it been found by 
any other scholar upto this time. The problem, in fact, 
appears to be insoluble, unless further epigraphic 
material is discovered to show the forms of the numeri- 
cal symbols anterior to Agoka. The A$okan forms 
as well as those of later inscriptions are in a too well 
developed state, and are too far away from the time 
of invention of those symbols, to give us the desired 
information regarding their origin. 


But of all the theories that have been advanced 
from time to time, that of Pandit Indraji seems to us to 
be the most plausible. 'The Hindus knew the art of 
writing in the fourth millennium B.C. They used 
numbers as large as 10° about 2,000 B.C., and since then 
their religion and their sciences have necessitated the 
use of large numbers. Buddha in the sixth century, 
B.C. is stated to have given number names as large as 
10" and this number series was continued still further 
in later times.! All these facts reveal a condition that 
would have been impossible unless arithmetic had at- 
tained a considerable degree of progress. It is certain 
that the Hindus must have felt the necessity of some 
method of writing these numbers from the earliest 
known times. It would not be, therefore, against 
historical testimony to conclude that the Hindus invented 
the Brahmi number system. The conclusion is sup- 
ported by the use, in writing numbers, of the wéirké, 
the anundsika and the supadhmdniya signs which are 
found only in the Sanskrit script and in no other script, 
whether ancient or modern. It is further strengthened by 
Indian tradition, Hindu, Jaina as well as Buddhist, which 


1 Cf. pp. 10-12. 
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ascribes the invention of the Brahmi script апа the num- 
eral notation to Brahma, the Creator, and thereby claims 
it as a national invention of the remotest antiquity. 


Period of Invention. The invention of the system 
may be assigned to the period 1,000 B.C. to боо B.C. 
As the Asokan numerical figures indicate that the 
system was common all over India,? and that it has had 
a long history, the lower limit 1,000 B.C. is certainly 
not placed too early. On the other hand general con- 
siderations, such as the high development of the arts 
and the sciences, the mention of numerical signs and of 
64 different scripts in ancient Buddhist literature,* and 
the use of large numbers at a very early period, all 
point to the date of the invention of the system as 
being nearer to 1,000 B.C., if not earlier. 


Resume. The strength of Pandit Indraji’s hypo- 
thesis lies in the fact that out of the nineteen signs, 
eleven definitely resemble the letters or the signs of the 
Brahmi alphabet. The resemblance i5 too striking (о be 
entirely accidental. Moreover, it has been found that the 
numerical forms closely followed the changing forms 
of the letters from century to century. This is especially 
true in the case of the tens and shows that the writers 
of the ancient inscriptions knew the phonetical values 
of these symbols. The divergence from letter forms 
in the case of the signs for the units may be due to ee 


1 Bühler (/.c., p. 1, foot-note,) quotes several authorities. Of 
these the Маайа Smrti and the Jaina canonical work, the Samavd- 
yanga-sitra, belong to the fourth century B.C. 

? Megasthenes speaks of mile-stones indicating distances and 
the halting places on the roads. Indika of Megasthenes, pp. 125-126; 
Bühler, Ае. 

з Related in the La/izavistara, both in the Sanskrit text and the 
Chinese translation of 308 A.D. The Jaina Jamaváyánga-süfra 
(с. зоо B.C.) and Pannavand-sétra (с. 168 B.C.) each gives a list 
of 18 scripts; see Weber, Indische Studien, 16, 280, 399. '' 
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fact that they were the first to be invented and were 
in more common use, so that they acquired special 
cursive forms and did not follow the changes in the 
forms of the corresponding letters. We may now 
summarize the discussion given in this section by saying 
that. (1) the Brahmi numerical forms were undoubtedly 
of Indian origin, (2) the form of the tens were derived 
from certain letters or signs of the alphabet, and (3) 
the origin of the forms of the units is doubtful. It is 
probable that they, too, were fashioned after the letters 
of the alphabet, but there appears to be no means of 
justifying this assertion unless the forms of these numerals 
anteriot to Agoka are discovered. 


8. THE DECIMAL PLACE-VALUE SYSTEM 


Important Features. The third and most im- 
portant of the Hindu numeral notations is the 
decimal place-value notation. In this system there 
are only ten symbols, those called añ (literally 
meaning “mark’’) for the numbers one to nine, 
and the zero symbol, ordinarily called sénya (liter- 
“ally, *empty"). With the application of the principle 
of place-value these are quite sufficient for the 
writing of all numbers in as simple a way as possible. 
The scale is, of course, decimal. This system is now 
commonly used throughout the civilised world. 
Without the zero and the place-value, the Hindu 
numerals would have been no better than many others 
of the same kind, and would not have been adopted 
by all the civilised peoples of the world. “The 
importance of the creation of the zero mark,” says 
Professor Halsted, “сап never be exaggerated. This 
giving to airy nothing, not merely a local habitation 
and a name, a picture, a symbol, but helpful power, is 
the characteristic of the Hindu race whence it sprang. 


€ 
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It is like coining the Мілана into dynamos. No 
single mathematical creation has been more potent for 
the general on-go of intelligence and power."* 


Forms. A large number of scripts differing from 
each other are in use in different parts of India today. 
The forfns of the numerical signs in these scripts are also 
different. Although all the Hindu scripts are derived 
from a common soutce—the Bráhmi Script—yet the 
differences in the forms of the various modern Indian 
scripts are so great that it would have been difficult to 
establish any relation between them, if their previous 
history had not been known. The above remark applies 
to the numerical signs also, as will appear from a study 
of the numerical signs in the various vernaculars of 
India given in Table XV. The great divergence in the 
forms of the numerical symbols shows that in India, 
people already knew the use of the zero and the place- 
value principle before the different scripts came into 
being, and that the numeral forms were independently 
modified in various parts of India, just as the letters 
of the alphabet were modified. And as the changes 
in the forms in different localities were independent of 
each other, so there has come about a great divergence 
in the modern forms. That this divergence already 
existed in the eleventh century is testified to by Al- 
Birüni who says, “As in different parts of India, the 
letters have different shapes the numerical signs, too, 
which are called zz£e, differ."? 


Nagati Forms. The most important as well 
as the most widely used of the different symbols are 
those belonging to the Négar? script. The present 
forms of these symbols are: 


1G. B. Halsted, On the foundation and technique of Arithmetic, 
Chicago, 1912, p. 20. 
2 Adberuni’s India, Y, p. 74. 
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{, З, à, 


YQ, Ww $8, 9, б, ©, о, 


The gradual development of these figures from the 
Bráhmi numerals is shown in Table XIV. 


Epigraphic Instances. The following is a list of 


inscriptions and grant plates upto the middle of the 
tenth century, which contain numerals written in the 
decimal place-value notation. The numerals in the 
inscriptions and plates after this period, are always 
given in decimal figures. 


I. 


“2, 


*6. 


595 A.D. 


646 A.D. 
674 A.D. 


8th Century 


723 A.D. 


756 A.D. 
753 A.D. 


754 A.D. 


Gurjara grant plate from Sankheda, 
(EI, П, p. 19). The date Samvat 
346 is given in the decimal place- 
value notation. 

Belhari Inscription, (JA, 1865). 
Kanheri Inscription, (JA, 1863, 
P- 392). 

Ragholi plates of Jaivatdhana II, 
(El, IX, p. 41). The number 30 is 
written in decimal figures. 

Two Sanskrit Inscriptions in the 
British Museum, (IA, ХПІ, p. 250). 
The dates Sarhvat 781 (=723 A.D.) 
and Samvat 783 (=725 A.D.) are 
given in decimal figures. 

Dhiniki copper plate grant, (LA, 
XII, p. 155). Thedate Vikrama Sam- 
vat 794 is given in decimal figures. 
Ciacole plates of Devendravarmana, 
(El, Ш, p. 133). Тһе number 20 is 
written in decimal figures. 
Rástraküta grant of Dantidurga, 
(LA, XI, р. 108). The date Samvat 
675 is given in decimal figures. 


IO. 


I2. 


I5. 


I4. 


16. 


17. 
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791 A.D. 


795 A.D. 


815 A.D. 


815 A.D. 


837 AD. 


843 A.D. 


851 A.D. 


853 A.D. 


860 A.D. 


Inscription of Samanta Devadatta, 
(LA, XIV, p. 351). The date Vikra- 
ma Sathvat 847 Is given in decimal 
figures. 

Daulatabad plates of Sankargana, 
(EI, IX, p. 197). The date Saka 
715 is given in decimal figures. 
Torkhede plates, (EI, Ш, p. 53; also 
LA, XXV, p. 345). The date Saka 
Samvat 735 is given in decimal 
figures. 

Buchkala inscription of Nagbhata, 
(EI, IX, p. 198). The date Sarhvat 
872 is given in decimal figures. 
Inscription of Báuka (Rajputana 
Museum, PLM, p. 127; EI, XVIII, 
р. 87). The date Vikrama Sarhvat 
894 is given in decimal figures. 

The inscriptions from Kanheri, No. 
43 b., (LA, VIII, p. 133). The date 
Samvat 765 is given in decimal 
figures. 

The inscriptions from Kanheri, No. 
15, (bid). The date’ Samvat 775 
is given in decimal figures. 
Pandukeévara Plates of Lalitasura- 
deva, (L4, XXV, p. 177). The 
date Sarnvat 21 of the King's reign 
is given in decimal figures. 
Ghatiyala Inscription of Kakkuka 
(EI, IX, p. 277). The date Vikra- 
ma Sarhvat 918 is given in decimal 
figures. 


1 For correction of date see LA, XX, p. 421. 
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18. 


I9. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


862 A.D. 


870 A.D. 


876 A.D. 


877 A.D. 


882 A.D. 
893 A.D. 
899 A.D. 


до; A.D. 


ото A.D. 
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Deogarh Jaina Inscription of Bhoja- 
deva, (EI, IV, p. зо). The dates 
Vikrama Samvat 919 and the corres- 
ponding Saka Samvat 784 are both 
given in decimal figures. 


Gwalior inscription of the reign of 
Bhojadeva (Archaeological Survey of 
India, Report, 1903-4, plate 72). Al- 
though the date is not given, the 
$lokas are numbered from 1 to 26 
in decimal figures. 


Gwalior inscription of Allah, of the 
reign of Bhojadeva (EI, I, p. 159). 
The date Vikrama Sarhvat 933, as 
well as the numbers 270, 187 and 
зо are given in decimal figures. 

The inscriptions from Kanheri, No. 
43a, (LA, ХП p. 133). The date 
Samvat 799 is given in decimal 
figures. 

Pehava inscription (EI, I, p. 186). 
'The date Samvat 276 (Sri Harga Era) 
is given in decimal figures. 

Grant plate of Balavarmana, (El, 
IX, p. 1). The date Vallabhi Sarn- 
vat 574 is given in decimal figures. 
Grant plate of Avanivarmana, (EI, 
IX, p. 1. The date Vikrama Sarh- 
vat 956 is given in decimal figures. 
The Ahar stone inscription (Journ. 
United Provinces Hist. Soc., 1926, pp. 
83 ff) contains several dates. written 
in decimal figures. 

Rástraküta grant of Krishna II (EJ, 
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I, p. 53). The date is given in 
decimal figures. 
27. 917 A.D. Sanskrit and old Canarese inscrip- 
tions, No. 170, (IA, XVI, p. 174). 
The date Samvat 974 is given in 
decimal figures. The number оо 
also occurs. 


28. 930 A.D. Cambay plates of Govinda IV, (EI, 
VII, p. 26). The date Saka Samvat 
852 is given in decimal figures. 

29. 933 A.D. Sangli plates of Rástraküta Govin- 
daraja IV, (1.4, XII, p. 249). The 
date Samvat 855 is given in decimal 
figures. 

зо. © 951 A.D. Sanskrit and old Canarese inscrip- 
tions, No. 135, (TA, XII, p. 257). 
The date Samvat 875 is given in 
decimal figures. 

31. 953 А.Р. Inscription of Yasovarmana, (EI, I, 
p. 122). The date Sarnvat 1o11 is 
given in decimal figures. 

32. 968 A.D. Siyadoni stone inscription (EI, I, 
p. 162). The inscription contains а 
large number of numerals expressed 
in decimal figures. 

33. 972 A.D. Rástraküta grant of Amoghavarsa, 
(LA, XII, p. 263). The date Saka 
894 is given in decimal figures. 

Palaeographic evidences of the early use of the 
decimal place-value system of notation are found in the 

Hindu colonies of the Far East.^ The most important 

ones among these are the three inscriptions of 


1G. Coedés, “А propos de l'origine des chiffres arabes," 
Bull. School of Oriental Studies (London), VI, 1931, pp. 323-8. 
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Srivijaya, two found at Palembang in Sumatra, and 
the third in the island of Banka. These contain the 
dates 605, 606 and 608 of the Saka Era (corresponding 
respectively to A.D. 683, 684 and 686) written in 
numerical figures. Another instance giving the date 605 
Saka is the inscription of Sambor in Cambodia. In an 
inscription at Po Nagar in Champa, occurs the date 
735 Saka (= 813 A.D.). 

Their Supposed Unreliability. The above list 
contains more than thirty undoubted epigraphic ins- 
tances of the ‘use of the place-value notation in India. 
G.R.Kaye, who believes іп the theory of the non- 
Hindu origin of the place-value notation, states that 
all the early epigraphic evidences of its use in India 
are unreliable. On the basis of the existence of a 
few forged grant plates he asserts that in the ele- 
venth century “there occurred a specially great oppor- 
tunity to regain confiscated endowments and to acquire 
fresh ones" and thereby concludes that all early epi- 
graphic evidences must be unreliable. Such reasoning 
is obviously fallacious and needs no refutation. 

Most of the copper plates are legal documents 
recording gifts made by rich persons or kings to Brah- 
manas on religious occasions. The plates contain de- 
tails as to the occasion for making the gifts, the names 
of the donor and the donee, the description of the mov- 
able and immovable properties transferred by the gift, 
and the date of the gift which is always written out in full 
in words and very often in figures also. The forgeries 
may be of two kinds: (1) In the original documents, 
parts relating to either the names of the donor or the 
donee, or the description of the immovable property 
may have been obliterated by being beaten out and new 


1“Notes on Indian Mathematics," J«15B, (N. S., 1907), · 
ПІ, pp. 482-87. 
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names or descriptions substituted. All such forgeries 
are easily detected, because of the uneven surface 
of the part of the plate that is tampered with and 
the ШШ тепе in the writing. (2) Ап entirely new 
document may be forged. Such cases, though rare, 
are also easily detected, because there is obvious 
divergence as to the date recorded їп the docu- 
ment, and that inferred on the basis of the 
forms of the characters used in the writing. Such for- 
geries are also marked by an obvious inferiority in 
execution, and inaccuracies in the statement of genea- 
logies and other historical facts. 


Epigraphists have so far found little difficulty in 
eliminating the spurious grant plates. It might be 
mentioned that the genuineness of the grant plates 
included in our list has not been questioned by any 
epigraphist.* 

Kaye, in his article quoted above, has given a list 
of eighteen inscriptions and grant plates and eliminates 
all but the last two as forgeries. The arguments he has 
employed and the assertions of facts that he has made 
are in most cases incorrect and misleading, so that his 
conclusions cannot be accepted. As an instance of 
his method, we quote his criticism about the Gurjara 
grant plate, No. 1 in our list. Не writes: “Dr. Bühler 
quotes this Gurjara inscription of the Chedi year 346 
or A.D. 594 as the earliest epigraphic instance of the 
use of the decimal notation in India. (i) An examination 


! If any of them is forged, the forgery is so good that it can- 
not be detected. The writing in such cases, if any, is so well 
forged as to be indistinguishable from that used in the period to 
which the plate is said to belong. Therefore, the evidence of these 
plates as tg the method of writing numbers, cannot be rejected, 
even if they be proved to be spurious at some future date—a con- 
tingency which is very unlikely to use. It may also be noted that 
the list contains several stone inscriptions which cannot be spurious. 
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of the plate (Ep. Ind., IL, p. 20) suggests the pos- 
sibility that the figures were added some time after the 
plate was engraved. The date is engraved in words 
as well as in figures. It is ‘three hundred years exceeded 
by forty-six.” The symbols are right at the end of the 
inscription from which they are marked off by a double 
bar in 4 most unusual manner. (ii) The figures are 
of the type of the period, but they were also in use much 
later, and in no other example are such symbols used. 
with place-value. (iii) Also there are nine dates 
written in the old notation (Ep. Ind., V), e. g., there is 
another grant of the Gurjara of Bharoch in which the 
date Samvat 391 (i.e., A.D. 640) is given in the old 
notation. Again, there is no other Chedi date, at least 
before the eleventh century A.D., given in the modern 
(place-value) notation. (iv) There cannot be the 
remotest doubt as to the unsoundness of this particular 
piece of evidence of the early use of the modern system 
of notation in India." 


The following remarks will show to the reader that 
Kaye's criticism and his conclusion are unfounded and 
invalid: 

(/) An examination of the plate, (El, П, p. 19), 
will convince every one about its genuineness. The 
writing is bold. and clear, the numerical figures occur 
at the end, as they ought to be, immediately after the 
words ‘three hundred years exceeded by forty-six.’ 
They are separated from the written words by bars, 
just as they ought to be. There is absolutely nothing 
suspicious about this method of separation, as it is 
common custom in India to do so and occurs frequently. 
That it was the practice to write the date at the end of 
a document is well known. In fact, the numeral 


? Many of the plates mentioned in our list contain the date 
at the end. 
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figures of the date occasionally mark the end of the 
document.’ The double vertical bar, ||, is a sign of inter- 
punctuation. Although punctuation marks have been 
in use in India from the earliest known times, yet their 
use did not become either regular or compulsory till 
very recent times.? Different writers used the various 
marks differently.. In inscriptions, the double vertical 
bar has been found at the end of sentences, half verses, 
verses, larger prose sections and documents. In the 
Junar inscriptions it occurs after numerals and once 
after the name of the donor.* In manuscripts, the 
practice of separating numbers by vertical bats is com- 
mon. It is found in the Bakhshali Manusctript* and 
in several others. Thus the occurrence of the numerals 
at the end and the inter-punctuation mark of the double 
vertical bar cannot form valid grounds for suspecting 
the document. The suggestion that the figures were 
added some time after the plate was engraved is absurd, 
as there appears to us no reason why one should take the 
trouble to add the figures when the date was already 
written in words. 


(2) Kaye admits that the figures are of the type 
of the period. His remark that they were in use much 
later is incorrect. The Tables ПІ-У and XII show that 
the use of three horizontal bars to represent 3 is not 


1 This is so in the Chárgáon plates of Huviska (Arch. Survey 
Report, 1908-9, plate 56), in the Inscription of Rudradamana (JA, 
VIII, p. 42) and in others. 

? There are some copper plate grants which do not contain 
any punctuation marks; see Bühler, /.c., p. go. 

3 Bühler, Z.c., р. 89. 

*Eg,|5|,z1r;|2558]| 2v; | 330], 17v; instances such 
as these: | т |4 [9116 |, 16у; апа |2|, |4], etc, sv. are 
very common. Very often, isolated numbers are not separated. 
The double vertical bar also occurs before and after the words udå, 
sitram, etc. 
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found after the eighth century. The figure for 4 used 
in our grant plate is not found after the sixth century, 
and.the same is true for the figure for 6. The forms 
of the numerical signs alone fix the date of the writing 
to the sixth century and not later. 


(iii) The Chedi Samvat is one of the thirty-four eras, 
whose use has been discovered in inscriptions and grant 
plates. The occurrence of nine dates in the Chedi Sarh- 
vat, written in the old notation after this plate, does not 
prove the unsoundness of this particular piece of evi- 
dence, as Kaye would like us to conclude. It simply shows 
that in India too, the new system had to fight for 
supremacy over the older one just as in other countries. 
In Arabia the new system was introduced in the eighth 
century, but it did not come into common use until 
five or six hundred years later. In Europe we find 
that it was exceptional for common people to use the 
new system before the sixteenth century—a good 
witness to this fact being the popular almanacs. Calen- 
dars of 1557-96 have generally Roman numerals, while 
Koebel's Calendar of 1578 gives the Hindu numerals 
as subordinate to the Roman.* 


We may, therefore, conclude that the Gurjara 
grant plate offers us a genuine instance of the use of the 
new system (with place-value) in India. 


Kaye's criticisms regarding the genuineness of some 
other plates included in our list (marked with asterisks) 
have been found to be baseless. 


Place of Invention of the New System. It has 
been already stated that the same numeral forms for the 
numbers 1 to 9, as were in use in India from the earliest 
known times, have been used in the new system of nota- 
tion with the place-value. Another noteworthy fact 


1 Smith and Karpinski, /¢., p. 133. 


THE DECIMAL PLACE-VALUE SYSTEM 49 


regarding the new system is the arrangement of the 
айба (digits). It will be observed that the arrangement 
in the old system was that the bigger numbers were 
written to the left of the smaller ones. This same 
arrangement continues in the new system with place- 
value, where the digits to the left, due to their place 
or position, have bigger values. The gradual change 
from the old system to the new one using the same 
numerical signs, is to be found in India alone, and this, 
in our opinion, is one of the strongest arguments in 
favour of the Hindu origin of the new system. The 
earliest epigraphic instance of the use of the new system 
is 594 A.D. Мо ошер country in the world offers such 
an early instance of its use.  Epigraphic evidence alone 
is, therefore, sufficient to assign a Hindu origin to the 
modern system of notation. 


Inventor Unknown. It is not known who the 
inventor of the new system was, and whether it was 
invented by some great scholar, or by a conference of 
sages or by gradual development due to the use of 
some form of the abacus. Likewise, it is not known 
to which place, city, district or seat of learning belongs 
the honour of the invention and its first use. Epigra- 
phic evidence cannot help us in this direction. For 
the system was used in inscriptions, a very long time 
after its invention, in fact, when it had become quite 
popular all over Northern India. 


Time of Invention. The grant plates were legal 
documents. They were written by professional writers. 
The existence of such writers is mentioned in the 
southern Buddhist canons and in the Epics.? They have 


7 Showing thereby that the place assigned to a numeral de- 
pended upon its value. This has been incorrectly thought to 
be a sort of place-value system by some writers. 


? Bühler, /¢., p. 5. 
4 
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been called /e&ba&a, lipikara and later оп divira, karana, 
kdyastha, etc. According to Kalhana,' the Kings of 
Kashmir employed a special officer for drafting legal 
documents. Не bore the title of pattopddbydya, i.e., the 
teacher (charged with the preparation) of title deeds. 
The existence of manuals such as the Lekhapatcésiké, 
thé Lekhaprakésa, which give rules for drafting letters, 
land grants, treaties, and various kinds of bonds and 
bills of exchange, show beyond doubt that the writing 
of grant plates was a specialised art and that the 
style of writing those documents must always have been 
centuries behind the times, just as it is even to-day 
with respect to legal and state documents. The time 
of invention of the new system must, therefore, be 
placed several centuries before its first occurrence in a 
grant plate in the sixth century A.D. The exact period 
of invention may be roughly deduced from the history 
of the growth of numerical notations in other countries. 


According to Heath,? the Greek alphabetic notation 
was invented in the 7th century B.C., but it came into 
general use only in the second céntury A.D. Thus 
it took about eight hundred years to get popular. In 
Arabia the new notation was introduced in the 8th 
century A.D., but it came into common use about five 
or six hundred years later. The same was the case in 
Europe. The Arabs got the complete decimal arith- 
metic, including the method of performing the various 
operations, at a period when intellectual activity in 
Arabia was at its greatest height, but they could not 
make the decimal system common before about five or 
six hundred years had elapsed.* In legal documents 


1 Rayatarangini, V, рр. 3978. 

? Heath, History of Greek Mathematics, Y, Oxford, 1921, p. 34. 

з The arithmetic written by Al-Kharki in the eleventh century 
does not use the decimal system, showing that at the time there 
were two schools amongst the Arab mathematicians, one favouring 
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and in recording historical dates, the Arabs even now 
use their old alphabetic notation. 

Epigraphic evidences show that the new system 
was quite common 1n India in the eighth century and 
that the old system ceased to exist in Northern India by 
the middle of the tenth century. This would, therefore, 
place the invention of our system in the period bet- 
ween the first century B.C. and the third century A.D. 


The exact date of the invention, however, would be 
nearer to the rst century B.C. or even earlier, because 
for a long time after its invention, the system must 
have been looked upon as a mere curiosity’ and used 
simply for expressing large numbers. A still longer 
time must have elapsed before the method of perform- 
ing the operations of addition, subtraction, multiplica- 
tion, division and the extraction of roots, could be 
perfected. It would be only after the perfection 
of the methods of performing the operations that the 
system could be used by mathematicians. And then 
after this it would take about five hundred years, as in 
Arabia, to become popular. There should, therefore, 
be a gap of about eight centuries between the time of 
invention and its coming into popular use, just as was 
the case with the Greek alphabetic notation. There- 
fore, on epigraphic evidence alone, the invention of 
the place- value system must bc assigned to the begin- 
ning of the Christian era, very probably the rst century 
B.C. This conclusion is supported by literary and other 
evidences which will be given hereafter. 


the Hindu numerals, while the other stuck to the old notation. 
See the article on 'Hisáb" by Н. Suter.in the Encyclopaedia of Islam. 
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9. PERSISTENCE OF THE OLD SYSTEM 


The occurrence of the old system of writing 
numbers, with no place-value, is found generally in 
inscriptions upto the seventh century A.D., after which 
it was gradually given up in favour of the new system 
with place-value. Occasional use of the old system, 
however, is to be met with in Nepal and in some South 
Indian inscriptions upto the beginning of the tenth 
century A.D., but after this period the old system seems 
to-have been forgotten, and completely gone out of 
use. In the seventh century the new system was in 
general use, but the old system seems to have been 
given preference in inscriptions. There are a number 
of grant plates of the eighth century A.D., in which 
the dates, although written in the old notation, are 
incorrectly inscribed, showing thereby that people had 
already forgotten the old system. In a grant plate 
of Siladitya VI,’ dated the Gupta year 441 (с. 760 A.D.), 
the sign for 40, instead of the sign for 4, has been tub- 
joined to the sign for тоо to denote 400, 7.¢., 4,000 has 
been incorrectly written for доо. There is another 
grant plate, dated the Gangeya year 183 (c. 753 A.D.), in 
which the figure 183 is wrongly written.? This plate is 
of special interest as it exhibits the use of the old and the 
new systems in the same document.* Another very inter- 
esting instance of the use of the old and the new systems 
in one and the same document is the Ahar stone 


* LA4, VI, p. 19, (plate). 

? EI, Ill, p. 133, (plate). In this the sign of 8 is written 
for 80 and that of зо for з. The number zo has been written 
by placing a dot after 2. 

* For other instances showing admixture of both the old and 
the new systems, see Fleet Gupta Inscriptions, Corpus Inscriptionum 
Indiarum, 11, p. 292; also LA, XIV, p. 351, where (800) (4) 
(9)-=849. 
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inscription.* The document records gifts made on several 
occasions ranging over thirty-seven years, the last entry 
corresponding to 905 A.D. In this inscription the old 
notation is used in the fitst six lines whilst in the follow- 
ing lines it has been discarded and the new place-value 
notation appears: It is evident from the forms that the 
writer did not know the old system. For instance, 200 is 
written by adding the subscript 2 to the letter ғи (1co), 
instead of using а 2222764 sign as in the old system. In 
the same way the sign for то is incorrect in so far asa 
small zero has been affixed to the usual sign for ten. 
The inscription shows that although the old system had 
gone out of use completely, yet people tried to use it in 
inscriptions, probably for the same reason that makes 
us use the Roman numerals in giving dates, in number- 
ing chapters of books, and in marking the hours on the 
face of a clock, even upto the present day. 


то. WORD NUMERALS 


Explanation of the System. <A system of 
expressing numbers by means of words arranged as in 
the place-value notation was developed and perfected 
in India ‘in the early centuries of the Christian era. 
In this system the numerals are expressed by names 
of things, beings or concepts, which, naturally or in 
accordance with the teaching of the Séstras, connote 
numbers. Thus the number one may be denoted by 
anything that is markedly unique, e.g., the moon, the 
earth, etc.; the number two may be denoted by any 
pair, e.g., the eyes, the hands, the twins, etc.; and 
similarly others. The zero is denoted by words meaning 
void, sky, complete, etc. 


3 C. D. Chatterjec, “The Ahar stone inscription," Journ. United 
Provinces Hist. Soc., 1926, pp. 85-119. 
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The system is used in works on astronomy, mathe- 
matics and metrics, as: well as in the dates of inscrip- 
tions and in manuscripts. The ancient Hindu mathema- 
ticians and astronomers wrote their works in verse. 
Consequently they strongly felt the need for a convenient 
method of expressing the large numbers that occur so 
often in the astronomical works and in the statement 
of problems in mathematics. The word numerals were 
invented to fulfil this need and soon became very popular. 
They are used суеп upto the present day, whenever big 
numbers have to be expressed in Sanskrit verse. 


The words denoting the numbers from one to nine 
and zero, with the use of the principle of place-value, 
give us a very convenient method of expressing numbers 
by word chronograms. To take a concrete case, the 
number 1,230 may be expressed in many ways: 

1. &ha-guna-kara-dai, 

2. kha-loka-karna-candra, 

5. dkdsa-kdla-netra-dharad, | etc. 


It will be observed that the same number can be 
expressed in hundreds of ways by word chronograms. 
This property makes the word numerals specially suit- 
able for inclusion in metre. To secure still greater 


variety, the numbers beyond ten are also sometimes 
denoted by words. 


List of Words. The following is a list of words 
commonly used in this system to denote numbers: 

o is expressed by £a, kha, gagana, ambara, akésa, 
abhra, viyat, ryoma, antariksa, nabha, jaladharapatha, 
ptrna, randbra, visnnpada, алата, ctc. 

12 is expressed by dd/, Sasi, йїп, ори, candra, kalå- 
dhara, himagn, Sildmsu, ksapákara, himdmsu, sitarasmi, 
рлеу би, soma, Sasinka, тройка)  bimakara, 
sudhémsu, rajanikara, Sasadhara, freta, ара. bhi, 
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bhiimi, ksiti, dbará, urvará, go, vasundhara, ру, 
smá, dharani, vasudhd, Ид, ku, mahi, riipa, pitdmaha, 
ndyaka, tann, etc. 

2 is expressed by yawa, yamala, aSvin, ndsatya, dasra, 
locana, netra, aksi, drsti, сабун, ambaka, nayana 
?ksana, “paksa, bábu, kara, karna, kuca, ostha, pA 
Jénu, "jarighá, dvaya, dvanda, yugala, унаа, ayana, 
kutumba, ravicandrau, naya, etc. 

3 is expressed by rdma, gupa, triguna, loka, trijagat, 
bhivana, Фа, fri&dla, trigata, trinetra, haranetra, 
Sahodarép, agni, anala, тайт, pdvaka, vaisvanara, 
dahana, tapana, Dutd fana, jvalana, Sikhin, &rsdnu, botr, 
pura, ratna? (Jaina), etc. 

4. is expressed by veda, sruti, samudra, ságara, abdbi, 
ambhodha, ambhodhi, jaladbi, udadhi, jalanidhi, salildkara, 
visanidhi, ‘vdridhi, payodhi, payonidbi, ambudhi, kendra, 
varna, dsrama, yuga, turya, kria, aya, дуа, dis, bandbu, 
Rostha, gati, kasãya, etc. 

5 is expressed by bapa, fara, Sastra, sdyaka, isu, bhita, 
parva, prâna, pavana,' * pandava, artha, visaya, mahdbbita, 
tatva, bhava, indriya, ratna, Raraniya, * vrata, etc. 


6 is expressed by rasa, айра, Raya; rtu, másdrdha, dar- 
Sana, rága, ari, дхта, tarka, Raraka, lekbya, dravya,® 
khara, &umáravadana, Sanmukha, etc. ў 


7 is expressed by naga, aga, bbábhrt, parvata, faila, 
acala, adri, giri, rsi, muni, yati, atri, våra, svara, 


> Method of comprehending things from particular stand- 
points—dravydrihika апа parydyarthika. 
? Used by Mahavira only; others take it for five. 

a * See pA i. 27; SiS%, ganifédbydya, x. 2. Used also for 7 
(See the quotations by Bhattotpala in his commentary on Brhat- 
Sambita, ch. ii). In Al-Birüni's list it is erroneously put for 9. 

f'That which ought to Бе done; according to the Jainas— 
ahimsd, sunrta, asteya, brabmacarya, and aparigraba. 


* Used by Mahavira. 
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dhátu, asra, turaga, vaji, haya, chandap, dhi, kalatra, 
tatva,’ dvipa, pannaga," bhaya’ mátr&d, vyasana, etc. 

8 is expressed by vasu, ahi, någa, gaja, danti, dvirada, 
diggaja, bastin, tbha, mátariga, kufjara, dvipa, puskarin, 
sindhura, sarpa, taksa, siddhi, bhiti, anustubha, mañ- 
gala, anika, karman, durita, tanu,’ dik,’ mada,’ etc. 


9 is expressed by ara, nanda, nidhi, sraba, randbra, 
chidra, dvára, g0, upendra, kesava, tårksyadhvaj, днд, 
padértba, labdba, labdbi, etc. 

то is expressed by dif, dik, disd, 272, angul?, раней, 
kakubh, révanasira, avatára, karman, etc. 

II 15 expressed by rudra, £svara, mrda, bara, £a, bhava, 
bharga, Sulin, mabádeva, aksauhini, etc. 


I2 is expressed by ravi, sárya, ina, arka, mártanda, 
dyumapi, bbánu, dditya, divékara, masa, raSi, vyaya, 
etc. 

15 is expressed by z/fvedeváb, wifva, Айма, atijagati, 
aghosa, etc. 

I4 is expressed by manu, vidyd, indra, Sakra, loka,” etc. 

15 is expressed by sitht, ghasra, dina, ahan, раза,“ etc. 

16 is expressed by xrpa, bhipa, bhiipati, aşti, kald, etc. 

17 is expressed by aZyasZ, etc. 


t Used by Mahavira because the Jainas recognise seven /azra5; 
used for five by others. 

? Used by Mahávira. 

3 Used by Mahavira. 

t Used by Maharvira for 8 and by others for то. 

5 Used ‘by Mahávira. 

9'This word has been used for 8 as well as for то. The use 
of dif or dik for 4 also occurs. 

' Used by Mahavira only. 

8 This has been used for x also. 

? Used by Mabávira only. 

10 Also used for 3. 

п Also used for 2. 
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18 is expressed by dbrti, etc. 

I9 is expressed by atidbrti, etc. 

20 is expressed by nakha, krti, etc. 

21 is expressed by муй, prakrti, svarga, etc. 
22 15 expressed by &rti, jdti (?), etc. 

23 is expressed by wr. 

24 is expressed by géyatri, jina, arhat, siddha, etc. 
25; is expressed by fatva, etc. 

27 is expressed by naksatra, udu, bba, etc. 

32 is expressed by danta, rada, etc. 

33 is expressed by deva, атаға, tridasa, sura, etc. 
48 is expressed by /agaZ, etc. 

49 is expressed by Айла, etc. 

Word Numerals without Place-value. In the 
V'eda we do not find the use of names of things to 
denote numbers, but we do find instances of numbets 
denoting things. For instance, in the Rgveda the number 
‘twelve’ has been used to denote a year? and in the 
Atharvaveda the number ‘seven’ has been used to 
denote a group of seven things (the seven seas, etc.).* 
There are instances, however, of fractions having , been 
denoted by word symbols, e.g., 62/2 = үң, kustha = Eus 
Sapha = 1. 

The earliest instances of a word being used to 
denote a whole number are found about 2,000 B.C., in 
the Satapatha Brábmaga* and Taittiriya Brahmana.® The 


1 Generally used for 5; also for 7 by Mahavira. 
? “Deva hitim jugupurdvadasasya rium narona praminantyere..°... 
(vii. 105, 1). ` 
3 “Om ye frifabta pariyante...." (i. 1, Y) 
4 The word Аға has been used for 4. 
“catustomena Rrtena aydndw....? (xiii, 3. 2. 1). 
5 “Ve vai catvárab stomáb Ertam tat...” (i. s. 11. 1). 
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Chándogya Upanisad also contains several instances. In 
the Мата уота" (1,200 B.C.) words for numerals 
have been used at several places. The Sramta-sÁfras of 
Kátyáyana* and Létydyana* have the words géyafr? for 
24 and jagat? for 48. 

At this early stage, however, the word symbols 
were nothing more than curiosities; their use to denote 
numbers was tare. Moreover, we find evidences of a 
certain indefiniteness in the numerical significance at- 
tached to certain words. For instance, in the same 
work, the Aztareya Brahmana, the word virdt has been 
used to denote ro at one place and 30 at another. The 
principle of place-value being unknown, the- word 
symbols could not be used to denote large numbers, 
which were usually denoted in terms of the numerical 
denominations or by breaking the number into parts.‘ 
The use of the word symbols without place-value is 
found in the Pingala Chandah-stra composed before 
200 B.C. The principle of place-value seems to have 
been applied to the word DUROS between 200 B.C. 
and 300 A.D. 

Word Numerals with Place-value. The earliest 
instance of the use of the word numerals with place- 
value in its current form is found in the Agni-Purâna, 


‘yipa == 1, ауа = 4, рийа = juga = 12, bbasamába = 27. See 
(YT. 23, AJ. 31), (YJ. 13, A]. 4), (AJ. 19), (VJ. 25) and (YT. 20) 
respectively. 


2 Weber’s edition of Kétydyana raura Уйга, р. 1015. 
31 


, Dadáyutándmayutasy Sabasrani ca отат р 

* Kopah Sasfisea sat сайра yo'smin rajan-mridbe batdb 
that is, то (10000) -+ 10000-+20 (1000) + бо (10,000,000) + 
6 (10,000,000) —Mahdábbárata, Striparva, xxvi. 9. 

з Aeni-Purdpza, Bangabási ed., Calcutta (1314 В.5.), chs. 122- 
23, 131, 140, 141, 328-335. According to Pargiter, probably the 
gicarest Puranic scholar of modern times, “the ритат cannot 
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a work which belongs to the earliest centuries of the 
Christian era. Bhattotpala in his commentary on the 
Brhat-sambité has given a quotation from the original 
Pulisa-siddhánfa! (с. доо) in which the word system is 
used. The number expressed in this quotation is 
kha (o) kha (о) asta (8) muni (7) rama (3) afvi (2) netra (2) 
asta (8) fara (5) råtripåþ (1) = 1,582,237,800. There 
are in this work? several other quotations from the 
Pulifa-siddhanta, which contain word. numerals. Later 
astronomical and mathematical manuals such as the 
Stirya-siddhdnta (с. зоо), the Patica-siddhdntika (505), the 
Mahé- апа Laghu-Bhaskariya* (522), the Bréhma-sphuta- 
siddhánta* (628), the Trisatikd® (с. 750), and the Ganita- 
sdra-samgraha’ (850), all make use of the word notation.* 


Word Numerals in. Inscriptions. The earliest 
epigraphic instances of the use of the word numerals are 
met with in two Sanskrit inscriptions? found in Cam- 
bodia which was a Hindu colony. They are dated 604 


be later than the earliest centuries of the Christian ега.” (JRAS, 
1912, pp. 254-55). The Agni-Purâna is admitted by all scholars 
to be the earliest of the Puranas. 

! Brbat-sambitá, ed. by S. Dvivedi, Benares, p. 163. 

“Ibid, pages 27, 29, 49, 51, etc. We are, however, not sure 
whether those quotations are from the original work or from a 
later redaction of the same. 

3j. 8; vili. r, etc. 

t See MBA, ch. 7 and LBA, ch. т. 

51, 51-35, etc. 

5 R. 6, Ex. 6, etc. 

* ji, '7, 9, etc. 

8 In the face of the evidence adduced here, С. К. Kaye's 
assertion, (Indian Mathematics, Calcutta, 1915, p. 31) that the word 
numerals were introduced into India in the ninth century from 
the east, shows his ignorance of Indian mathematical works, or is 
a deliberate misrepresentation. 

? R. С. Mazumdar, Ancient Indian colonies im the far east,— 
Campa, Vol. I, Lahore, 1927; see inscriptions Nos. 32, 39; also 40, 


41, 43 and 44. 
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A.D. and 625 A.D. Their next occurrence is found in 
a Sanskrit inscription of Java, belonging to the 8th 
century.’ 


In India proper, although they were in use amongst 
the astronomers and mathematicians from the эга ог 
4th century A.D. onwards, it did not become the fashion 
to use them in inscriptions till a much later date. The 
earliest Hindu inscriptions using these numerals are 
dated 813 A.D.* and 842 A.D.* In the following 
century they are used in the plates issued by the Eastern 
Chalukya Amma II, in 943 À.D.* In later times the 
epigraphic instances become more frequent. The nota- 
tion is also found in several manuscripts in which dates 
are given in verse. 


Origin and Early History. It should be 
noted that the arrangement of words, representing the 
numbers zero and one to nine, ina word chronogram 
is contrary to the arrangement that is followed when 
the same number is written with numerical signs. This 
fact has misled some scholars to think that the decimal 
notation and the word numerals were evolved at two 
different places. G. R. Kaye has gone so far as to 
suggest that the word numerals were imported into 
India from the east. This suggestion is incorrect for 
the simple reason that in no language other than 
Sanskrit do we find any early use of the word system. 
Moreover, in no country other than India do we find 
any trace of the use of a word system of numeration 


114, XXI, p. 48. 

? The Kadab plates, I4, XII, p. 11; declared by Fleet to be 
suspicious (Kanarese Dynasties, Bombay Gazatteer, I, ii, 399, note 7); 
cf. Bühler, Lc, p. 86, note 4. 

з The Dholpur Inscription, Zeitschrift der Deutschen Morgenlandis- 
chen Gesellschaft, XL, p. 42. 

* LA, VU, p. 18. 

2 ? Bühler, /¢., р. 86, note 7. 
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as far back as the fourth century A.D., at which period 
it was in common use amongst the astronomers and 
mathematicians of India. 


During the earlier stages of the development of 
this system, we find that instead of the word symbols, 
the number names were used, being arranged from left 
to right just as the numerical signs. An instance of 
this is found in the Bakhshali Manuscript! (c. 200), where 
the number 


2653296226447064994....83218 
is expressed as 


SadvimSaSca (26) tripañcása (53) ekonatrimsa (29) evacha 
Drvása|577](62) sadvimsa (26) catubcatvdrimsa (44) saptati (то) 
Catubsasti (64) na|vanavati] (99) e. MSanantaran 
Trirasiti (83) eRavimSa (21) asta (8) ... pakam 


In the same manuscript, however, the contrary 
arrangement is used when the number 54 is expressed 
as catuh (4) pañca (5).^ Jinabhadra Gani (575) has used 
wotd symbols with the left to right arrangement to 
express numbers.* It seems, therefore, that in the 
beginning opinion was divided as to which method of 
arrangement should be followed in the word system. 


The extensive use of the word numerals by early 
mathematicians such as Puliga, Varahamihira, Lalla and 
others appears to have set the fashion to write the word 
numerals with a right to left arrangement, which was 
generally followed by later writers. 


! Folio 58, recto. The dots indicate some missing figures. 
The problem apparently required the expression of a big number 
in numérical denominations. We do not find a problem of this 
type in any of the later works. Cf. В. Datta, “Тһе Bakhshalt 
Mathematics.” BCMS, ХХІ, p. 21. 

3 Folio 27, recto. 

з Brkat-Rsetra-samasa, і. 69ff. 
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No explanation as to why the right to left arrange- 
ment was preferred in the word system is to be found 
in any of the ancient works. The following explana- 
tion suggests itself to us, and we believe tha: it is not 
far from the truth: The different words forming a 
number chronogram were to be so selected that the 
resulting word expression would fit in with the metre 
used. To facilitate the selection the number was first 
written down in numerical figures. The selection of the 
proper words would then, naturally, begin with the 
figure in the units place, and proceed to the left just as in 
arithmetical operations. This is in accordance with the 
rule “ankdndm vámato gatib," i.e., ‘the numerals proceed 
to the left,’ which seems to have been very popular with 
the Indian mathematicians. The right to left arrange- 
ment is thus due to the desire of the mathematicians to 
look upon the process of formation of the word chrono- 
gram as a sort of arithmetical operation. 

Date of Invention. The use of the word numerals 
in the Agni-Purdya which was composed in the qth 
century A.D. or earlier, shows that the word system of 
numerals must have become quite common in India 
at that time, the Purágas being works meant for the 
common folk. That it was a well developed system 
in the fourth century is also shown by its extensive use 
in the Sé#rya-siddhénta and the Pulisa-siddhdnta. Its in- 
vention consequently must be placed at least two 
centuries earlier. This would give us the period, 100 
A.D. to 200 A.D., as the time of its invention. This 
conclusion is supported by the epigraphic use of the 
word notation in 605 A.D., in Cambodia, which shows 
that by the end of the 6th century A.D., the knowledge 
of the system had spread over an area roughly of the 
size of Europe. 

It must be pointed out here that the decimal place- 
value notation and the word numerals were not invented 
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at the same time. The decimal notation must have been 
in existence and in common use amongst the mathema- 
ticians long before the idea of applying the place-value 
principle to a system of word names could have been 
conceived. Thus we find that in the beginning (¢. 200), 
the place-value principle, as is to be expected, was used 
with the number names. The word symbols were then 
substituted for the number names for the sake of 
metrical convenience. The right to left procedure was 
finally adopted because of the mathematicians’ desire to 
look upon the formation of the word numeral as a 
sort of mathematical operation. 


The above considerations place the invention of the 
decimal place-value notation at a period, at least two 
or three centuries before the invention of the word 
system. The word notation, therefore, points to the 
Ist century B.C. as the time of invention of the place- 
value notation. This conclusion agrees with that 
arrived on epigraphic evidence alone. 


11. ALPHABETIC NOTATIONS 


The idea of using the letters of the alphabet to 
denote numbers can be traced back to Panini (v. 700 
B.C.) who has used the vowels of the Sanskrit alphabet 
to denote numbers. No definite evidence of the exten- 
sive use of an alphabetic notation is, however, found 


!In Panini’s grammar there are a number of sütras (rules) 
which apply fo a certain number of sütras that follow and not 
to all. Such sütras are marked by signs according to Panini. 
Patafijali commenting on sütra i. 5. 11, says that according to 
Kátyáyana (4th century B.C.) a letter (varza), denoting the number 
of sütras upto which a particular rule is to apply, is written over 
the sütra. Kaiyyata illustrates this remark by saying that the 
letter 2 is written above Pánini's sütra, v. т. зо to show that it 
applies only to the next two sütras. Thus according to Panini 
 — 1,4 -2, И ЕЕ Зу ые з 
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upto the sth century A.D. About this period a number 
of alphabetic notations were invented by different writers 
with the sole purpose of being used in verse to denote 
numbers. Тһе word numerals gave big number 
chronograms, so that sometimes a whole verse or even 
more would be devoted to the word chronogram only. 
This feature of the word system was naturally looked 
upon with disfavour by some of the Indian astronomers 
who considered brevity and conciseness to be the main 
attributes of a scientific composition. Thus the alpha- 
betic notations were invented to replace the word 
system in astronomical treatises. The various alpha- 
Бейс systems’ are simple variations of the decimal 
place-value notation, using letters of the alphabet in the 
place of numetical figures. It must be noted here that 
the Hindu alphabetic systems, unlike those employed 
by the Greeks or the Arabs, were never used by the 
common people, or for the purpose of making calcula- 
tions; their knowledge was strictly confined to the 
learned and their use to the expression of numbers in 
verse. 


Alphabetic System of Aryabhata I. Aryabhata 
I (499) invented an alphabetic system of notation, which 
has been used by him in the Dasagitikd® for enumerating 
the numerical data of his descriptive astronomy. The 


1 Some alphabetic systems used for the pagination of manus- 
cripts do not use the place-value principle. These systems were 
the invention of scribes who probably wanted to be pedantic and 
to show off their learning. Their use was confined to copyists 
of manuscripts. | 

*The Dafagitikad as the name implies ought to contain ten 
stanzas, but actually there are thirteen. Of these the first is an 
invocation to the Gods, the second is the раг (“definition”) 
given above and the thirteenth is of the nature of a colophon. 
These three stanzas are, therefore, not counted. Cf. W. E. Clark, 
"Hindu-Arabic Numerals,” Indian Studies in Honour of Charles 
Rockwell Lanman, (Harvard Univ. Press), 1929, p. 231. * 
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rule is given in the DaSagitiké thus: 
Vargá&saráni varge varge vargâksarâni kat nmau yap 
Khadvinavake svard nava varge'varge navántyavarge vá 


The following translation gives the meaning of the 
rule as intended by the author: 


“The varga’ letters beginning with & (are used only) 
in the varga? places, the avarga letters in the avarga’ 
places, (thus) уа equals улан (ña plus ma); the nine 
vowels (are used to denote) the two nines of zeros 
of varga and avarga (places). ‘The same (procedure) may 
be (repeated) after the end of the nine varga places.” 


This tule has been discussed by Whish,* Brock- 
khaus,? Kern,® Barth,’ Rodet,? Kaye," Fleet,?® Datta, 
Ganguly,'? Das,** Lahiri** and Clark." 


The translation of Aha by “place” (Clark) or by 
“space” (Fleet) is incorrect. We do not find the word 
kha used in the sense of ‘notational place’ anywhere in 
Sanskrit literature. Its meanings are ‘void’, ‘sky’, etc., 
and it has been used for zero, in the mathematical and 


1 Varga here means “classed,” 4.е., the classed letters of the 
alphabet. The first twenty-five letters of the alphabet are classed 
in groups of five, the remaining ones are unclassed. 

2 Varga here means odd. 

3 Avarga here means even. 

+ Transaction: of the Literary Society of Madras, I, 1827, p. 54. 

5 Zeitschrifte für die kunde des Morgenlandes, IV, p. 81. 

© JRAS, 1865, p. 380. 

T Oeuvres, III, p. 182. 

8 JA, 1880, П, p. 440. 

° JASB, 1907, р. 478; Indian Mathematics, Calcutta, 1915, р. 36; 
The Bakhshali Manuscript, Calcutta, 1927, p. 81. : 

10 LARS, 1911, p. тод. 

11 Sébitya-Parisad-Patrikd, 1929, p. 22. 

12 BCMS, 1926, p. 195. 

15 THO, І, p. 110. 

14 History of the World (in Bengali), Vol. IV, p. 178. 

18 Aryabhatiya of Aryabhata, Chicago, 1930, p. 2. . 
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astronomical works. We thus replace “the two nines of 
places" in the translation given by Clark by “the two 
nines of zetos.” Clark has given the following reason 
for not translating kba by zero: “That is equivalent 
to saying that each vowel adds two zeros to the numeti- 
cal value of the consonant. This, of course, will work 
from the vowel ; on; but the vowel a does not add 
two zeros. It adds no zero or one zero depending on 
whether it is used with varga or avarga letters. It seems 
to me, therefore, more likely that a board divided into 
columns is implied rather than a symbol for zero, as 
Rodet thinks.” The vowels do not add zeros. The 
explanation will not work for any of the vowels; for 
instance, 7, according to this interpretation, would add 
two zeros to g but three zeros to y. What really is 
implied by &4a is explained by the commentator Sürya- 
deva as follows: “khéni fünyopala&sitáni, sariebydvinyásas- 
thénéni tesém dvinavakam, khadvinavakam, tasmin khadvina- 
vake Jnyopala&sitdstbándstádasa (18) ityartbab;" that is, 
“kha denotes zero; the places for putting (writing) 
the numbers ate two nines (dvinavakam), therefore, 
&badvinava&e means the eighteen places denoted by 
zeros." It may be mentioned here that the Hindus 
denote the notational places by zeros. Bhaskara I (522), 
commenting on Gapitapdca, 2, which gives the names of 
ten notational places, says: MS 
“nyäsasca sthandndt 0000000000.” 

2.е., “writing down the places we have oooooooooo." 
Bháskara I is more explicit in the interpretation of kha 
by zéro, for in his comments on the above rule, he 
states: “khadvinavake svará nava varge: kha means zero 
(#Ялуа). In two nines of zeros (kba), so Ahbadvinavake, 
that is, in the eighteen (places) marked by zeros;...... ae 


! Commentary on the Dasagitied by Bhaskata I, ''Abadvinavake 
svará nava varge Абат Sinydni, khandm dvinavakam tasmin khadvinavake 


astddasa fAuydAsitesu...... 
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Thus Aba must be translated by zero, although the 
kha (zeto) hete is equivalent to the ‘notational places." 
What is implied here is certainly the symbol for the 
zero and not a board divided into columns. 


Clark finds great difficulty in translating savdntya- 
varge vá. The reading han instead of v4 suggested by 
Fleet is not acceptable. The translation given by us 
accords with the several commentaries (by Bháskara I, 
Süryadeva, ParamesSvara and Nilakantha) consulted by 
us. They all agree. 


Explanation. Arayabhata’s rule gives the method 
of expressing the alphabetic chronogram in the decimal 
place-value notation, and vice versa. The notational 
places are indicated as follows: 


au 0 at e 74 f м i a 
= — — —Á — —— ~~ — — 
ауауау ау ау а у а у а уа у 
о о о о о оо о о о о о о о о о о о 


where v stands for varga and a for avarga. 


It will be observed that the eighteen places are de- 
noted by zeros and they are divided into nine pairs, each 
pair consisting of a varga place and an avarga place, ;.e., 
odd place and even place.? The varga letters А to m*.are 
used in varga places, i.e., odd places only, and denote 
the numbers 1, 2,........ ‚ 25 in succession. The 


!Nilakantha says:  ‘“‘Rhadvinavake, that is, there are eigh- 
teen places, the nine varga places and the nine avarga places 
eee ” See Aryabhatiya, ed. by К. Sambasiva Sastri, Trivandrum, 
1930, p. 6. 

?'lhe later Indian treatises use the terms visama and sama for 
varga and avarga respectively. Varga is also used for a square 
number or the figure. 

*'These are called varga or classified letters, because they are 
classified into groups of five each. 
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avarga letters у to № are used in the avarga places, ie., 
even places only, and denote the numbers 3, 4,...... ,IO 
successively. The first varga and avarga places 
together constitute the first varga-avarga pair, and so on. 
Nine such varga-avarga pairs are denoted by the nine 
vowels in succession. ‘Thus the first varga-avarga pair, 
i.&, the units and the tens places are denoted by a; the 
second varga-avarga pair, 7.e., the hundreds and thousands 
places by 4; and so on. The vowels thus denote places 
—zetos according to the Indian usage of denoting the 
places—and have by themselves no numerical value. 
When attached to a ‘letter-number’ a vowel simply 
denotes the place that the number occupies in the decimal 
place-value notation. For instance, when the vowel a is 
attached to y, it means that the number 3 which y 
denotes is to be put in the first avarga place, /.е., the 
tens place. 'Thus yz is equal to 3o. On the other 
hand when a is attached to one of the classed letters, 
it refers it to the first varga place, 4.е., the units 
place. Thus Ла is equal to 5 and ma is equal to 25 and 
Яла? is equal to зо. Similarly у/ denotes that the number 
3 is to be put in the thousands place whilst g/ would 
mean that the number 3 which g represents is to be 
put in the hundreds place (g being a varga lefter). Thus 
yi=3,000, whilst gi=300. It is possible that 
the zeros already written were rubbed out and the 
corresponding numerical figures as obtained from a 
given letter chronogram were substituted in their places. 
This would automatically give zeros in the vacant places. 
When this is not done and the numbers are written 
below the zeros indicating the places, then zeros have 


1 When two consonants are together joined to a vowel, the 
numbers representing both are referred to the same varga-avarga 
pair. They are added together as in this case, #ma = йа + ma = 


§ + 25 = 30. 
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to be written in the places that remain vacant' The 
same procedure can be applied to express numbers 
occupying more than eighteen places, by letting the 
vowels with avusvéra denote the next eighteen places, 
or by means of any other suitable device. 


One advantage of this notation is that it gives 
very brief chronograms. This advantage is, however, 
more than counterbalanced by two very serious defects. 
The first of these is that most of the letter chronograms 
formed according to this system are very difficult to 
pronounce. In fact, some of these? are so complicated 
that they cannot be pronounced at all. The second 
defect is that the system does not allow any great 
variety in the letter chronograms, as other systems do. 


Katapayadi System. In this system the con- 
sonants of the Sanskrit alphabet have been used іп the 
place of the numbers 1-9 and zero to express num- 
bers. The conjoint vowels used in the formation of 
number chronograms, have no numerical significance. 
It gives brief chronograms, which are generally pleasant 
sounding words. Skilled writers have been able to 
coin chronograms which have connected meanings. It 
is superior to that of Aryabhata I, and also to the word 
system. Four variants of this system are known to have 
been used in India. It is probably due to this non- 
uniformity of notation that the system did not come 
into general use. 


1 Some examples from the Aryabhatiya (i. 3): 


r и А а 
ai —— РЕС c —_ 
o о o o o [e] [e] о 
prs 


kbyugbr _ } 


cayapiyi nu fucbir | 


‚4 3 2 o o o o=43 20000 
1 ch f a J g у с 
577 5 3 3 3 6=5775336 
2 For instance niSsisuntkhsr, bbadliknukhr, etc. 
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First Variant: The first variant of the Kafapayddi 
system is described in the following verse taken from 
the Sadratnaméala: 

Natavacasca fünyáni samkhyé katapayddayab 

Misre tüpánta hal samkhyad na ca cintyo halasvarab 
“n, fj and the vowels denote zeros; (the letters in suc- 
cession) beginning with Ж, 7, p, and y, denote the 
digits; in a conjoint consonant only the last one denotes 
a number; and a consonant not joined to a vowel should 
be disregarded. " According to this system, therefore, 


т is denoted by the letters &, 4, p, y 


2 us 55 e kb, th, jb, r. 

3 33 „> 55 2, d b, f 

4 э? 55 » 2h, db, bh, v. 
$55 à » ñ, n, m, 

6 29 55 55 e, Ё, Ў. 

7 » » » ch, th, 5. 

8 » » » J d, h. 

9 » „э » Jb, dh. 

о, s: E! 8, n and vowels 


standing by themselves. 
The consonants with vowels are used in the places of 
of the numerical figures just as in the place-value nota- 
tion. Of conjoint consonants only the last one has 
numerical significance. A right to left arrangement is 
employed in the formation of chronograms, just as in 
the word system, że., the letter denoting the units 
figure is written first, ‘then follows the letter denoting 
the tens figure and so on. The following examples 
taken from inscriptions, grant plates and manuscripts 
will illustrate the system: 

2 4 4 I 
(1) rå - gha-va - ya == 1442, 


1 EI, VI, p. 121. 
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4 4 6 

(2! bha -va - ti = 644, 
$ I 3 1 

(3) sa- ktyâ - lo - ke = 1315, 
6 4 3 I 

(4)° ta - tá- lo - ke = 1346, 


2 3 1 5 6 5 I 

(5)* Аа - go - ntyá - nme - sa - må - pe = 1565132. 

The origin of this system can be traced back to the 
fifth century A.D. From a remark? made by Süryadeva 
in his commentary оп the Aryabhatiya, it appears that 
the system was known to Aryabhata I (499). Its first 
occurrence known to us is found in the Laghu-Bhés- 
karfya of Bháskara I (522). . 


Second Variant: Aryabhata II (950) has used a 
modification of the above system. In this variant, 
the consonants have the same values as above, but the 
vowels whether standing by themselves or in conjunc- 
tion with consonants have no numerical significance. 
Also unlike the first variant, each component of a 
conjoint consonant has numerical value according to its 


1 ТА, П, р. збо. 

? EI, III, p. 229. 

3 EI, III, p. 38. 

* The date of the commentary of Sadgurusisya on Sarránukra- 
mani is given by this chronogram in the Kaliyuga Era: It corres- 
ponds to 1184 A.D. 

5 Comments on the paribhdésd-siira of the Dasagitikd. The 
author remarks : 

“Vargaksardndm samkhyd pratibádane, katapaydditvam nafiayosca 

Sinydpi siddbam tannirdsdrtham kat grabanam.” 
That is, “the letters &£/ have been used to distinguish it (the 
method of Aryabhata I) from the Kafapayddj system of denoting 
numbers by the help of the varga letters, where n and ñ are 
equal to zero." 


6 LBA, i. 18. 
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place. The letters are arranged in the left to right 
order just as in writing numerical figures.‘ The differ- 
ence between the two variants may be illustrated by the 
chronogram dha-ja-he-ku-na-he-t-sa-bhé." According to 
Aryabhata П it denotes 488108674, whereas according 
to the first variant it would denote 47801884. 


Third Variant: A third variant of this system is 
found in some Pali manuscripts from Burma.’ This is 
in all respects the same as the first variant except that 
$25, b=6 and /=7. ‘The modification in the values of 
these letters are due to the fact that the Pàli alphabet 
does not contain the Sanskrit f£ and у. 


Fourth Variant: A fourth variant of the system 
was in use in South India, and is known as the Kerala 
System. This is the same as the first variant with the 
difference that the left-to-right arrangement of letters, 
just as in writing numerical figures, is employed. 


Aksarapalli. Various peculiarities are found in 
the forms as well as the arrangement of the numerical 
symbols used in the pagination .of old manuscripts. 
These symbols are known as the aksarapa/ili, i.e., the letter 
system.‘ In this system the letters or syllables of the 
script in which the manuscript is written are used to 
denote the numbers. The following list gives the 
phonetic values of the various numerals as found in 
old manuscripts:* 


1! The notation is explained in MS; i. 2: 
RZpát katapayapired varnd varnakraméddbhavantyankah 
Nhau Jünyam prathamdrthe 4 chede e trtiydrthe. 

2 MSi, i. то. 

з Т. D. Barnet, JRAS, 1907, pp. 127 ff. 

*For forms see Tables. 


5 See PLM, pp. 107f. 


Ao Nom 


100 
200 
300 
400 


I 


dd 
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e, sva, ram. 
dvi, sti, na. 
tri, $ri, mah. 
пка, rnka, Aka, nka, roka, ska, rska, 


Ven: (pke), 6, 4. rphra, pu. 


tr, ttr, rtra, hr, nr, rnr. 

phra, rphra, rphru, ghna, bhra, гри, уу, 
phla. 

gra, gra, rgrá, rgbhrà, rgga, bhra. 

hra, rhra, rhra, dra. 

om, rum, ru, um, Gm, a, rnum. 

1, 1а, nta, da, а, їр. 

tha, tha, rtha, gha, rgha, pva, va. 

la, là, rla, rlâ. 


pta, rpta, рй, rpta, pna. 


5, 6. о, 6, e. 5 e, 1, nu. 


cu, vu, ghu, thu, rthu, rthà, tha, rgha, rghu. 
са, cu, tha, rthü, грб, rmta. 


еэ, од, сэ, 9, 9. m 
E3. 9.9, $3 


su, 50, lu, a. 

50, à, là, rghû.- 

sta, 504, йд, sa, su, sumh, si. 
Süo, sto, sta. 
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It will be observed that to the same numeral there 
correspond various phonetical values. Very frequently 
the difference is slight and has been intentionally made, 
probably to distinguish the signs with numerical values 
from those with letter values. In some other cases 
there are very considerable variations, which (accord- 
ing to Bühler) have been caused by misreadings of older 
signs or dialectic differences in pronunciation. The 
symbols are written on the margin of each leaf. Due to 
lack of space. they are generally arranged one below 
the other in the Chinese fashion. This is so in the 
Bower manuscript which belongs to the sixth century 
A.D. In later manuscripts the pages are numbered 
both in the aksarapallf as well as in decimal figures. 
Sometimes these notations are mixed up as in the 
following:' 


là su su 

33 SS 3; 100 = о; 102 = о; 
o 2 

su su sa 

131 = lâ;  150— 6 209 = о 
I ге; rum 


The aksarapall? has been used in Jaina manusctipts 
upto the sixteenth century. After this period, the deci- 
mal figures are generally used. In Malabar, a system 
ВЕ the zksarapal? is in use upto the present 

ау.? 


1Cf, PLM, р. 108. 


21 = na, 2 = nna, 3 = nya, 4 = skra, 
5 = jhra, 6 = ha(ha), 7 = gra, 8 = рга, 
9 = dre(?), IO '— ma,. 20 = tha, 

30 = la, до = pta, jo = ba, Go = tra, 

79 = ru (tru), 80 = са, go = па, тоо = fia. 


(Cf. JRAS, 1896, р. 799) 
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Other Letter Systems. (4) A system of nota- 
tion in which are employed the sixteen vowels and 
thirty-four consonants of the Sanskrit alphabet is 
found in certain manuscripts from Southern India 
(Malabar and Andhra), Ceylon, Burma and Siam. The 
thirty-four consonants in order with the vowel a denote 
the numbers from one to thirty-four, then the same 
consonants with the vowel 4 denote the numbers thirty- 
five to sixty-eight and so on.’ 


(B) © Another notation in which the sixteen vowels 
with the consonant & denote the numbers one to sixteen 
and with é% they denote the numbers seventeen to 
thirty-two, and so on, is found in certain Páli manus- 
cripts from Ceylon.? 


(C) Ina Páli manuscript in the Vienna Imperial 
Library a similar notation is found with twelve vowels 
and thirty-four consonants. In this the twelve vowels? 
with & denote the numbers from one to twelve, with 
&b they denote the numbers from thirteen to twenty- 
four, and so on. 


These letter systems do not appear to have been 
in use in Northern India, at least after the third century 
A.D. They are probably the invention of scribes who 
copied manuscripts. 


12. THE ZERO SYMBOL 


Earliest Use. The zero symbol was used in 
metrics by Pingala (before 200 B.C.) in his Chandab-sitra. 
He gives the solution of the problem of finding the total 
number of arrangements of two things in 7 places, 
repetitions being allowed. The two things considered are 


1 Burnell, South Indian Palaeography, London, 1878, р. 79. 
? Ibid. 
з The vowels 7, r, /, , are omitted. 
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the two kinds of syllables “long”? and “short”, denoted 
by /and g respectively. To find the number of arrange- 
ments of long and short syllables in a metre containing 
n syllables, Pingala gives the rule in short aphorisms : 

“(Place) two when halved;"' “when unity is sub- 
tracted then (place) zero;"? “multiply by two when 
zero;"* “square when halved."* 

The meaning of the above aphorisms will be clear 
from the calculations given below for the Géyatr? metre 
which contains 6 syllables.* 


А В 
Place the number 6 
Halve it, result 3 | Separately place | 2 


3 cannot be halved, therefore, 
subtract 1, result 

Halve it, result 

т cannot be halved, therefore, 
subtract 1, result o " " o 

The process ends. 


The calculation begins from the last number in 
column B. Taking unity double it at o, this gives 2; 
at 2 square this (2), the result is 2°; then at zero double 
(27), the result is 2°; ultimately, at 2 square this (2°), 
the result is 2", which gives the total number of ways 


N 
„ 
M 
" 
s 


m 
„ 
ч 
v 
Ч 

N 


! Pingala Chandab-stitra, ed. by Sri Sitanath, Calcutta, 1840, 
viii. 28. 

? Ibid, viii. 29. 

* Ibid, viii. 30. 

* Ibid, viii. 31. 

*For 7 syllables, the steps are: 


Subtract 1 6 place o Double 2.2? = 2? 
Halve 3 i. 0À Square 2° 
Subtract I 2 i1 o Double 2.2? = 23 
Halve I c 2E Square 2? 
Subtract I о » о Double 1 == 2 


giving 27 as the result. 
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in which two things can be arranged in 6 places.! 

It will be observed that two symbols are required in 
the above calculation to distinguish between two kinds 
of operations, viz., (1) that of halving and (2) that of the 
‘absence’ of halving and subtraction of unity. These 
might have been denoted by any two marks arbitrarily 
chosen.? The question arises: why did Pingala select 
the symbols “two” and “zero”? The use of the symbol 
two can be easily explained as having been suggested 
by the process of halving—division by the number 
two. ‘The zero symbol was used probably because of 
its being associated, at the time, with the notion of 
‘absence’ or ‘subtraction? The use of zero in 
either sense is found to have been common in Hindu 
mathematics from early times. The above reference to 
Pingala, however, shows that the Hindus possessed a 
symbol for zero (/Zzya), whatever it might have been, 
before 200 B.C. 

The Bakhshali Manuscript (¢. 200) contains the use 
of zero in calculation. For instance, on folio 56 verso, 
we have: 

* | 880 | 964 
84 | 168 
The square of forty different places is | 1600). On sub- 


tracting this from the number above (numerator), the 


remainder is 846720 
14112 


factor, it becomes | Go| Pda 


848520 


multiplied become | 
14112 


On removal of the common 


t This method of calculation is not peculiar to the Piñżgala 
Chandab-sitra. It is found in various other works on metrics as 
well as mathematics. The zero symbol has been similarly 
employed in this connection in later works also. Vide infra. 

? E.g., Prthudakasvámi uses va (from varga, square") and 
gu (from gana, "multiply"), while Mahavira uses the numerals 1 
and o. Vide infra. 
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There are a large number of passages of this kind 
in the work. It will be noticed that in such passages 
the sentences would be incomplete without the figures, 
so the figures must have been put there at the time of 
the original composition of the text, and cannot be 
suspected of being later interpolations. For an explicit 
reference to zero and an operation with it, we take 
the following instance from the work : 


с 1 


Adding? unity 
to zero т:|2|3}|...... 


In the Pafica-siddhdntikéd (505) zero is mentioned 
at several places. The following is an instance: 


“In Aries the minutes are seven, in the last sign 
six; in Taurus six (repeated) thrice; five (repeated) twice; 
four; four; in Gemini they are three, two, one, zero 
(nya) (each repeated) twice."* 


Zeto is here conceived as a number of the same 
type as three, two or one. It cannot be correctly 
interpreted otherwise. Addition and subtraction of 
zero are also used in expressing numbers in this work 
for the sake of metrical convenience. For instance: 


“Thirty-six increased by two, three, nine, twelve, 
nine, three, zero (sunya) are the days."* 


Instances of the above type all occur in those 


1 The zeros given here are represented in the manuscript 
by dots. The statement in modern symbols is equivalent to the 
equation, 

x+ 2x + 3x + 4x = 200. 

2 The Sanskrit word is yutaù meaning literally “adding”, but 
what is meant is “putting”? unity for the unknown (zero). 

3 BMs, folio 22, verso. 

5 PSi, vi. 12. 

зр; xviii. 55; other instances of this nature are іп ili. 17; 
iv. 7; iv. 8; iv. її; xviii. 44; xviii, 45; xviii. 48; xviii. 51. 
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sections of the Pufica-siddbdntikd which deal with the 
teachings of Риба. It seems, therefore, that such ex- 
pressions are quotations from the Pulifa-siddhdnta. As 
it is known that the word numerals were employed by 
Puliga (v. доо), it can be safely concluded that he was 
conversant with the concept of the zero ds a numeral. 

The writings of Jinabhadra Gani (529-589), a con- 
temporary of Varáhamihira, offer conclusive evidence of 
the use of zero as a distinct numerical symbol. 
While mentioning large numbers containing several 
zeros, he often enumerates, obviously for the sake of 
abridgement, the number of zeros contained. For 
instance: 224,400,000,000 is mentioned as “twenty-two 
forty-four, eight zeros;"' 3,200,400,000,000 as “thirty- 
two two zeros four eight zeros."? At another place in 
his work 


407150 49715 
241960-———— = 241960 —— 
cd 483920 T 48392 


is described thus : 

*"Two hundred thousand forty-one thousand nine 
hundred and sixty; removing (apavartana) the zeros, the 
numerator is fout-zero-seven-one-five, and the deno- 
minator four-eight-three-nine-two."* 

It should be noted that the term apavartana means 
what is known in modern arithmetic as the reduction of 
a fraction to its lowest terms by removing the common 
factors from the numerator and the denominator. 
Hence the zero of Jinabhadra Gani is certainly not a 
mere concept of nothingness but is a specific numerical 
symbol used in arithmetical calculation. 


1 Brhat-ksetra-samdsa, ed. with the commentary of Malayagiri, 
Bombay, i. 69. 

2 Ibid, i. 71. Other such instances are in i. 90, 97, 102, 
108, 113, 119, etc. 

3 Ibid, і. 83. 
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been given up long before. The quotation from 
Subandhu cannot, therefore, be taken as a definite 
proof of the use of the dot as a symbol for zero 
in his time. All that we can infer is that at some period 
before Subandhu, the dot was in use. We may go 
further and state that very probably, the earliest symbol 
for zero was a dot and not a small circle. 


The earliest epigraphical record of the use of 
zero is found in the Ragholi plates? of Jaivardhana II 
of the eighth century. Тһе Gwalior inscriptions of the 
reign of Bhojadeva? also contain zero. The form’ 
of the symbol in these inscriptions is the small circle. 
This is the form that has been in common use from 
quite early times, probably from before the eighth 
century. 


Other Uses of the Symbol. In the present 
elementary schools in India, the student is taught the 
names of the several notational places and is made to 
denote them by zeros arranged in a line. These. zeros 
are written as 

eee ne t n n осооооооо 


The teacher points out the first zero on the right апа 
says ‘units’, then he proceeds to the next zero saying 
‘tens’ and so on. ‘The student repeats the names after 
the teacher. This practice of denoting the notational 
places by zeros can be traced back to the time of 
Bháskara I, who, as already pointed out on page 66, 
ih his commentary on the Aryabhatiya, Ganita-péda,2, 
says : 
‘Writing down the places, we have 
02000000000,” 


In all works on arithmetic (péfiganita) zero has 


! No. 4 in the list of inscriptions given before. 
? Nos. 19 and 2o in the list. 
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been used to denote the unknown. This use of 
zero can be traced back to the third century A.D. 
It is used for the unknown in the Bakhshali arithmetic. 
In algebra, however, letters or syllables have been 
always used for the unknown. It seems that zero 
for the unknown was employed in arithmetic, really to 
denote the absence of a quantity, and was not a symbol 
in the same sense as the -algebraic x (y4), for it does 
not appear in subsequent steps as the algebraic symbols 
do. ‘This use of zero is mostly found in problems on 
proportion—the Rule of Five, Rule of Seven, etc. The 
Arabs also under Hindu influence used zero for the 
ünknown in similar problems. Similar use of zero 
for the unknown quantity is found in Europe in a 
Latin manuscript of some lectures by Gottfried Wolack 
in the University of Erfürt in 1467-68? The dot 
placed over a number has been used in Hindu Ganita 
to denote the negative. In this case it denotes the 
‘absence’ of the positive sign. Similar use of the dot 
is found in Arabia and Europe obviously under Hindu 
influence.? 


13. THE PLACE-VALUE NOTATION IN HINDU 
| LITERATURE 


Jaina Canonical Works. The earliest literary 
evidence of the use of the word “notational place” is 
furnished by the Anuyogadvára-sűtra a work written 
before the Christian era. In this work the total number 


n Smith and Karpinski, J«., pp. 

2 The occasional use by Al- Batani (519) of the Arabic negative 
lá, to indicate the absence of minutes (or seconds), noted by Nallino 
(Verhandlungen des 5 congresses der Orientalisten, Berlin, 1882, Vol. II, 
р. 271), is similar to the use of the zero dot to denote the negative. 

з The passage has been already quoted in detail (vide supra 


p- 12). 
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of human beings in the world is given by “а number 
which when expressed in terms of the denominations, 
koti-koti, etc., occupies twenty-nine places (sthdna).” 
Reference to the “places of numeration” is found also 
in a contemporary work, the Vyavahéra-siitra. 


Puranas. The Puranas which are semi-religious 
and semi-historical works, also contain references to 
the notational places. These works were written for 
the purpose of spreading education on religious and 
historical matters amongst the common people. Refer- 
ence to the place-value notation in these works shows 
the desire of their authors to give prominence to the 
system. The gw-Puréna? says: 

“In case of multiples from the units place, the 
value of each place (sthdna) is ten times the value of the 
preceding place.” 


The Visnu-Purâna’ has similarly : 
“O dvija, ftom one place to the next in succession, 


the places are multiples of ten. The eighteenth one 
of these (places) is called pardrdha.” 


The VWáys-Purága* observes : 


*"These are the eighteen places (sthéna) of calcula- 
tion; the sages say that in this way the number of places 
can be hundreds." 


The above three works are the oldest among the 
Puranas and of these the Agni and the Дун Puranas 
in their present form are certainly as old as the fourth 
century A.D. The Agwi-Purépa is referred by some 
scholars to the first or second century A.D. 


! Ch. i; of B. Datta, Scientia, July, 1931, p. 8. 

2 The Agai-Purdna contains also the use of the word numerals 
with place-value (vide supra p. 58). 

3 vi. 3. 

4 ci. rozf. 
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Works on Philosophy. The following simile has 
been used in  L7yésa-Bhásya' on the Yoga-sitra of 
Patafijali : - | | 

“Thus the same stroke is termed one in the units 
place, ten in the tens place, and hundred in the hundreds 
р!асе........ a 


The same simile occurs in the Sariraka-Bhdsya of 
Sankaracarya : 

“Just as, although the stroke is the same, yet by a 
change of place it acquires the values, one, ten, hundred, 
thousand, etc...." 


The first of the above works cannot be placed 
later than the sixth century whilst the second one not 
later than the eighth. The quotations prove conclu- 
sively that in the sixth century, the place-value notation 
was so well known that it could be used as an illustra- 
tion for a philosophical argument. 


Literary Works. A passage from the V/Zsavadattá 
of Subandhu comparing the stars with zero dots has 
already been mentioned. Several other instances of 
the use of zero are found in later literature, but they 
need not be mentioned here.* 


Td 15. 

?'Dhe айын is as given by J. Н. Woods, The Yoga System 
of Patafifali, p. 216. “In a foot-note, it is remarked: “Contrary to 
Mr. G. R. Kaye’s opinion, the following passages show that the 
place-value system of decimals was known as early as the sixth 
century A.D.” The above passage is also noted by Sir P. C. Ray 
in his History of Hindu Chemistry, Vol. II, p. 117. 

3]IL iti. 17; of. B. Datta, American Math. Monthly, XX XIII 
1926, pp. 220-1. 

+ E.g., the use of the Sénya-bindu in INaisadba-carita of Sriharsa 
(с. 12th century). Cf. B. Datta, Ibid, pp. 449-454. 
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14. DATE OF INVENTION OF THE PLACE-VALUE 
NOTATION 


We may now summarise the various evidences 
regarding the early use of the place-value notation in 
India : 

(1) The earliest palaeographic record of the use of 
the place-value system belongs to the close of the sixth 
century A.D. й 

(2) The earliest use of the place-value principle 
with the word numerals belongs to the second or the 
third century A.D. It occurs in the Agyi-Purdna, the 
Bakhshali Manuscript and the Pw/ifa-siddbdnta. 


(3) The earliest useof the place-value principle 
with the letter numerals is found in the works of Bhás- 
kara I about the beginning of the sixth century A.D. 


(4) The earliest use of the place-value system in a 
mathematical work occurs in the Bakhsháli Manuscript 
about 200 A.D. It occurs in the Aryabhatiya composed 
in 499 A.D., and in all later works without exception. 


(5) References to the place-value system are found 
in literature from about 100 B.C. Three references rang- 
ing from the second to the fourth century A.D. are 
found in the Puranas. 


(6) The use of a symbol for zero is found in 
Pingala’s Chandab-siitra as early as 200 В.С. 


The reader will observe that the literary and non- 
mathematical works give much earlier instances of the 
use of the place-value system than the mathematical 
works. ‘This is exactly what one should expect. The 
system when invented must have for some time been 
used only for writing big numbers. A long time 
must have elapsed before the methods of performing 
arithmetical operations with them were invented. The 
system cannot be expected to occur in a mathematical 
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work before it is in a perfect form. Therefore, the 
evidences furnished by non-mathematical works should, 
in fact, be earlier than those of mathematical works. 


Mathematical works are not as permanent as 
religious or literary works. The study ofa particular 
mathematical work is given up as soon as another better 
work comes into the field. In fact, a new mathematical 
work is composed with a view to removing the defects 
of and superseding the older ones. It is quite 
probable that works employing the place-value notation 
were written before Aryabhata I, but they were given 
up and are lost. It will be idle to expect to find copies 
of such works after a lapse of sixteen hundred years. 


In Europe and in Arabia it is still possible to find 
mss. copies of works using the old numerals or a 
mixture of the old numerals with the new place-value 
numerals, but in India absolutely no trace of any such 
work exists. 


In Europe the first definite traces of the place- 
value numerals ate found in the tenth and eleventh 
centuries, but the numerals came into general use in 
mathematical text books in the seventeenth century. 
In India Aryabhata I (499), Bháskara I (522), Lalla 
(с. 598), and Brahmagupta (628), all use the place-value 
numerals. There is no trace of any other system of 
notation in their works. Following the analogy of 
Europe, we may conclude, on the evidence furnished 
by Hindu mathematical works alone, that the place- 
value system might have been known in India about 
200 B.C. 


As the literary evidence also takes us to that period, 
we may be certain that the place-value system was 
known in India about 200 B.C. Therefore we shall 
not be much in error, if we fix 200 B.C. as the probable 
date of invention of the place-value system and 


E 
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zero in India. It is possible that further evidence may 
force us to fix an earlier date. 


15. HINDU NUMERALS IN ARABIA! 


The regular history of the Arabs begins after the 
flight of Mohammad from Mecca to Medina in A.D. 
622. The spread of Islam succeeded in bringing to- 
gether the scattered tribes of the Arabian Peninsula 
and creating a powerful nation. The united Arabs, 
within a short space of time, conquered the whole of 
Northern Africa and the Spanish Peninsula, and extended 
their dominions in the east upto the western border of 
India. They easily put aside their former nomadic life, 
and adopted a higher civilisation. 


The foundations of Arabic literature and science 
were laid between 750-850 A.D. This was done 
chiefly with the aid of foreigners and with foreign 
material. Тһе bulk of their narrative literature came 
to the Arabs in translation from Persian. Books-on 
the science of war, the knowledge of weapons, the 
veterinary art, falconry, and the various methods of 
divination, and some books on medicine were translated 
from Sanskrit and Persian. They got the exact sciences 
from Greece and India. 


Before the time of Mohammad the Arabs did not 
possess a satisfactory numeral notation. The потег? 
ous computations connected with the financial adminis- 
tration of the conquered lands, however, made the use 
of a developed numeral notation indispensable. In 
some localities the numerals of the more civilised con- 
quered nations were used for a time. Thus in Syria, 
the Greek notation was retained, and in Egypt the 


1 For details consult Cajori's History of Mathematics, and Smith 
and Karpinski's Hinds Arabic Numerals. 
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Coptic. To this early period belongs the Edict of Khalif 
Walid (699) which forbade the use of the Greek lan- 
guage in public accounts, but made a special reservation: 
in favour of Greek letters as numerical signs, on the 
ground that the Arabic language possessed no numerals 
of its own. The Arabic letters gradually replaced 
the Greek ones in the alphabetic notation and the 
abjad notation came to be used. It is probable that 
the Arabs had come to know of the Hindu numerals 
from the writings of scholars like Sebokht, and aslo of 
their old ghobér forms from other sources. But as their 
informants could not supply all the necessary informa- 
tion (е.2., the methods of performing the ordinary 
operations of arithmetic) these numerals had to wait 
for another century before they were adopted in some 
of their mathematical works. 


During the reign of the Khalif Al-Mansür (755- 
774 A.D.) there came émbassies from Sindh to Baghdad, 
and among them were scholars, who brought along 
with them several works on mathematics including the 
Bréhma-sphuta-siddhénta and the | Kbapda-&bádya&a Of 
Brahmagupta. With the -help of those scholars, Al- 
fazári, perhaps also Yakub ibn Tarik, translated them 
into Arabic. Both works were largely used and exer- 
cised great influence on Arab mathematics. It was 
on that occasion that the Arabs first became acquainted 
with a scientific system of astronomy. It is believed 
by all writers on the subject that it was at that time that 
the Hindu numerals were first definitely introduced 
arnongst the Arabs. It also seems that the Arabs at first 
adopted the ghobér forms of the numerals, which they 
had already obtained (but without zero) from the 


1 "Theophanes (758-818 A.D), “Chronographia;” Seriptores 
Historiae Byzantinae, Vol. XX XIX, Воппапе, 1839, p. 575; quoted 
by Smith and Karpinski, 4e., p. 64, note. 
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Alexandrians, or from the Syrians who were employed 
as translators by the Khalifs at Baghdad. Al-Khowárizmi 
(825), one of the earliest writers on arithmetic 
among the Arabs, has used the ghobdr forms. But not 
long afterwards, the Arabs realised that the ghobér 
forms were not suited to their right-to-left script. Then 
there appears to have been made an attempt to use more 
convenient forms. But as people had got accustomed to 
the ghobdr forms, they did not like to give them up, and 
so we find a struggle? between the two forms, which 
continued for about two centuries (1oth and 11th) until 
at last the more convenient ones came into general use. 
The west Arabs on the other hand did not adopt the 
modified forms of the éast Arabs, but continued to use 
the ghobér forms, and were thus able to transmit them to 
awakening Europe. This, perhaps, explains in a better 
way the divergence in the forms of modern Arabic and 
modern European numerals, than any theory yet 
propounded. 

In a theory that was advanced by Woepcke, this 
divergence is explained by assuming that (1) about the 
second century after Christ, before zero had been 
invented, the Hindu numerals were brought to Alex- 
andria, whence they spread to Rome and also to west 
Africa; (2) that in the eighth century, after the notation 
in India had been already much modified and perfected 


1 Smith and Karpinski, Zc, p. 98. 

? One document cited by Woepcke is of special interest since 
it shows the use of the ordinary Arabic forms alongside the 
&bobár at an early date (970 A.D.). The title of the work is "'Interest- 
ing and Beautiful Problems on Numbers" copied by Ahmed ibn 
Mohammed ibn Abdaljalil Aba Sa'id, al-Sijzi, (951-1024) from a 
work by a priest and physician, Nazif ibn Yumn, al-Qass (died 
990). Sprenger also calls attention to this fact (in Zeit. d deutschen- 
morgenlandischen Gesselschaft, XLV, p. 367). Ali ibn Ahmed 
Al-Nasávi (v. 1025) tells us that the symbolism of numbers was 
unsettled in his day (Smith and Karpinski, /.c., p. 98). 
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by the invention of zero, the Arabs at Baghdad got 
it from the Hindus; (3) that the Arabs of the west 
borrowed the Columbus-egg, the zero, from those in the 
east but retained the old forms of the nine numerals, 
if for no other reason, simply to be contrary to their 
political enemies of the east; (4) that the old forms were 
remembered, by the west Arabs to be of Hindu origin, 
and were hence called ghobér numerals; (5) that, since 
the eighth century, the numerals in India underwent 
further changes and assumed the greatly modified forms 
of modern Devanágari numerals. 

Now, as to the fact that these figures might have 
been known in Alexandria in the second century A.D., 
there is not much doubt. But the question naturally 
arises: Why should the Alexandrians use and retain 
a knowledge of these numerals? Аз far as we know, 
they did possess numeral notations of their own; why 
should they give preference to a foreign notation? 
These questions cannot be satisfactorily answered unless 
we assume that along with the nine symbols the principle 
of place-value and probably also the zero was com- 
municated to them. But as they were unprepared for the 
reception of this abstract conception, they adopted the 
nine numerals only and used them on the apices. 
These numerals were then transmitted by them to Rome 
and to west Africa. 

The second assumption that the Hindu numeral 
figures of the eighth century were adopted by the Arabs 
is not supported by fact. The figures that are found in 
the old Arabic manuscripts resemble either the ghobdr 
numerals or the modern Arabic more than the Hindu 
numerals of the eighth century. In fact, we have every 
reason to believe that the Arabs knew these ghobdr forms, 
perhaps without the principle of place-value and 
zero, long before they had-direct contact with India, and 
that they adopted zero only about 750 A.D. 
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Boethius Question. It cannot be definitely said 
when and how the Hindu numerals reached Europe. 
Their earliest occurrence is found in a manuscript of 
the Geometry of Boethius (с. 500), said to belong 
to the tenth century. There are several other manus- 
ctipts of this work and they all contain the numerals. 
Some of these contain the zero whilst the others do 
not. Ifthese manuscripts (or the portions of them that 
contain the numerals) be regatded as genuine, it will 
have to be acknowledged that the Hindu numerals had 
reached Southern Europe about the close of the fifth 
century. There are some who consider the passages 
dealing with the Hindu numerals in the Geometry of 
Boethius to be spurious. Their arguments can be 
summarised as below : 


(1) The passages in question have no connection. 
with the main theme of the work, which is geometry. 
The Hindu numerals have not been mentioned in the 
Arithmetic of Boethius. They have not been used by 
him anywhere else. Neither Boethius’ contemporary 
Capella (г. 475), nor any of the numerous mediaeval 
writers who knéw the works of Boethius makes any 
reference to the numerals. 


(2) The Hindu numeral notation was perfected in 
India much later than the fifth century, so that the 
numerals, even if they had been taken to Europe along 
the trade routes, had no clir to any superiority over the 
numerals of the west, and so could not have attracted 
the attention of Boethius. 

Of the above arguments, the second is against facts, 
for it is now established that the Hindu numeral nota- 
tion with zero was perfected and was in use in 
India during the earliest centuries of the Christian era. 
The numerals could have, therefore, easily reached 
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Europe along the trade routes in the fifth century or even 
earlier. The first argument is purely speculative and 
throws doubt on the authenticity of the occurrence of 
the numerals in Boethius! Geometry. It does not prove 
anything. It seems to us unfair to question the 
genuineness of the occurrence of the numerals, when 
they are found in all manuscripts of the work that are 
in existence now. Their occurrence in thé Geometry 
can be easily explained on the ground that Boethius’ 
knowledge of those numerals was very meagre. He had 
obtained the forms from some source—from the Neo- 
Pythagoreans or direct from some merchant or wander- 
ing scholar—but did not know their use. He might 
have known their use in writing big numbers by the 
help of the principle of place-value and zero, but he 
certainly did not know how the elementary operations of 
arithmetic were to be performed with those numerals. 
Hence he could make no use of them in his arithmetic or 
any other work. The writings of Sebokht (г. 650) show 
that the fame of the numerals had reached the west 
long before they were definitely introduced there. The 
question of the introduction of the Hindu numerals 
through the agency of Boethius may, therefore, be 
regarded as an open one, until further investigations 
decide it one way or the other. 


Definite Evidence. The first writer to describe the 
дорд” numerals in any scientific way in Christian Europe 
was Gerbert, a French monk. He was a distinguished 
scholar, held high ecclesiastical positions in Italy, and 
was elected to the Papal chair (999). He had also 
been to Spain for three years. It is not definitely 
known where he found these numerals. Some say that 
he obtained them from the Moors in Spain, while 
others assert that he got them from some other source, 
probably through the merchants. We find that Gerbert 
did not appreciate these numerals (and rightly, for there 


94 NUMERAL NOTATION 


was neither zero nor the place-value), and that in 
his works, known as the Regula de abaco computi and the 
Libellus, he has used the Roman forms. We thus see 
that upto the time of Gerbert (died 1003) the 
principle of place-value was not known in Europe. i 

As early as 711 A.D., the power of the Goths was 
shattered at the battle of Jarez de le Frontera, and 
immediately afterwards the Moors became masters of 
Spain, and remained so for five hundred years. The 
knowledge of the modern system of notation which was 
definitely introduced at Baghdad about the middle of the 
eighth century must have travelled to Spain and from 
there made its way into Europe. The schools estab- 
lished by the Moors at Cordova, Granada, and Toledo 
were famous seats of learning throughout the middle 
ages, and attracted students from all parts of Europe. 
Thus although Europe may not be directly indebted to. 
the Moors for its numerical symbols, it certainly is for 
that important principle which made the ordinary 
&hobár forms superior to the Roman numerals. 

Several instances of the modern system of nota- 
tton are to be found in Europe in the twelfth century, 
but no definite attempt seems to have been made 
for popularizing it before the thirteenth century. 
Perhaps the most influential in spreading these 
numerals in Europe was Leonardo Fibonacci of Pisa. 
Leonardo’s father was a commercial agent at Bugia, the 
modern Bougie, on the coast of Barbary. It had one 
of the best harbours, and at the close of the twelfth 
century was the centre of African commerce. Here 
Leonardo went to school to a Moorish master. On 
attaining manhood he started on a tour of the Mediter- 
“ranean and visited Egypt, Syria, Greece, Italy and 
Provence, meeting with scholars and merchants and 
_imbibing а knowledge of the various systems of numbers 
in use in the centres of trade. All these systems, he 
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however says, he counted as errors compared with that 
of the Hindus.* Returning to Pisa he wrote his Liber 
Abaci in 1202, rewriting it in 1228.* In this the Hindu 
numerals are explained and used in the usual compu- 
tations of business. At first Leonardo’s book met with 
a cold reception from the public, because it was too 
advanced for the merchants and too novel for the 
universities. However, as time went on people began 
to realise its importance, and then we find it occupying 
the highest place among the mathematical classics, of the 
period. 


Among other writers whose treatises have helped 
, the spread of the numerals may be mentioned Alexander 
de Villa Die (v. 1246) and John of Halifax (v. 1250). 


A most determined fight against the spread of these 
numerals was put up by the abacists who did not use 
zero but employed an abacus and the apices. But 
the writings of men like Leonardo succeeded in silenc- 
ing them, although it took two or three centuries to 
do so. By the middle of the fifteenth century we find 
that these numerals were generally adopted by all the 
nations of western Europe, but they came into common 
use Only in the seventeenth century. 


17. MISCELLANEOUS REFERENCES "ТО THE 
HINDU NUMERALS 
LI 


Syrian Reference. The following reference to a 
passage? in a work of Severus Sebokht (662) shows that 
the fame of the Hindu numerals had reached the banks of 


1 *Sed hoc totum et algorismum atque arcus pictagore quasi 
errorem computavi respectu modi indorum." 

2 Smith and Karpinski, /. c., p. 151. 

3 Attention was first drawn to this passage by F. Nau. JA, 
П, тото, pp. 225-227; also see J. Ginsburg, Buil. American Math. 
Soc., XXIII, 1917, p. 368. 
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Abh Sab] Ibn Tamim (950) 


Ibn Tamim, a native of Kairwán, a village in Tunis 
in the north of Africa, wrote in his commentary on the 
Sefer Yesiráb: “The Indians have invented the nine 
signs for marking the units. I have spoken sufficiently 
of them in a book that I have composed on the Hindu 
calculation, known under the name of Hzsáb al-ghobdr.”’* 


Al- Nadim (987) 


In the Fibrist, the author Al-Nadim includes the 
Hindu numerals in a list of some two hundred alphabets 
of India (Hind.) These numerals are called bindisah.? 


Al-Biriiné (тозо) 


Al-Birüni resided in India for nearly thirteen years 
(1017-1030) and devoted himself to the study of 
the arts and sciences of the Hindus. He had also a 
remarkable knowledge of the Greek sciences and liter- 
ature, so he was more qualified than any contemporary 
or even anterior Arab writer to speak with authority 
about the origin of the numerals. He wrote two 
books, viz. Kitéb al-arqam (“Book of Ciphers”) and 
Tazkira fi al-hisdb w’al-madd bi al-arqam al-Sind w'al- 
Hind (“А treatise on arithmetic and the system of 
counting with the ciphers of Sindh and India") In 
his Tarikh al-Hind ("Chronicles of India"), he says: 
"As in different parts of India the letters have 
different shapes, the numerical signs too, which are 
called aka, differ. The numerical signs which we use 
are derived from the finest forms of the Hindu signs.”’* 
At another place he remarks: “The Hindus use the 


1 Reinaud, /¢., p. 599. 

2 Kildb al-Fibrist, ed. С. Flügel, II, pp. 18-19. 

з Alberuni’s India, English translation by E. C. Sachau, London 
2nd ed., 1910, Vol. I, p. 74. 
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numeral signs in arithmetic in the same way as we do. 
I have composed a treatise showing how far possibly, 
the Hindus are ahead of us in this subject." In his 
Athér-ul-Bakiya* (“Vestiges of the Past," written in 
1000 A.D.) Al-Birini calls the modern numerals as 
al-argam al-hind, i.e., “the Indian Ciphers” and he has 
incidentally referred to their distinction from two other 
systems of expressing numbers, viz., the sexagesimal 
system and the alphabetic system  (HarZf al-jumal). 


Abenragel (1048) 


It has been stated by Ali bin Abil-Regal Abul- 
Hasan, called Abenragel, in the preface to his treatise 
on astronomy that the invention of reckoning with 
nine ciphers is due to the Hindu philosophers.? 


Saraf-Eddin (1172) 
Mahmid bin Qajid al-Amüni Saraf-Eddin of Mecca 


wrote a treatise, entitled P; a/-handasa wal arqam al- 
hindi (“On geometry and the Indian ciphers").* 


Alkalasdd? (died 1486) * Я 


In his commentary of the Ta/éhis of, Ibn Albanna, 
Abul Hasan Ali Alkalasádi states: ‘These nine signs, 
called the signs of the ghobér (dust), are those 
that are employed very frequently in our Spanish pro- 
vinces and in the countries of Maghrib and of Africa. 
Their origin is said to have been attributed by tradition 
to a man of the Indian nation. This man is said to have 
taken some fine dust, spread it upon a table and taught 


! Ibid, I, p. 177. 

2 The Chronology of Ancient Nations, ed? by Sachau, London, 
1879, pp. 62 and 132. А 

? J. Е. Montucla, Historie des Mathématiques, vol. I, p. 376. 

+H. Suter, Die Mathematiker und Astronomer der Ararbe und 
thre Werke, Leipzig, 1900, p. 126. 
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the people multiplication, division and other opera- 
tions." 


Beha Eddin (c. 1600) 


Referring to the numerals Beha Eddin observes: 
“The Hindu savants have, in fact, invented the nine 
known characters.’’? 


In the quotations from Arab scholars given above, 
the term Hind has been used for India, and Hindi for 
Indian. Hind is the term generally used in Arabic and 
Persian literature for India. In early writings distinc- 
tion was sometimes made between Sind and Hind. 
Thus Al-Masüdi and Al-Birüni used Sind to denote the 
countries to the west of the river Indus. This distinc- 
tion is clearly in evidence in Ibn Hawkal’s map, re- 
produced in Elliot and Dawson’s History of India. There 
were others who did not make this distinction. Thus 
Istakri (912) uses Hind to denote the whole of India.* 
Again in the S$bZbzámá of Firdausi,* Sind has been used 
for a river as well as for a country, and Hind for the 
whole of India. In later times this distinction dis- 
appeared completely. According to the lexicographers 
Ibn Seedeh (died 1066) and Firouzábádi (1328-1413), 
Hind is “the name of a well known nation” and ac- 
cording to El-Jowharee (1008) it denotes “the name of 
a country.” Instances of the use of Hind to denote 
India in the literature of the Arabs can be multiplied at 
pleasure. . 


Carra de Vaux* has suggested that the. word Hind 


1 JA, Y, 1863, pp. sof. 

2 Kholasét al-bisáb, translated into French by A. Marre, Now. 
Ann. Math., М, 1864, р. 266. 

* Elliot and Dawson’s History of India, ТЇ, p. 412. 

* English translation by A.G. Warner and E. Warner, London, 
1906. 
2 5 Сагга de Vaux, Scientia, X XI, 1917, р. 273. 
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does not probably mean India but is really derived from 
énd (or bind) signifying “measure,” “arithmetic” or 
“geometry.” He concludes that the expression “һе 
signs of Aid" means “(Һе arithmetical signs" and not 
“the signs of India.” As regards the use of the adjec- 
tive bindi by certain scholars in connection with the 
numerals, he conjectures that it has probably been 
employed through confusion for Aindas?. 


Carra de Vaux's derivation of the word And from 
énd or hénd cannot be accepted. It has no support 
from Arabic lexicography. Moreover, the word hind 
is a very ancient one. It occurs in the Avesta’ both in 
the earlier Yasna and in the later (Sassanian) Vendidad. 
The word also occurs in the cuneiform inscriptions of 
Darius Hystaspes. The Pehlavi writings before the 
Arab conquest of Iran also show the word bind. In all 
those cases it means India. 


The word A/gdi is an adjective formed from hind 
and means “Indian”. The fact that in a few isolated 
cases, it has been confused with the word Aindasi, can- 
not make us conclude that this has happened in all 
cases. 


The terms Ніпдаѕа, etc. The words Z/dasa, 
hindisa, handasa, hindasi, handasi, etc., have been stated 
by competent authorities to be adjectives formed 
from find, meaning “Indian”. Kaye? and Carra 
de  Vaux? oppose this interpretation. Relying 
on the lexicon of Firouzábádi they assert that these 
terms are derived from the Persian andézah, meaning 
"measure." "There is no doubt that the word діла! 
denotes “‘geometrical” in the Arabic language. But 


1 Yasna, x. 141; Yt, x. 104 (МЫ Yast). 

? Kaye, JASB, ПІ, 1907, p. 489, also J.ASB, VII, 1911, 
pp. 81of. 

3 Carra de Vaux, /.c. 
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when this term is used in connection with an explana- 
tion of the rule of “double false position” or the method 
of “proof by nines” or in connection with the “numeral 
notation," we have to admit that it had some other 
significance also. As the arithmetical rules designated 
by the term Aindasi are found in Hindu arithmetic prior 
to their occurrence in Arabia, it follows that 2/7425; also 
means Indian. The term Aindasi, hindasa or handasa has, 
therefore, two meanings, one “geometrical” and the 
other “Indian”. The controversy regarding the meaning 
of this term which was set at rest by Woepcke,' has 
arisen again because Kaye and Carra de Vaux have refus- 
ed to recognise both meanings of this term.?^ It may be 
pointed out here that as one of the meanings of bindasi is 
synonymous with indi, there is no wonder that the 
two words were sometimes confused with each other, 
especially by scribes who did not understand the text. 


European References. Isidorus of Seville. The 
nine characters (of the ghobdr type), without zero, are 
given as an addition to the first chapter of the third 
book of the Origines by Isidorus of Seville in which 
the Roman numerals are under discussion. Another 
Spanish copy of the same work (of 992 A.D.) 
contains the numerals in the corresponding section. 
The writer ascribes an Indian origin to them in the 
following words: “Item de figuris arithmetice. Scire 
debemus in Indos subtilissimum ingenium habere et 
ceteris gentes eis in arithmetica et geometria et ceteris 
liberalibus disciplinis concedere. Et hoc manifestum 


1Woepcke, JA, I, 1863, рр. 276. See also Suter’s article 
on handasa in the Encyclopaedia of Islam and Rosen’s Algebra of 
Mohammad Ben Musa, London, 1831, pp. 196f. 

? It will not be difficult to point out in any literature words 
having more than one meaning. Occasionally these meanings have 
no connection. Whenever such a word is used, the appropriate 
meaning has to be deduced from the context. 
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est in nobem figuris, quibus designant unum-quemque 
gradum cuinslibet gradus. Quarum hec sunt forma.” 


Rabbi ben Egra (1092-1167) 


Rabbi Abraham ibn Meir ibn Ezra in his work, Sefer 
ha-mispar (“the Book of Number”), gives the Hindu 
forms of the numerals. He knew of the Hindu origin 
of the numerals for he states: “that is why the wise peo- 
ple of India have designated all their numbers through 
nine and have built forms for the nine ciphers.’’? 


Leonardo of Pisa 


Leonardo of Pisa in his work, Liber Abaci (1202), 
frequently refers to the nine Indian figures. At one 
place he says: “Ubi ex mirabili magisterio in arte per 
novem figuras indorum introductus" etc. In another 
place, as a heading to a separate division, he writes “De 
cognitione novem figurarum yndorum" etc., “Novem 
figure indorum he sunt 98765 4 3 2 1." 


Alexander de Villa Dei 


Alexander de Villa Dei (v. 1240) wrote а commen- 
tary on a set of verses called Carmen de Algorismo. In 
this commentary he writes: “This boke is called the 
boke of algorim or augrym after lewder use. And this 
boke tretys of the Craft of Nombryng, the quych crafte 
is called also algorym. Ther wasa kyng of Inde the 
quich heyth Algor & he made this craft...... Algor- 
isms, in the quych we use teen figurys of Inde."* 


1 Quoted, by Smith and Karpinski, д4, p. 138. 

? Sefer ba-Mispar, Das Buch der gabl, ein bebraisch-arithmetisches 
Work des К. Abrabam ibn Esra, Moritz Silberberg, Frankfurt a 
M., 1895, p. 2. 

; з Liber Abaci, Rome, 1857; quoted by Smith and Karpinski, 
“©, p. ro. 
* Smith and Karpinski, /¢., p. 11. 
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Maximus Planudes (c. 1330) 


Maximus Planudes states that “the nine symbols 
come from the Indians." 


1 Waschke’s German Translation, Halle, 1878, p. 3. 
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CHAPTER II 
ARITHMETIC 


1. GENERAL SURVEY 


Terminology and Scope. Arithmetic forms the 
major part of the Hindu works оп pétiganita. The wotd 
андата is a compound formed from the words pé#é, 
meaning “board,” and дайа, meaning “science of cal- 
culation;” hence it means the science of calculation 
which requires the use of writing material (the board).' 
It is believed that this term originated in a non-Sanskrit 
literature of India, a vernacular of Northern India. The 
oldest Sanskrit term for the board is phalaka or patta, 
not РАЙ. The word pdti seems to have entered into 
Sanskrit literature about the beginning of the seventh 
century A.D.” The carrying out of mathematical calcula- 
tions was sometimes called dbéli-karma (“dust-work’’), 
because the figures were written on dust spread ona 
board or on the ground. Some later writers have used 
the term vyakta-ganita ("the science of calculation by 
the 'known'") for péftiganita to distirguish it from 
pa ate which was called apyakta-ganita (“the science of 
calculation by the ‘unknown "). The terms, péfigantta 
and dhilf-karma were translated into Arabic when 
Sanskrit works were rendered into that language. The 
Arabic equivalents are i/m-bisdb-al-takht (“the science of, 


1 Paper being scarce, a wooden board was generally used 
for making calculations even upto the 19th century. 
2 B. Datta, American Math. Monthly, XXXV, p. 526. 
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calculation on the board") and Aisdb-al-ghobdr (“calcula- 
tion on dust”) respectively. 

Bayley, Fleet and several others suspect that the 
origin of the term péf# in Hindu Mathematics lies in 
the use of the board as an abacus. This conjecture, 
however, is without foundation, as no trace of the use 
of any form of the abacus is found in India. 


According to Brahmagupta* there are twenty 
operations and eight determinations іп ата. Не 
says: 

“He who distinctly and severally knows the twenty 
logistics, addition, etc., and the eight determinations 
including (measurement by) shadow is a mathemati- 
cian,” 

The twenty logistics, according to Prthudakasvámi, 
are: (1) ғат а/а (addition), (2) vyavakalita or vyutkalita: 
(subtraction), (3) gunana (multiplication), (4) bhdgahdra 
(division), (5) varga (square), (6) varga-mila (square-root), 
(7) ghana (cube), (8) ghana-milla (cube-root), (9-13) 
patica јн (the five rules of reduction relating to the 
five standard forms of fractions), (14) ¢rairdsika (the 
rule of three), (15) vyasta-trairdsika (the inverse rule of 
three), (16) Pa?carászéa (the rule of five), (17) sapta- 
rafika (the rule' of seven), (18) парата (the rule of 
nine), (19) e&édafarásika (the rule of eleven), and (20) 
bbznda-brztibhánda (barter and exchange) The eight 
determinations are: (т) misraka (mixture), (2) 57207 
Progression or series), (3) Asetra (plane figures), (4) 
“іа (excavation), (5) ci (stock), (6) &ré&ari&a (saw), 
(7) rési (mound), and (8) cb£y4 (shadow). 

` Of the operations named above, the first eight have 
been considered to be fundamental by Mahavira and 
later writers. 'The operations of duplation (doubling) 


1 BrSpSi, p. 172. 
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and mediation (halving), which were considered funda- 
mental by the .Egyptians, the Greeks and some Arab 
and western scholars, do not occur in the Hindu 
mathematical treatises. These operations were essential 
for those. who did not know the place-value system of 
notation. They are not found in Hindu works, all of 
which use the place-value notation. 

Sources.. The only works available which deal 
exclusively with paiganita are: the Bakhshdli Manuscript 
(с. 200), the Trisatikd (с. 750), the Gapita-sdra-sameraha 
(¢..850), the Gapita-tilaka (1039), the Lildvati (1150), the 
Ganita-kaumudi (1356), and the PZ£-sára (1658). These 
works contain the twenty operations and the eight 
determinations mentioned above. Examples are also 
given to illustrate the use of the rules enunciated. 

Besides these there are a number of astronomical 
works, known as Siddhdnta, each of which contains a 
section dealing with mathematics. Aryabhata I (499) 
was the first to include a section on mathematics in his 
Siddhanta, the Aryabhatiya. Brahmagupta (628) followed 
Aryabhata in this respect, and after him it became 
the general fashion to include a section on mathematics 
in a Siddhdnta work. The earlier Siddhénta works do 
not possess this feature. The JZrya-siddbámia (с. зоо) 
does not contain a section on mathematics. The same 
is true of the V/Zszszba, the Pitémaha and the Romaka 
Siddhántas. Bhaskara I and Lalla,? although zealous 
followers of Aryabhata I, did not emulate him in in- 
cluding a section on mathematics in their astronomical 
works. 


1 Amongst such works may be mentioned the Mabd-siddbdnta 
(950), the Siddbdnta-fekhara (1036), the Siddbdnta-tattva-viveka (1658), 
etc. 

? [t is stated by Bháskara II that Lalla wrote a separate treatise 
on påtiganita. 
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Exposition and Teaching. In India conciseness of 
composition, especially in scientific matters, was highly 
prized. The more compact and brief the composition, 
the greater was its value in the eyes of the learned. 
It is for this reason that the Indian treatises contain 
only a brief statement of the known formule and results, 
sometimes so concisely expressed as to be hardly 
understandable. This compactness is more pronounced 
in the older works; for instance, the exposition in the 
Aryabhatiya is more compact than in the later works. 

'This hankering after brevity, in early times, was 
due chiefly to the dearth of writing material, the 
fashion of the time and the method of instruction fol- 
lowed. The young student who wanted to learn 
påtíganita was first made to commit to memory all the 
rules. Then he was made to apply the rules to the 
solution of problems (also committing the problems to 
memory). The calculations were made on a 247 on 
which dust was spread, the numbers being written on 
the dust with the tip of the fore-finger or by a wooden 
style, the figures not required being rubbed out as the 
calculation proceeded. Sometimes a piece of chalk or 
soap-stone was used to write on the р. Along with 
each step in the process of calculation the stra (rule) 
was repeated by the student, the teacher supervising 
and helping the student where he made mistakes. After 
the student had acquired sufficient proficiency in solving 
the problems contained in the text he was studying, the 
teacher set him other problems—a store of graded 
examples (probably constructed by himself or borrowed 
from other sources) being the stock-in-trade of every 
professional teacher. At this stage the student began 
to understand and appreciate the rationale of the easier 
rules. After this stage was reached the teacher gave 
proofs of the more difficult formule to the pupil. 
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It will be observed that the method of teaching 
pursued was extremely defective in so far as it was in 
the first two stages purely mechanical. A student 
who did not complete all the three stages knew practi- 
cally nothing more than the mere mechanical applica- 
tion of a set of formule committed to memory; and 
as he did not know the rationale of the formule he 
was using, he was bound to commit mistakes in.their 
application. It may be mentioned that not many 
teachers themselves could guide a pupil through all the 
stages of the teaching, and the earnest student, if he 
had a genuine desire to learn, had to go to some seat 
of learning or to some celeberated scholar to complete 
his training. 

Mathematics is and has always been the most 
difficult subject to study, and as a knowledge of higher 
mathematics could not be turned to material gain there 
were very few who seriously undertook its study. In 
India, however, the religious practices of the Hindus 
required a certain amount of knowledge of astronomy 
and mathematics. Moreover, there have always been, 
from very early times, a class of people kmown as 
ganaka whose profession was fortune-telling. These 
people were astrologers, and in order to impress their 
clients with their learning, they used to have some 
knowledge of mathematics and astronomy. Thus it 
would appear that instruction in mathematics, upto a 
certain minimum standard, was available almost every- 
where in India. As always happens, some of the pupils 
got interested in mathematics for its own sake, and 
took pains to make a thorough study of the subject and 
to add to it by writing commentaries or independent 
treatises. 


Decay of Mathematics. All this was true when the 
times were normal. In abnormal times when there were 
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foreign invasions, internal warfares or bad government 
and consequent insecurity, the study of mathematics 
and, in fact, of all sciences and arts languished. 
Al-Birüni who visited north-western India after it had 
been in a very unsettled state due to recurrent Afghan 
invasions for the sake of plunder and loot complains 
that he could not find a фай? who would explain to 
him the principles of Indian mathematics. Although 
Al-Birüni's case was peculiar, for no respectable pandit 
would agree to help a foreigner, especially one belonging 
to the same class as the invaders and the despoilers of 
temples, yet we are quite sure that in the Punjab there 
were very few good scholars at that time. We, however, 
know of at least one very distinguished mathematician, 
Sripati, who probably lived in Kashmir at that time. 

Itis certain, however, that after the 12th century 
very little original work was done in India. Com- 
mentaries on older works were written and some new 
works brought out, but none of these had sufficient 
merit as regards exposition or subject matter, so as to 
displace the works of Bhaskara II, which have held 
undisputed sway for nine centuries (as standard text 
books). 

The Fundamental Operations. The eight funda- 
mental operations of Hindu ganita are: (1) addition, (2) 
subtraction, (3) multiplication, (4) division, (5) square, 
(6) square-root, (7) cube and (8) cube-root. Most of 
these elementary processes have not been mentioned in 
the Siddhanta works. Aryabhata I gives the rules for 
finding the square- and cube-roots only, whilst Brahma- 
gupta gives the cube-root rule only. In the works on 
arithmetic. (24 ана), the methods of addition and 
subtraction have not been mentioned at all or men- 
tioned very briefly. Names of several methods of 
multiplication have been mentioned, but the methods 
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themselves have been either very briefly described or 
not described at all. The modern method of division 
is briefly described in all the works and so are the 
methods of squaring, square-root, cubing and cube- 
root. 


Although very brief descriptions of these funda- 
mental operations are available, yet it is not difficult to 
reconstruct the actual procedure employed in perform- 
ing these operations in ancient India. These methods 
have been well-known and taught to children, practi- 
cally without any change, for the last fifteen hundred 
years or more.’ They are still performed in the old 
fashion on a 2477 (“board”) by those who have obtained 
their primary training in the Sanskrit pátha$álà and not 
in the modern primary school. The details of these. 
methods are also available to us in the various com- 
mentaries, viz., the commentary of Prthudakasvámi and 
the several commentaries on Bháskara's Г а. 

As already mentioned, the calculations were per- 
formed on sand spread on the ground (4bZ/f- karma") 
ог on а pá/f ("board"). Sometimes a piece of chalk 
or soap-stone (pépdu-lekba or Svetavarni?) was used to 
write on the péti.? As the figures written were big, 
so several lines of figures could not be contained on 
the board. Consequently, the practice of obliterating 
fizures not required for subsequent work was common. 
Instances of this would be found in the detailed method 
of working (the operations) given hereafter. 


That all mathematical operations are variations of 
the two fundamental operations of addition and sub- 
traction was recognised by the Hindu mathematicians 


1 Bháskara II, $757, candragrabanádbikára, 4. 

? Bháskara П: Abatikdyd re&bá uccbádya..., ie., "having drawn 
lines with a chalk...," quoted by S. Dvivedi in his History of Mathe- 
matics (in Hindi), Benares, 1910, p. 41. 


9 
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from early times. Bhaskara І (v. 525) states:? 

“АП arithmetical operations resolve into two cate- 
goties though usually considered to be four. The 
two main categories are increase and decrease. Addi- 
tion is increase and subtraction is decrease. "These two 
varieties of operations permeate the whole of mathema- 
tics (ganita). So previous teachers have said: *Multipli- 
cation and evolution are particular kinds of addition; 
and division and involution of subtraction. Indeed 
every mathematical operation will be recognised to 
consist of increase and decrease. Hence the whole of 
this science should be: known as consisting truly of 
these two only." 


2. ADDITION 


Terminology. Aryabhata II (950) defines addition 
thus: 

“The making into one of several numbers is 
addition."* 

The Hindu name for addition is samkalita (made 
together) Other equivalent terms commonly used .are 
SamkRalana (making together) тала (mixing), sam- 
melana (mingling together), praksepana (throwing to- 
gether), samyojana (joining together), ekikarana (making 
into one), yukti, yoga (addition) and abhydsa,* etc. "The 
word samkalita has been used by some writers in the 
general sense of the sum of a series.” 


The Operation. In all mathematical and astrono- 
mical works, a knowledge of the process of addition is 


1 The quotation is from his commentary on the Aryabhatiya. 

* .e., addition, subtraction, multiplication and division. 

3 MSi, p. 143. 

* This word has been used in the sense of addition in the 
Salba only. 16 is used for multiplication in later works. 

3 E.g, Tris, p.2; GSS, p. 17. 
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taken for granted. Very brief mention of it is made 
in some later works of elementary character. Thus 
Bháskara П says in the [уай 


“Add the figures in the same places in the direct 
or the inverse order.” 


Direct Process. In the direct process of addition 
referred to above, the numbers to be added are written 
down, one below the other, just as at present, and a line 
is drawn at the bottom below which the sum is written. 
At first the sum of the numbers standing in the units 
place is written down, thus giving the first figure of the 
sum, The numbers in the tens place are then added 
together and their sum is added to the figure in the 
tens place of the partial sum standing below the line 
and the result substituted in its place. Thus the figure 
in the tens place of the sum is obtained; and so on. 
An alternative method used was to write the biggest 
addend at the top, and to write the digits of the sum 
by rubbing out corresponding digits of this addend.* 


Inverse Process. In the inverse process, the num- 
bers standing in the last place (extreme left) are added 
together and the result is placed below this last place. 
The numbers in the next place are then added and so 
on. The numbers of the partial sum are corrected, if 
necessary, when the figures in the next vertical line are 
added. For instance, if 12 be the sum of the numbers 
in the last place, 12 is put below the bottom line, 2 
being directly below the numbers added; then, if the 


1 L, p. 2; direct (kruma), i.e., beginning from the units place; 
inverse (u/&rama), ie, beginning from the last place on the 
left. The commentator Gangádhara says: aikdndm  vámatogatirili 
vitarkena ekastbánádi yojanam &ramab ut&ramastu antyastbánddi yojanam, 
i.e., "According to the rule ‘the numerals increase (in value) to- 
wards the left’, the addition of units first is the direct method, 
the addition of figures in the last place first is the inverse method." 

? Dvivedi, History of Mathematics, Benares, 1910, р. бо. 
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sum of the numbers in the next place is 13 (say), 3 is 
placed below the figures added and 1 is carried to the 
left. Thus the figure 2 of the partial sum 12 is rubbed 
out and substituted by 3.* 

The Arabs used to separate the places by vertical 
lines, but this was not done by the Hindus.? 


3. SUBTRACTION 


Terminology. Aryabhata II (950) gives the fol- 
lowing definition of subtraction: 

_“The taking out (of some number) from the 
Sarvadhana (total) is subtraction; what remains is called 
sesa (remainder)."* 

The terms vyutkalita (made apart), vyutkalana 
(making apart), sodbana (clearing), pdtana (causing to fall), 
viyoga (separation), etc., have been used for subtraction. 
The terms fesa (residue) and antara (difference) have 
been used for the remainder. The minuend has been. 
called sarvadhana от viyojya and the subtrahend viyoja£z. 

The Operation. Bháskara II gives the method of 
subtraction thus: 

“Subtract the numbers according to their places in 
the direct or inverse order."* 


1 The Manorañjana explains the process of addition thus: 
Example. Add 2, 5, 32, 193, 18, 10 and 100, 


Sum of units  2,5,2,5,8,0,0 20 
Sum of tens 3,9,1,1,0 14 
Sum of hundreds 1,0,0,1 2 

Sum of sums 360 


The horizontal process has been adopted by the commentator 
so that both the ‘direct’ and ‘inverse’ processes may be exhibited 
by a single illustration. lt was never used in practice. 

? Cf. Taylor, Liféwat?, Bombay, 1816, Introduction, p. 14. 

з MSi, р. 145. 

* L, р. 2. 
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Direct Process. Süryadása' explains the process 

of subtraction with reference to the example. 
1000 —' збо 
thus: 

“Hence making the subtraction as directed, six 
cannot be subtracted from the zero standing in the 
tens place, so taking ten and subtracting six from it, 
the remainder (four) is placed above (six), and this ten 
is to be subtracted from the next place. For, as the 
places of unit, etc., are multiples of ten, so the figure 
of the subtrahend that cannot be subtracted from the 
corresponding figure of the minuend is subtracted from 
ten, the remainder is taken and this ten is deducted 
from the next place. In this way this ten is taken to 
the last place until it is exhausted with the last figure. 
In other words, numbers upto nine occupy one place, 
the differentiation of places begins from ten, so it is 
known ‘how many tens there are in a given number’ 
and, therefore, the number that cannot be subtracted 
from its own place is subtracted from the next ten, 
and the remainder taken.” 


The above refers to the direct process, in which 
subtraction begins from the units place. 


Inverse Process. The inverse process is similar, 
the only difference being that it begins from (Һе last 
place of the minuend, and the previously obtained 
partial differences are corrected, if required. The 
process is suitable for working on a pátí (board) where 
figures can be easily rubbed out and corrected. This 
process seems to have been in general use in India, and 
was considered to be simpler than the direct process.? 


! [In his commentary on the Ги. 

* According to Gangadhata, the inverse process of working 
is easier in the. case -of subtraction, and the direct in the case of 
addition. ‚ 
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4. MULTIPLICATION 


Terminology. The common Hindu name for 
multiplication is guana. This term appears to be the 
oldest as it occurs in Vedic literature. The terms Parana, 
тайба, ksaya, etc. which mean “killing” or "destroying" 
have been also used for multiplication. These terms 
came into use after the invention of the new method of 
multiplication with the decimal place-value numerals; 
for in the new method the figures of the multiplicand 
were successively rubbed out (destroyed) and in their 
places were wriiten the figures of the  product.* 
Synonyms of banana (killing) have been used by Arya- 
bhata I? (499), Brahmagupta (628), 'Sridhara (v. 750) 
and later writers. These terms appear also in the 
Bakhsháli Manusctript.* 


The term abbyása has been used both for addition 
and multiplication in the .$4/ba works (800 B.C.). This 
shows that at that early period, the process of multiplica- 
tion was made to depend on that of repeated addition. 
The use of the word parasparakrtam (making together) 
for multiplication in the Bakhshali Manuscript* is evi- 
dently a relic of olden times. "This ancient terminology 
‘proves that the definition of multiplication was “а pro- 
cess of addition resting on repetition of the multiplicand 
as many times as is the number of the multiplicator.” 
This definition occurs in the commentary of the Arya- 
bhatiya by Bháskara І. The commentators of the Lilévati 
give the same explanation of the method of multipli- 
cation.® 


1 See the kapdfa-sandhi method of multiplication, pp. 138#. 
? 4, iji. 19, 26, etc. 

3 BMs, 65 verso. 

* BMs, 3 verso. 

5 Colebrooke, Hindu Algebra, p. 133. 
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The multiplicator was termed ganya and the multi- 
plier gunaka ог дипаќдға. The product was called 
gunana-phala (result of multiplication) or pratyspanna 
(lit. “reproduced,” hence in arithmetic "reproduced by 
multiplication”). The above terms occur in all known 
Hindu works. 

Methods of Multiplication. Aryabhata I does 
not mention the common methods of multiplication, 
probably because they were too elementary and too well- 
known to be included in a Siddhánta work. Brahma- 
gupta, however, in a supplement to the section on 
mathematics in his Siddhánta, gives the names of some 
methods with very brief descriptions of the processes: 


“The multiplicand repeated, as in gométrikd, as 
often as there are digits? in the multiplier, is severally 
multiplied by them and (the results) added (according 
to places); this gives the product. Or the multiplicand 
is repeated as many times as there are component parts? 
in the multiplier."* 


“The multiplicand is multiplied by the sum or the 
difference of the multiplier and an assumed quantity 
and, from the result the product of the assumed quantity 
and the multiplicand is subtracted or added."* 


Thus Brahmagupta mentions four methods: (т) 
somitrikd, (2) khanda, (3) bheda and (4) ista. The 
common and well-known method of kapdta-sandhi has 
been omitted by him. 


1 &banda, translated as “integrant portions" by Colebrooke. 

2 bheda, i.e., portions which added together make the whole, 
or aliquot parts which multiplied together make the entire 
quantity. 

° BrSpSi, p. 209; Colebrooke, /е., p. 319. 

+ BrSpSi, p. 209. Colebrooke (/.¢., p. 320) thinks that this is 
a method to obtain the true product when the multiplier has been 
taken to be too great or too small by mistake. This view is 
incorrect. 


° 
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Sridhara mentions four methods of multiplication: 
(1) Aapdta-sandhi, (2) tastha, (3) rüba-vibbága and (4) 
sthéna-vibhéga. Mahavira mentions the same four. 
Aryabhata II mentions only the common method of 
kapata-sandbi. Bhaskara ll, besides the above four, 
mentions Brahmagupta's method of ¢sfa-gunana. Тһе 
five methods given by Bháskara II were mentioned 
earlier by Sripati in the Siddbdnta-Sekhara. Сапеќа! (1545) 
mentions the gelosia method of multiplication under 
the name of kapdta-sandbi and adds that the intelligent 
can devise many more methods of multiplication. The 
method is also given in the Gapita-manjari. We have 
designated it as Aapéta-sandhi (b). 


Seven? distinct modes of multiplication employed 
by the Hindus are given below. Some of these are 
as old as 200 A.D. These methods were transmitted 
‚то Arabia in the eighth century and were thence com- 
municated to Europe, where they occur in the writings 
of medieval mathematicians. 


Door-junction Method. The Sanskrit term for the 
method is &afáa-sandhi. . Sridhara? describes it thus: 


“Placing the multiplicand below the multiplier as in 
kapdta-sandbi,* multiply successively, in the direct or 
inverse order, moving the multiplier each time. This 
method is called Rapdta-sandhi.” 


Aryabhata 11° (950) gives the following without 
name: 


1 Commentary on the Да, MSS No. I. B. 6. in the 
Asiatic Soc. of Bengal, Calcutta, pp. 17, 18. In this work only 
two methods are given, (1) Aapdta-sandhi and (2) kapdta-sandhi (D). 

? Or ten if we count also the sub-divisions under each head. 

3 Trif, pp. sf. 

* kapáta means “door” and sandhi means “junction”; hence 
&apáta-sandbi means “the junction of doors.” ` 

5 MSi, p. 143; the inverse method only has been given. 
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“Place the first figure of the multiplier over the 
last figure of the multiplicand, and then multiply suc- 
cessively all the figures of the multiplier by each figure 
of the multiplicand." 


Sripati’ (1039) gives the name kapdta-sandbi and 
states: 

“Placing the multiplicánd below the multiplier as 
in the junction of two doors multiply successively (the 
figures of the multiplicand) by moving it (the multiplier) 


in the direct or inverse order." 


Mahavira refers to a method known as kapédfta- 
sandhi, but does not give the details of the process.* 
Bháskara II gives the method but not the name, while 
Narayana п 356) gives the method in almost the same 
words as Sridhara, and calls it Rapdta-sandhi. 


The main features of the method are (7) the relative 
positions of the multiplicand and the multiplier and 
(Z) the rubbing out of figures of the multiplicand and 
the: substitution in their places of the figures of the 
product. ı The method owes its name Aapdta-sandhi to 
the first. feature, and the later Hindu terms meaning 
"killing" or "destroying" for multiplication owe their 
origin to the second feature. The occurrence of the 
terms Janana, vadha, etc., in the works of Aryabhata I 
and Brahmagupta, and in the Bakhshali Manuscript 
show beyond doubt that this method was known in 
India about 200 A.D. 


- The following illustrations? explain the two pro- 
cesses of multiplication according to the kapdta-sandhi 
plan: 


1 Sife, xiii. 2; GT, 15. 

2 GSS, p. 

? The їйє таб аге based оп the accounts given in the 
commentaries on the Lifévatf, especially the Manorañjana which 
gives more details. 


138 ARITHMETIC 


Direct Process: This method of working does not 
appear to have been popular. It has not been mentioned 
by writers after the 11th century, Sripati (1039) being 
the last writer to mention it. 

Example. To multiply 135 by 12. 

The numbers are written down on the pé/é thus: 

12 
135 
The first digit of the multiplicand (5) is taken and 
multiplied with the digits of the multiplier. Thus 
5X 2=10; o is written below 2, and 1 is to be carried 
over. Then 5x1-5; adding 1 (carried over) we 
get 6. 5 which is no longer required is rubbed out and 
6 written in its place. Thus we have 


12 
1360 2 
The multiplier i is then^moved one place towards the left, 
and we have 
12 
1360 
Now, 12 is multiplied by з. The details are: 3x 2=6; 
this 6 added to the figure 6 below 2 gives 12. 6 1s 
rubbed out and 2 substituted in its place. 1 is carried 
ovet. Then 3 х1=3; 3 plus 1 (carried over)=4. 3 is 
rubbed out and 4 substituted. After the multiplier 12 has 
been moved another place towards the left, the figures 
on the 24/7 stand thus: 
12 
1420 
Then, 1:x2—2; 2+4=6; 4 is rubbed out and 6 
substituted. 1x 1==1, which is placed to the left of 6. 


! For this purpose it was probably noted in a separate portion 
of the pat? by the beginner. 
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As the operation has ended, 12 is rubbed out and the 
pati has 

1620 
Thus the numbers 12 and 135 have been &/ed' and a 
new number 1620 is born (pratyutpanna).? 


The reader will note that the position of the 
multiplier and its motion serve two important purposes, 
viz., (2) the last figure of the multiplier indicates the 
digit of the multiplicand by which multiplication is 
to be performed and, (7) the product is to be added 
to the number standing underneath the digit of the 
multiplier multiplied. 


Sometimes the product of a digit of the multipli- 
cand and the multiplier extends beyond the last place 
of the multiplier. In such cases, the last figure of the 
partial product is noted separately. The reader should 
note this fact in the case, 135 х 99, by performing the 
operation according to the above process. 

The beginner was liable to commit mistakes in such 
cases, (7) of not correctly taking into account the 
separately noted number, or (/ of rubbing out the 
digit of the multiplicand beyond the last digit of the 
multiplier. For these reasons, this process was not 
in general use and the inverse process was preferred. 

Inverse Method: "There appear to have been two 
varieties of the inverse method. 

(а) In the first the numbers are written thus: 

12 

135 
Multiplication begins with the last digit of the multipli- 
cand. [hus 1x2—2; 1 is rubbed out and 2 substi- 


1 This explains the use of the term banana (killing) and its 
synonyms for multiplication. 
* Hence the product was termed pratywtpanna. 
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tuted; then 1x1=—1, this is written to the left;' the 
multiplier 12 is moved to the next figure. The work 
on the 24/7 stands thus: 

I2 

I255 
Then, 3x 2—6; 3 is rubbed out and 6 substituted; then 
3X 1=3 and 34-2—5; 2 is rubbed out and 5 substituted 
in its place. The multiplier having been moved, the 
work on the 547? stands thus: 

12 

1565 
Now, $ х 2=10; 5 is rubbed out and o substituted in 
its place; then 5x15; 5-4-1—6; 646=12; 6 is 
rubbed out and 2 substituted, and т is carried over; 
then 1+5=6, 5 is rubbed out and 6 substituted in 
its place. The 242/7 has now, 

1620 ; 
as the product (pratyutpanna). ‘The figures to be carried 
over are noted down on a separate portion of the 
pati and rubbed out after addition. 

(b) In the second the partial multiplications (7.e., 
the multiplications by the digits of the multiplicand) 
are carried out in the direct manner. These partial 
multiplications, however, seem to have been carried out 
in the inverse way, this being the general fashion. The 
following example will illustrate the method of working: 


Example. Multiply 324 by 753 
The multiplier and the multiplicand are arranged 
thus: 


753 
324 


*Or the alternative plan: 1x1==1 and then rx 2=2, thus 
giving 12 in the place of 1 in the multiplicand, etc. 
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Multiplication begins with the last place of the 
multiplier. зх 7 gives 21; r is placed below the 7 of the 
multiplier and 2 to its left, thus: 


753 

21 324 
Then 3X5 gives 15; 5 is placed below the 5 of the 
multiplier and 1 carried to the left; the 1 obtained in 
the previous step is rubbed out and (14-1)—2 is 
substituted, giving 


753 
225324 
Then 3x 3 gives 9; the 3 of the multiplicand is rubbed 
out and 9 substituted. The work on the 24/7 now 
stands thus: 
753 
225924 
The multiplier is now moved one place to the right 
giving 
753 
225924 
Then multiplying 7 by 2 we get 14. This 14 being 
set below the 7 gives 
753 
_ 239924 
Multiplying 5 by 2 and setting the result below it, we 
obtain 
753 
240924 
Finally multiplying 3 by 2 and rubbing out 2, which is 
required no longer, and substituting 6 in its place, 
we get 
753 
240964 
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The multiplier is then moved one step further giving 
133 
240964 
Multiplying by 4 the digits of the multiplier 755, and 
setting the results as before we obtain 


G) 755 "m | 
243764 multiplying 7X4 and setting the result; 
(12) 753 


243964 multiplying 5x4 and setting the result; 


243972 multiplying 5x 4 and setting the result. 
It may be again remarked that the position and 
motion of the multiplier play a very important part 
in the above process. The digits of the multiplier are 
also successively rubbed out in order to avoid confusion, 
thus 7 is rubbed out at stage (7), 5 at (77) and з at (zz). 
The following variation of the above process is 
also found: 
"Multiplicand 135, multiplier 12; the multiplier 
placed at the last place of the multiplicand gives 


12 
133 
. According to the rule ‘the numerals progress to the 
left’ the last figure of the multiplicand (the figure 1) 
is multiplied by rz. Then after moving (12) we get 
12 
1235 
Again, the figure 3 next to the last of the multi- 
plicand being multiplied by the multiplier 12 gives 
12 
1265 
3 


1 [flávatyudábarana by Krpáráma Daivajfia, Asiatic Society 
of Bengal, Calcutta, Ms. No. III. F. го. А. 
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Then after moving (12) we get 
12 
1265 
3 
Again, multiplying the first figure 5 of the multi- 
plicand with the multiplier 12, we get 


12 
1260 
36 
Then rubbing out the multiplier, the numbers 


1260 
36 
being added according to places give 1620.” 
Transmission to the West. The kapåta-sandhi 
method of multiplication was transmitted to the Arabs 
who learnt the decimal arithmetic from the Hindus. It 
occurs in the works of Al-Khowarizmi (825), Al-Nasavi* 
(c. 1025) Al-Hassar? (с. 1175), Al-Kalasádi^ (c. 1475) 
and many others. The following illustration is taken 
from the work of Al-Nasavi who calls this method 
аата! al-bindi and 12706 al-bindi (“the method of the 
Hindus”): 
Example. To multiply 324X753 


215962 .. Product = 243972. 


1 F. Woepeke, I (6), p. 407. 
2 H. Suter, Bib). Math., II (3), p. 16. 
3 Ibid, p. 17. 
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In the above the arrangement of the multiplicand 
and multiplier is just the same as in the Hindu method. 
The multiplier is moved in thé same way. As the 
work is performed on paper, the figures are crossed 
out instead of being rubbed out. 


It may be mentioned that in Europe, the method 
is found reproduced in the work of Maximus Planudes. 


Gelosia Method. The method known as the 
‘gelosia’, has been described in the Gaga-mafjari 
(16th century) as the &apáfa-sandbi method. It appears 
also in GaneSa’s commentary on the ГД айй. As the 
description of the Aapéta-sandhi given by the older 
mathematicians is incomplete and sketchy, it is diff- 
cult to say whether Gane$a is right in identifying the 
gelosia method with the Aapdéta-sandbi of older writers. 
In our opinion Ganega’s identification is incorrect.* 


We are at present unable to say definitely whether 
this method is a Hindu invention or was borrowed 
from the Arabs who are said to have used it in the 
13th century. It occurs in some Arab works of the 
14th century, and also in Europe about the same 
time. Gane$a was undoubtedly one of the best mathe- 
maticians of his time and the fact that he identified 
this method with the apéta-sandbi which is the oldest 
known method shows that the gelosia method must 
have been in use in India from a long time before 
him. 

The only available description of the method runs 
as follows: 


"(Construct) as many compartments as there are 
places in the multiplicand and below these as many 


1 We shall designate it as Aapdta-sandbi (b) method.. 
? Cf. the quotation from Sripati given before, p. 137. 
з Smith, History, П, p. 115. 
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as there are places in the multiplier; the oblique lines 
in the first, in the one below, and in the other (com- 
partments) are produced. Multiply each place of the 
multiplicand, by the places of the multiplier (which are) 
one below the other and set the results in the com- 
partments. The sum taken obliquely on both sides of 
the oblique lines in the compartments gives the product. 
This is the Rapdta-sandhi.’”* 

The following illustration is taken from Ganeéa’s 
commentary on the Lilévati: 


To Multiply 135 by 12 


A 


ЛАД. 


Cross Multiplication Method. This method has 
been mentioned by Sridhara, Mahavira, Sripati and some 
later writers as the /25/)a method. These wtiters, how- 
ever, do not explain the method. Sridhara simply 
states; “The next (method) in which (the multi- 
plier) is stationary is the fastha.”* "The method is 
algebraic and has been compared to Zirya&-gwmama or 
vajrábbyása (cross multiplication) used in algebra.* It has 
been explained by Gane$a (c. 1545) thus: 


1Translated from the Gapita-mañjar? of Ganega, son of 
Dhundhirája. 

2 Tris, р. 5. Е 

? Colebrooke, Jc, p. 171, fn. 5. 

10 
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“That method of multiplication in which the 
numbers stand іп the same place, is called fastha- 
gunana. lt is as follows: after setting the multiplier 
under the multiplicand multiply unit by unit and note 
the result underneath. Then as in vajrdbhydsa multiply 
unit by ten and ten by unit, add together and set 
down the result in the line. Next multiply unit by 
hundred, hundred by unit and ten by ten, add together 
and set down the result as before; and so on with the 
. rest of the digits. This being done, the line of results 
is the- product."? 


This method was known to the Hindu scholars 
of the 8th century, or earlier. The method seems to 
have travelled to Arabia and thence was transmitted to 
Europe, where it occurs in Pacioli's Suma? and is stated 
to be “more fantastic and ingenious than the others.” 
Ganeáa has also remarked that "this (method) is very 
fantastic and cannot be learnt by the dull without the 
traditional oral instructions." 


Multiplication by Separation of Places. This 
method of multiplication known as sthdna-khanda, is 
based on the separation of the digits of the multiplicand 
or of the multiplier. Jt has been mentioned in all the 
works from 628 A.D. onwards. Bhaskara П describes 
the method as follows: 


*Multiply separately by the places of figures and 
add together."* 


With reference to the example 135 x 12, Bháskara II 
explains the method thus: 


1In contra-distinction to the method in which the multiplier 
moves from one place to another. 

* Ganega’s commentary on the Гра, i, 4-6. 

* Smith (Ze, П, p. 112) quotes from this work. 

tL, р. 3. 
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“Taking the digits separately, 07%., т апа 2, the 
multiplicand being multiplied by them severally, and 
the products added together according to places, the 
result is 1620." 

Various arrangements appear to have been em- 
ployed for writing down the working. Some of these 
are given below: 


Gy 135 


(27)? І2 12 12 


(27)? 135 135 
І 2 
270 


EXE 


1620 


Zigzag Method. The method is called gomitrikd.* 
It has been described by Brahmagupta. It is in all 


1 Іа a manuscript used by Taylor, see his Liléwati, pp. 8-9. 

? This arrangement is found in the commentary of Gangá- 
dhara on the Грай, in the library of the Asiatic Society of 
Bengal, Calcutta. 

š Found in Gangádhara, Le. 

t The word gomüfribá, means “‘similar to the course of cow's 
urine," hence “zigzag.”  Colebrooke's reading gositrikd is in- 
correct. The method of multiplication of astronomical quantities 
is called gozri&4 even upto the present day by the pandits. 
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essentials the same as the sthdna-khanda method. "The 
following illustration is based on the commentary of 
Prthudakasvami. 

Example. То multiply 1:223 by 235 

The numbers are written thus: 


2 1223 
3 1223 
5 1223 


The first line of figures is then multiplied by 2, the 
process beginning at the units place, thus: 2X 3—6; 3 is 
rubbed out and 6 substituted in its place, and so on. 
After all the horizontal lines have been multiplied by 
the corresponding numbers on the left in the vertical 
line, the numbers on the 24/7 stand thus: 

2446 

3669 
6115 

287405 
after being added together as in the present method. 

The sthéna-khanda and the gomtri&é methods resem- 
bie the modern plan of multiplication most closely. The 
sthéna-khanda method was employed when working on 
paper. 

Parts Multiplication Method. This method is 
mentioned in all the Hindu works from 628 A.D. 
onwards. Two methods come under this head: 

(2) The multiplier is broken up into two or more 
parts whose sum is equal to it. The multiplicand is 
then multiplied severally by these and the results added.' 

(77) The multiplier is broken up into two or more 
‘aliquot parts. The multiplicand is then multiplied by 


! Thus 12X 135— (47-8) X 155 —(4X 135)-- (8x 135). 
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one of these, the resulting product by the second and 
so on till all the parts are exhausted. The ultimate 
product is the result.* 

These methods are found among the Arabs and the 
Italians, having been obtained from the Hindus. They 
were known as the “‘Scapezzo”’ and *Repiego" methods 
respectively among the Italians.? 

Algebraic Method. This method was known as 2742- 
gunana. Brahmagupta’s description of the method has 
been already quoted. Bhaskara II explains it thus: 


*Multiply by the multiplicator diminished or in- 
creased by an assumed number, adding or subtracting 
(respectively) the product of the multiplicand and the 
assumed number."*? 

This is of two kinds according as we (7) add or 
(Z7) subtract an assumed number. The assumed number 
is so chosen as to give two numbers with which 
multiplication will be easier than with the original 
multiplier. The two ways are illustrated below: 


(7) 135 X 12=135 X (124-8)— 135 X 8 
—2700— 1080— 1620 


(22) 135X 12=135 X (12—2)+ 135X 2 
=1350-+270=1620 


This method was in use among the Arabs‘ and in 
Europe’, obviously under Hindu influence. 


1 Thus 12X135 = 3X 135 X 4. 
? Smith, History, ll, p. 117. 


Sd Dio. 

* E.g., Beha Eddin (г. 1600). See С. Enestróm, Bib. Math., 
VH (3), р. 95. 

* E.g, Widman (1489), Riese (1522), etc. See Smith, 7e, 
p. 120. 
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5. DIVISION 


Terminology. Division seems to have been regard- 
ed as the inverse of multiplication. The common Hindu 
names for the operation are bhdgahéra, bbájana, harana, 
chedana, etc. All these terms literally mean “то break 
into parts," że., “to divide," excepting harapa which | 
denotes “то take away." This term shows the relation 
of division to subtraction. The dividend is termed 
bhéjya, harya, etc., the divisor bhéjaka, bhdgahara ot simply 
bara, and the quotient /abdhi “what is obtained" or 
labdba. 


The Operation. Division was considered to be a 
difficult and tedious operation by European scholars 
even as late as the 15th and 16th centuries; but in 
India the operation was not considered to be difficult, 
as the most satisfactory method of performing it had 
been evolved at a very early period. In fact, no Hindu 
mathematician seems to have attached any great im- 
portance to this operation. Aryabhata I does not men- 
tion the method of division in his work. But as he has 
given the modern methods for extracting square- and 
cube-roots, which depend on division, we conclude 
that the methód of division was well-known in his 
time and was not described in the -Aryabhatiya as it 
was considered to be too elementary. Most Siddhanta 
writers have followed Aryabhata in excluding the 
process of division from their works, e.g., Brahma- 
gupta (628), Sripati (1039), and some others. 

A method of division by removing common factors 
seems to have been employed in India before the inven- 
tion of the modern plan. This removal of common 


1 Smith, Ze, p. 132. 
2 Нє has used the technical term /abdba for the quotient. 


DIVISION 151 


factors is mentioned in early Jaina works." It has 
been mentioned by Mahavira who knew the modern 
method, probably because it was considered to be 
suitable in certain particular cases: 


“Putting down the dividend and below it the 
divisor, and then, having performed division by the 
method of removing common factors, give out the 
resulting (quotient).”? 


The modern method of division is not found in 
the Bakhsháli Manuscript, although the name of the 
Operation is found at several places. The absence of 
the method may be due to the mutilated form of the 
text, although it is quite possible that the method was 
not known at that early period (zoo A.D.). 


The Method of Long Division. The modern 
method of division is explained in the works on 
patiganita, the „earliest of which, Sridhara’s Tréfatikd, 
gives the method as follows:* 


“Having removed the common factor, if any, from 
the divisor and the dividend, divide by the divisor 
(the digits of the dividend) one after another in the 
inverse* order.” 


Mahavira says: 


"The dividend should be divided by the divisor 
(which is) placed below it, in the inverse order, after 
having performed on them the operation of removing 
common factors." 


1 Tatvdrthadbigama-sitra, Bhdsya of Umásváti (v. 160, ed. by 
H. R. Kapadia, Bombay, 1926, Part I, ii. 52, p. 225. 

2 GSS, p. 11. The method would not give the quotient un- 
less the dividend be completely divisible by the divisor. 

3 Tris, p. 4. 

* Pratiloma. 

5 GSS, p. 11; cf. Rangacarya's translation. 
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Aryabhata II gives more details of the process! 
“Perform division having placed the divisor below 
the dividend; subtract from (the last digits of the divi- 
dend) the proper multiple of the divisior; this (the 
multiple) is the partial quotient, then moving the divisor 
divide what remains, and so on." 
Bháskara 11,2 Náráyana* and others give the same 
method. 
The following example will serve to illustrate the 
Hindu method of performing the operation оп a 244: 
Example. Divide 1620 by 12. 
The divisor 12 is placed below the dividend thus : 
1620 
12 


The process begins from the extreme left of the. 


dividend, in this case the figure 16. This 16 is divided 
by 12. The quotient 1 is placed in a separate line, 
and 16 is rubbed out and the remainder 4 is substituted 
in its place. The subtraction is made by rubbing out 
figures successively as each figure of the product to be 
subtracted is obtained. Thus, the partial quotient r, 
being written, the procedure is 


1620 I 
12 line of quotients 


IXI-I, SO 1 of the dividend is rubbed out (as 
I—1--0) then 1X2==2, so 4 is substituted in the 
place of 6 (as 6—2--4). The figures on the påff are: 


420 p > 
I2 line of quotients 


1 MSi, р. 144. 

2 Bháskara gives the process briefly as follows: “That number, 
by which the divisor being multiplied, balances the last digit of 
the dividend gives the (partial) quotient, and so on.” (L, p. 3) 

* GK, i. 16. 


ы 
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The divisor 12 is now moved one place to the 

right giving 

420 1 

I2 line of quotients 
42 is then divided by 12. The resulting quotient, 3 
is set in the “line of quotients,” 42 is rubbed out and 
the remainder 6 substituted in its place. The figures 
now stand thus: 


6o 13 
I2 line of quotients 


Moving the divisor one place to the right, we have 
6o 


I2 


On division being performed, as before the resulting 
quotient 5 is set in the “line of quotients” and 6o is 
rubbed out leaving no remainder. The line of quo- 
tients* has 

135 
which is the required result. 

The above process, when the figures are not 
obliterated and the successive steps are written down 
one below the other, becomes the modern method 
of long division. 


The method seems to have been invented in India 
about the 4th century A.D., if not earlier. It was trans- 
mitted to the Arabs, where it occurs in Arabic works 
from the oth century onwards.? From Arabia the 
method travelled to Europe where it came to be known 
as the galley (galea, batello) method.* In this variation 


1The “line of quotients” was usually written above the divi- 
dend. 
? Al-Khowárizmi (с. 825), Al-Nasavi (c. 1025); cf. Smith, Zr, 


Pp. 138-139. | 
3 Also called the ‘scratch method’. 
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of the method, the figures obtained at successive stages 
ate written and crossed out, for the work is carried out 
on paper (where the figures cannot be rubbed out). 
The method was very popular in Europe from the 
15th to the 18th century.! The above example worked 
on the galley plan would be represented thus: 


I 1620 1 


II 1 
1620 13 


ш 11 
46 
1620 135 


Comparing the successive crossing out of the figures 
in I, II and III, with the rubbing out of figures in the 
corresponding steps according to the Hindu plan, it 
becomes quite clear that the galley method is exactly 
the same as the Hindu method. The crossing out of 
figures appears to be more cumbrous than the elegant 
Hindu plan of rubbing out. 

The Hindu plan of moving the divisor as the 
digits of the quotient were evolved, although not 
essential was also copied and occurs in the works of 
such well-known Arab writers as Al-Khowárizmi (825), 
Al-Nasavi (с. 1025) and others. The medieval Latin 
writers called this feature the antirioratio. 


1 For details see Smith, Jc, pp. 136-139. 
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6. SQUARE 


Terminology. The Sanskrit term for square is 
varga or krti. ‘The word varga literally means "rows" 
ог "troops" (of similar things). But in mathematics it 
Ordinarily denotes the square power and also the square, 
figure or its area. Thus Aryabhata I says:' 


“A square figure of four equal sides? and the 
(number representing its) area are called varga. The 
product of two equal quantities is also varga.” 

How the word varga came to be used in that sense 
has been clearly indicated by Thibaut. He says: "The 
origin of the term is clearly to be sought for in the 
graphical representation of a square, which was divided 
in as many vargas or troops of small squares, as the 
side contained units of some measure. 5o the square 
drawn with a side of five padas length could be divided 
into five small vargas each containing five small squares, 
the side of which was one pada long."* This expla- 
nation of the origin of the term varga is confirmed by 
certain passages in the Su/ba works.* 

The term érti literally means “doing,” “making” 
or “action.” It carries with it the idea of specific 
performance, probably the graphical representation. 


Both the terms varga and 67/7 have been used in 
the mathematical treatises, but preference is given to 
the term zargz. Later writers, while defining these terms 
in arithmetic, restrict its meaning. Thus Sridhara says:° 


1A, й. 3. 

2 The commentator Paramesgvara remarks: ‘““That four sided 
figure whose sides are equal and both of whose diagonals are 
also equal is called samacaturafra (“square’).” 

з Thibaut, Sw/ba-sitras, р. 48. 

4 ApS, iii. 7; КЎ, ii. 9; cf. B. Datta, American Math. 
Monthly, XXXIIL 1931, p. 575. 

5 Tris, p. 5. 
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“The product of two equal numbers is varga.” 


Prthudakasvámi', Mahavira? and others give 
similar definitions. 


The Operation. The occurrence of squaring as an 
elementary operation is characteristic of Hindu arith- 
metic. The method, however, is not simpler than direct 
multiplication. It was given prominence by the Hindu 
writers probably because the operation of square-root 
is the exact inverse of that of squaring. Although the 
method first occurs in the Brébma-sphuta-siddhanta, there 
is no doubt that it was known to Aryabhata I as he 
has given the square-root method. 


Brahmagupta gives the method* very concisely 
thus: 


“Combining the product, twice the digit in 
the less* (lowest) place into the several others (digits), 
with its (¢.¢., of the digit in the lowest place) square 
(repeatedly) gives the square.” 

Sridhara (750) is more explicit: 

"Having squared the last digit multiply the rest 
of the digits by twice the last; then move the rest of 
the digits. Continue the process of moving (the remain- 


1 Cf. Colebrooke, 4e., p. 279. 

? GSS, p. 12. 

3 The method is not mentioned in the chapter on Arithmetic, 
but seems to have been mentioned as an afterthought in the 
form of an appendix, (Br$557, р. 212). 

+ Réseriinay has been translated by Colebrooke as “the less 
portion." This translation is incorrect. He says that "the text 
is obscure" (p. 322, fn. 9), for according to his translation the 
rule becomes practically meaningless. Тһе term гена must 
be translated by “the digit in the lowest place." Dvivedi agrees 
with the above interpretation (p. 212). The method taught here 
is ‘‘the direct method of squaring.” 

5 Tris, p. s. The translation given by Kaye, and Ramanu- 
jacharia is incorrect. (B/ÀJ. Matb., ХПІ, 1912-13). 
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ing digits after each operation) to obtain the square.” 

Mahavira’ (850) gives more details: 

*Having squared the last (digit), multiply the rest 
of the digits by twice the last, (which is) moved for- 
ward (by one place) Then moving the remaining 
digits continue the same operation (process) This 
gives the square." 

Bháskara II? writes: 

“Place the square of the last (digit) over itself; and 
then the products of twice the last (digit) and the 
others (7.е., the rest) over themselves respectively. Next, 
moving the number obtained by leaving the last digit 
(figure), repeat the procedure." 

, He has remarked that the above process may be 
begun also with the units place. 

The following is the method of working on the 
pati, the process beginning from the last place, accord- 
ing to Sridhara, Mahávira, Bháskara II and others: 

To square 125. 

The number is written down, 

125 
The last digit is 1. Its square is placed over itself. 


I 
125 


Then twice the last digit 2 х 1—2; placing it below the 
rest of the figures (below 2 or below 5 according as 
the direct or inverse method of multiplication is used) 
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and rubbing out the last digit 1, the work on the 
pati appeats as 
I 
25 
2 
Performing multiplication by 2 (below) and placing the 
results over the respective figures, we get 
150 
25 
One round of operation is completed. Next moving 
the remaining digits, 4.2., 25, we have 
150 
25 
Now, the process is repeated, z.e., the square of the 
last digit (2) is placed over itself giving 
154 
2j 
Then, placing twice the last digit (Z.e., 2x 2—4) below 
the rest of the digits and then rubbing out 2, we 
have 
154 
5 
4 
Performing multiplication, 4X 5 =20, and placing it 
over the corresponding figure 5, (Z.e., о over 5 апа 2 
carried to the left), the work on the 2477 appears as 
1560 
5 
Thus a second round of operations is completed. 
Then moving 5 we have 
1560 
5 
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Squaring 5 we get 25, and placing it over 5 (Ле, 5 
over 5 and 2 carried to the left) we have 

15625 

5 

As there are no ‘remaining figures’ the work ends. 
5 being rubbed out, the 2227 has 

15625, 
the required square. 

According to Brahmagupta and also Bháskara II, 
the work may begin from the lowest place (é.e., the 
units place). The following method is indicated by 
Brahmagupta: 

" To square 125. 
The number is written down 
125. 
The square of the digit in the least place, 4.е., 5°=25 
is set over it thus: 

6 25 

125 
Then, 2x 5=10 is placed below the other digits, and 
five is rubbed out, thus: 

2j 

I2 

IO 
Multiplying by ro the rest of the digits, /.е., 12, and 
setting the product over them (the digits), we have 


IQ 
Then rubbing out ro which is not required and 
moving the rest of the digits, że., 12, we have 


1225 
12 
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Thus one round of operations is completed. 
Again, as before, setting the square of 2 above it 
and 2X 2—4 below 1, we have 
1625 
I 
4 
Multiplying the remaining digit x by 4, and setting 
the product above it, we have 
5625 
I 


Then, moving the remaining digit 1, we obtain 
5625 
I 
Thus the second round of operations is completed. 
Next setting the squate of 1 above it the process 
is completed, for there are no remaining figures, and 
the result stands thus: 


15625 
Minor Methods of Squaring. The identity 
(2) m—(n—ay(n-4- a)4-a* 


has been mentioned by all Hindu mathematicians as 
affording a suitable method of squaring in some cases. 
For instance, „ 

15?—10X 204-25 —225. 

Brahmagupta says: 

“The product of the sum and the difference of the 
number (to be squared) and an assumed number plus 
the square of the assumed number give the square." 
Sridhara (750) gives it thus: 


“The square is equal to the product of the sum 
and the difference of the given number and an assumed 


1 BrSpSi, p. 212. 
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quantity plus the square of the assumed quantity. 
Mahavira, Bhaskara П, Narayana and others also give 
this identity. 

The formula 

(ii) (a+b) = а-а, 
or its general form 

(atb+e+ ....P=ea+h+e7+ 1... +2ab+.. 
has been given as a method ‘of squaring. Thus 
Mahavira? says: , 

“The sum of the squares. of the two or more 
portions? of the number together with their products 
cach with the others multiplied by two gives the 
square.” — 

Bháskara II* gives: 

“Twice the product of the two parts plus the 
square of those parts gives the square." ` 

The formula 


(itt) mM=I+3+5+ .... to n terms 
has been mentioned by Sridhara and Mahavira. 
Sridhara* says: 


* (The. square of a number) is the sum of as many 
terms in the series of which one is the first term and 
two the common difference." 


1Trif, p. 5. 

2 GSS, p. 13. 

з Тһе word sthdua has been used in the original. This word 
has been generally used in the sense of ‘notational place.’ 
Following the commentator, we have rendered it by “portion.” As 
a given number, say, 125, сап be broken into parts as 50-- 404-35 
or as 1004-2045, and as the rule applies to both, it is immaterial 
whether the word ‘Ала’ is translated by ‘place’ or ‘portion.’ 
This rule appears to have been given as ап explanation of the 
Hindu method of squaring used with the place-value numerals. 

* L, p. 4. 5 Tris, p. 5. 


11 
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thrice the succeeding; then (at the next place) the 
product of the square of the succeeding and last 
multiplied by three; and then (at the next place) 
the cube of the succeeding." 


Mahavira states:? 


“The cube of the last, the product of thrice its 
square and the remaining, the square of the remaining 
multiplied by thrice the last; placing of these, each 
one place before the other, constitutes here the process." 


Bháskara II is more explicit: 


“Set down the cube of the last; then the square 
of the last multiplied by three times the succeeding; 
then the square of the succeeding multiplied by three 
times the last and then the cube of the succeeding; 
these placed so that there is difference of a place between 
one result and the next,‘ and added give the cube. The 
given number is distributed into portions according to 
places, one of which is taken for the last and the next 
as the first and in like manner repeatedly (if there be 
occasion) Or the same process may be begun from 
the first place of figures for finding the cube." 


The method may be illustrated by the following 
example: | 


1 Pårva, да, lit. “‘preceding”. We have rendered them by 
“succeeding” to be in conformity with the general convention so 
as to avoid confusion. 

? GSS, p. 15 (47). 

It will be observed that the “addition of the cube of the 
remaining" does not occur in the rule. This has to be under- 
stood from the previous stanza which says that the cubes of 
all the parts are to be added. Sec the translation of the previous 
stanza given on pp. r66f. 


, р, 5. 
4 Sthéndntaratvena has been translated by Colebrooke by 
“according to places." This translation is incorrect and does not 
give the true significance of the term. 


CUBE 


Example. To cube 1234. 
The given number has four places, 4.е., four por- 
tions. First we take the last digit 1 and the succeed- 
ing digit 2, 4е., 12, and apply the method of cubing 


thus : 
(i) Cube of the last (15) 


(ii), Thrice the square of the 
last (3.1?) multiplied by 
the succeeding (2) gives 
(2.5.1?) 


(iii) Thrice the square of the 
succeeding multiplied 
by the last gives (3.22.1) 


(iv) Cube of the succeeding 
(2?) 


Thus 12° is the sum 


ll 


| 


6 


8 


1728 


(placing at 


place) 


165 


the next 


(placing at the next 


place) 


(placing at the next 


place) 


After this we take the next figure 3, i¢., the 
number 123, and in this consider 12 as the last and 
3 as the succeeding. Then the method proceeds thus: 


(i) The cube of the last 
(125) as already obtained 


(ii) Thrice the square of 
the last multiplied by 
the succeeding, — 7e., 
3,127.3 

(iii) Thrice the square of 
the succeeding multi- 
plied by the last, £e, 
3.37.12 

(iv) Cube of the succeed- 
ing, 7.e., 5? 


Thus 123? is the sum 


1728 


1296 


324 


27 


1860867 


(placing at the next 
place). 


25 
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Now the remaining figure 4 is taken, so that the 
number is 1234, of which 123 is the last and 4 the 
succeeding. The method proceeds thus: 


(i) Cube of the last, że., 
(123) as already ob- 
tained — 1860867 

(ii) Thrice the square of 
the last into the suc- - 
ceeding, j.e., 3.(123)?.4 = 181548 (placing at the next 

place) 
(iii) Thrice the square of the 
succeeding into the last, 
1.6.5 3.42.1123 
(iv) Cube of the last z.e., 4? 


j 904 ээ „э 
64 3? 2» 


Thus (1234)? is the sum 1879080904 


The direct process—that in which the operation 
begins with the units place—can be similarly performed. 


Minor Methods of Cubing. The formula 
(2) (a+b)? = a+ 3a*b-- 3ab?-- P? 
and the corresponding result | 
(a -b4-e4- .... = а 3a%b+e+....)+3a(+e+..)? 
+ (b+e+....) 
are implied in the Hindu method of cubing given 
above. Mahavira’ gives the following explanation: 
“The squares of the last place? and the next 
are taken, and each (square) is multiplied by the 


other and by three. The sum of these products and 
the cubes of both (4. all) the places is the cube; the 


! GSS, p. r5. 

2 Sthana, meaning the number represented by the figure 
standing in that place. 

3 Anya, lit. “other,” meaning the number represented by the 
figures standing in the other places. 
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procedure is repeated (if necessary).* 
Sripati and Bháskara II? state the formula in the 


form 
(a+b) = a+ зар (a+b)48° 
“Thrice the given number multiplied by its two 
parts, added to the sum of the cubes of those parts, 
gives the cube.” 
Náráyana? says x 
“Thrice the (given) number multiplied by both 


parts, added to the cubes of the parts, is the cube of 
the sum." 


The formula 
(2) n = п а)(п— а)--а%(0—а)--а? 
has been mentioned by Máhávira* in these words: 


“The continued product of the given number, the 
sum and the difference of the given number and an 
arbitrary quantity, when added to the smaller of these 
multiplied by the square of the arbitrary number, and 
the cube of the arbitrary number, give the cube (of 
the given number)" 


Expressions for л" involving series have been given 
by Sridhara, “Mahavira, Sripati and Narayana. The 
formula 


n у 
(1) # = > | 3r (r—1)-+1 | 


I 


1 Thus (234)? is considered as 
(200+ 30+ 4)®=(200)'-+ 3.2007(30-++ 4) + 3.200(30 + 4)? 
4 Go4-4* 
Then the procedure is repeated for obtaining (304-4). CJ. 
English translation, p. 17, note. 
* GT, 27; L, p. 5. 
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is given by Sridhara in these words: 

“The cube (of a given number) is equal to the 
series whose terms are formed by applying the rule, 
‘the last term multiplied by thrice the preceding 
term plus one,’ to the terms of the series whose first 
term is zero, the common difference is one and the 
last term is the given number." 

Mahavira gives the above in the form 


n 
n? = 35 r(r—1)-+n 
2 


He? says: 

*In the series, wherein one is the first term as 
well as the common difference and the number of terms 
is equal to the given number (#), multiply the preceding 
term by the immediately following one. The sum of 
the products so obtained, when multiplied by three and 
added to the last term (7.e., n) becomes the cube (of и). 
Narayana® states: 

"From the series whose first term and common 
difference are each one, (the last term being the given 
number) the sum of the series formed by the last term 
multiplied by three and the preceding added to one, 
gives the cube (of the last term).” 


Mahávira has also mentioned the results, 
(Gv) x = x+3x+5x+ .... to x terms, 
(0) x = x*+o—i){1+3+....+(2x—}, 


1 Trif, р. 6. The translation given by Kaye and Ramanu- 
jacharia (Bżb/. Matb., ПІ, 1912-13) is incorrect. They admit 
their inability to follow the meaning (see p. 209, note). S. Dvivedi 
has misinterpreted the rule, and gives an incorrect explandtion 
in a note on p. 6. The reading saike is incorrect. 

? GSS, ii. 45. 

5 GK, i. 22. 
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in these words:* 

“The cube (of a given number) is equal to the 
sum of the series whose first term is the given number, 
the common difference is twice that number, and the 
number of terms is (equal to) that number. 


“Or the square of the given number when added 
to the product of that number minus one (and) the 
sum of the series in which the first term is one, the 
common difference two and the number of terms (is 
equal to) that number, gives the cube.” 


8. SQUARE-ROOT 


Terminology. The Hindu terms for the “root” are 
mila and pada. The usual meaning of the word жй 
in Sanskrit literature is “root” of a plant or tree; but 
figuratively the foot or lowest part or bottom of 
anything. Its other meanings are “basis,” “founda: 
tion,” "cause," “origin,” etc. The word pada means 
“the lower part of the leg” (figuratively the lower: part 
or basis of anything), “foot,” “part,” “portion,” “‘side,” 
"place," “cause,” “а square on a chess-board,” etc. 
The meanings common to both terms are “foot,” “the 
lowest part or basis of anything," “cause” or “origin.” 
It is, therefore, quite clear that the Hindus meant by the 
term varga-mila (“square-root”) “the cause or origin 
of the square" or “the side of the square (figute).” 
This is corroborated by the following statement of 
Brahmagupta:? 

“The pada (root) of a krti (square) is that of which 
it is the square.” 

Of the above terms for the “root,” måla is the 
oldest. It occurs іп the Anuyogadvéra-shtra (с. тоо B.C.), 


1 GSS, ii. 44. 
2 Вер, xviii. 55. 
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and in all the mathematical works. The term pada 
seems to have come into use later on, Że., from the 
seventh century A.D. It occurs first in the work of 
Brahmagupta (628). 

The term sála was borrowed by the Arabs who 
translated it by jadbr, meaning "basis of square." The 
Latin term radix also is a translation of the term míla’. 


The word karanf is found to have been used in the 
Sulba works and Prákrta literature as a term for 
the square-root. In geometry it means a “side.” In 
later times the term 1s, however, reserved for a surd, 

, 4&., а square-root which cannot be evaluated, but which 
may be represented by a line. 


The Operation. The description of the method 
of finding the square-root is given in the -Aryabhatiya 
very concisely thus: 


“Always divide? the even place by twice the 
square-root (upto the preceding odd place); after 
having subtracted from the odd place the square® 
(of the quotient), the quotient put down at the next 
place (in the line of the root) gives the root.’ 


The method may be illustrated thus: 
Example. Find the square-root of 54756. 


1For further details see Datta, American Math. Monthly, 
XXXIV, pp. 420-423, also XXXVIII, pp. 371-376. 

? In dividing, the quotient should be taken as great as will 
allow of the subtraction of its square from the next odd place. 
This is the force of the Sanskrit text as pointed out by the com- 
mentators Bháskara I, Nilakantha and others. 

*'The “square” is mentioned and not the “square of the 
quotient,” as in the beginning the greatest possible square is to 
be subtracted, there being no quotient. 

* A, ii. 4. Translations of the rule have been given before 
by Rodet (JA, 1880, П), Kaye (JASB, 1907 and 1908, III and 
IV resp.), Singh (BCMS, 1927, ХУШ), Clark (Aryabbatiya) and 
others. Of these Kaye’s translation is entirely incorrect. 
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The odd and even places are marked by vertical 
and horizontal lines. The different steps are then as 
indicated below: 


i 
j 
Subract square 4 root =2 
Divide by twice the — ——— —— 
root 4) 14 G Placing quotient at the 
12 next place, the root 
=23 
Subtract square of 27 
quotient 9 
Divide by twice the 46) 185 (4 Placing quotient at the 
root 184 next place, the root 
=234 
Subtract square of 16 
quotient 16 


The process ends. The root is 234. 


It has been stated by G. R. Kaye’ that Aryabhata’s 
method is algebraic in character, and that it resembles 
the method given by Theon of Alexandria. Both his 
statements are incorrect.’ 

The following quotations from Siddhasena Gani 
(с. 550) in his commentary on the Tatvdrthddhigama- 
Sétra®’ will prove conclusively that the Hindu method of 
extracting the square-root was not algebraic. In con- 
nection with the determination of the circumference of 
a circle of 100,000 yojanas, he says: 

“The diameter is one hundred thousand yojanas; 
that multiplied by one hundred thousand yojanas be- 
comes squared; this is again multiplied by 1o and then 


2 J ASB, ТП and IV, in the papers entitled “Notes on Indian 
Mathematics, I and II." 

2 See Singh, Ze., for details: also Clark, Aryabhatiya, рр. 23. 

3 jii. r1. 
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the square-root (of the product) extracted. The root 
will be the circumference of the circle. Now to find 
the number of yojanas (by extracting the square-root) we 
obtain in succession the figures 3,1,6,2,2 and 7 of the 
root, the number appearing below (that is, as the last 
divisor) is 632454. This being halved becomes the 
number three hundred thousand sixteen thousands two 
hundred and twenty seven. The number in excess as 
the remainder is this 484471;....” 

“Then on multiplication by 4 will be obtained 
7560000000000. The square-root of this will be the 
chord. In finding that (root) will be obtained in suc- 
cession the figures 2,7,4,9,5 and 4;....” 

It is evident that Aryabhata’s plan of finding the 
square-root has been followed in the above cases as 
the digits of the root are evolved successively one by 
one. i 

, Later writers give more details of the process. 
Thus Srîdhara says: | 

“Having subtracted the square from the odd place, 
divide the next (even) place by twice the root which 
has been separately placed (in a line), and after having 
subtracted the square of the quotient, write it down 
in the line; double what has been obtained above (by 
placing the quotient in the line) and taking this down, 
divide by it the next even place. Halve the doubled 
quantity (to get the root). 

Mahavira,? Aryabhata II* and Sripati* give the rule 
in the same way as Sridhara. Bháskara П, however, 
makes a slight variation, for he says: 


1 Tris, р. 5. For an illustration of the method of working 
on a рї, see А. N. Singh, BCMS, ХУШ, p. 129. 

2 GSS, p. 13. 

3 MSi, p. 145. 

* fife, xlii. 5; GT, 23. 
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“Subtract from the last odd place the greatest 
square number. Set down double the root in a line, 
and after dividing by it the next even place subtract 
the square of the quotient from the: next odd place 
and set down double the quotient in the line. Thus 
repeat the operation throughout all the figures. Half 
of the number in the line is the root."! 


The method of working on the 24/7 may be illus- 
trated as below: 


Example. Find the square-root of 54756 


The given number is written down on the р 
and the odd and even places are marked by vertical 
and horizontal lines thus: 


үүт 

54756 
Beginning with the last odd place 5, the greatest square 
number 4 із subtracted. Thus 4 subtracted from 5 gives 
1. The number 5 is rubbed out and the remainder 1 
substituted in its place. Thus after the first operation 
is performed, what stands on the 24/7 is 


m apt 

14756 
Double the root 2, 4., 4, is permanently placed in a 
separate portion of the 24/7? which has been termed 
pankti ("line"). Dividing the number upto the next 
even mark by this number in the line, 4е., dividing 14 
by 4 we obtain the quotient 3 and remainder 2. The 
number 14 is rubbed out and the remainder 2 written 


!L,p.4. The line in Bháskara []’s method contains the 
doubled root, whilst in that of Aryabhata I, it contains the 
root. See Singh, fe. 


4 
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in its place; thus on the 2427 we have now 
E71 
4 27 56 | (3 quotient 
line of root * 

The square of the quotient 5?—9 is subtracted from 
the figures upto the next odd mark. This gives (27 — 9) 
=18. 27 is rubbed out and 18 substituted in its place. 
Double the quotient 3 is now set in the line giving 46. 
The figures on the 24/7 stand thus: 


! 
46 1856 The quotient 3 having 
line of root been rubbed out. 


Dividing the numbers upto the next even mark by the 
number in the line, #.¢., dividing 185 by 46, the quotient 
is 4 and remainder 1. 185 is rubbed out and the remain- 
der т substituted in its place. The figures on the p47f 
are now 


| 
46 16 (4 quotient 


- line of root 
Subtracting square of the quotient the remainder is nil, 
so that 16 is rubbed out. The quotient 4 is doubled 
and set in the line. The рд? has now 


468 а i , 
We of coer The quotient 4 having been rubbed out. 


y . . 468 ; 
Half the number in the line, że., = == 234 is the root. 


Along with the Hindu numerals, the method of 
extracting the square-root given above, seems to have 
been communicated to the Arabs about the middle of 
the eighth century, for it occurs in precisely the same 
form in Arabic works on mathematics. In Europe 


E.g, AlNasavi (1025); see Suter, Bib. Math, VII, 
р. 114 and Woepcke, fA (6), t. 1, 1863. 
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it occurs in similar form in the writings of Peurbach 
(1423-1461), Chuquet (1484), La Roche (1520), Gemma 
Frisius (1540), Cataneo (1546) and others. 


9. CUBE-ROOT 


Terminology. The Hindu terms for the cube- 
root are ghana-mtila, ghana-pada. These terms have 
already been discussed before. 


The Operation. The first description of the 
operation of the cube-root is found in the Aryabhafiya. 
lt is rather too concise: 


“Divide the second aghana place by thrice the 
square of the cube-root; subtract from the first aghana 
place the square of the quotient multiplied by thrice 
the preceding (cube-root); and (subtract) the cube (of 
the quotient) from the ghana place; (the quotient put 
down at the next place (in the line of the root) gives 
the root)."? 


As has been explained by all the commentators, 
the units place is ghana, the tens place is first aghana, 
the hundreds place is second aghana, the thousands place 
is ghana, the ten-thousands place is first aghana and so 
on, After marking the places as ghana, first aghana and 
second aghana, the process begins with the subtraction 
of the greatest cube number from the figures upto 
the last ghana place. Though this has not been ex- 


1 See Smith, History, П, рр. 144-148. 

? A, ii. s. Translations of this rule have been given by 
Rodet, Kaye, Singh, Clark, Sengupta and others. Kaye's transla- 
tion is entirely inaccurate. Other translations, though free, give 
the correct result. Clark’s use of the words “the (preceding) 
ghana” is somewhat misleading. The portion at the end, within 
brackets, is common to this-and the preceding rule for the ex- 
traction of the square-root. 


176 ARITHMETIC 
plicitly mentioned in the rule, the’ commentators say 
that it is implied in the expression “‘ghanasya mhla vargena”’ 
etc. (“by thé square of the cube-root" etc.) The 
method may be illustrated as below: 

Example. Find the cube-root of 1953125. 

The places are divided into groups of three by 
marking them as below: 


1953125 | 
Subtract cube ОЗИ (с) Root=1 
Divide by thrice square —————— 
of root, i.e. 3.12 3) ө (2.... (а)! Placing quotient 
Subtract square of quo-. 6 after the root 
tient multiplied by —— 1 gives the 
thrice the previous 35 root 12 
root, 7. ¢., 27. 5. 1. 12 (2) 
Subtract cube of quotient, 233 
ї.е., 2° з .... (à 
Divide by thrice square —————— 
of the root, ie, 3.122 432) 2251-(5 . (a) Placing quotient 
Subtract square of 2160 after the root 
uotient multiplied by I2 gives the 
thrice the previous 912 root 125 
root, ie., 32, 3. 12 goo .. (P) 
Subtract cube of quo- 12j 
tient, де., 5? 125 .. (с) 


Thus the cube-root = 125 


At will be evident from the above illustration that 
the present: method of extracting the cube-root is a 


contraction of Aryabhata’s method. 


The method given above occurs in all the Hindu 


mathematical works. 


For instance, Brahmagupta says: 


"The quotient in division is to be taken as great as will allow 
the two subsequent operations (P) and (с) to be carried out. 
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* “The divisor for the second aghana place is thrice 
the square of the cube-root; the square of the quotient 
multiplied by three and the preceding (root) must be 
subtracted from the next (agbana place to the right), 
and the cube (of the quotient) from the ghana place; 
(the procedure repeated gives) the root.” 

Sridhara gives more details of the process as 
actually performed on the 54/f, thus: 

“(Divide the digits beginning with the units place 
into periods of) one ghana place and two aghana places. 
From the (last) ghana digit subtract the (greatest pos- 
sible) cube; then taking down the remainder and the’ 
third pada (i.e., the second aghana digit) divide it by 
thrice the square of the cube-root which has been 
permanently placed in a separate place; place the quo- 
tient in the line; subtract the square of this (quotient) 
multiplied by thrice the last root from the next (aghana) 
digit. Then as before subtract the cube (of the quo- 
tient) from its own place (Z.e., the ghana digit). Then 
take down again the third pada (2.е., second agbana digit), 
and the rest of the process is as before. (This will 
give) the root.’”? 

Aryabhata II follows Sridhara and gives details as 
follows: 

“Ghana (Le, the place from which cube is sub- 
tracted), bhdjya (i.e., the "dividend" place) and sodhbya 
(é.e., the “minuend” place) are the denominations (of 
the places). Subtract the (greatest) cube from its own 
place (2.е., from the numbers upto the last ghana digit); 
bring down the bbájya digit and divide it? by thrice 
the square of the cube-root which has been permanently 


1 BrSpSi, p. 175; ef. Colebrooke, /с., p. 280. 
2 Trif, pp. 6f. 

5 Literally, its own place. 

12 
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placed. Place the quotient in the line (of the root). 
The square of this (quotient) multiplied by thrice the 
previous root is subtracted from its own place (Z.e., the 
Sodhya place) and its cube from the ghana place. If the 
above operations be possible then this (7.¢., the number 
in the line) is the root so far. Then bringing down 
the bhéjya digit continue the process as before (till it 
ends).””* 

The component digits of the number whose cube- 
root is to be found are divided into groups of three 
(one ghana and two aghanas) each. The digits upto the 
last ghana place (proceeding from left to right) give 
the first figure of the root (counting from the left). 
The following period of three ee (to the right) gives 
the second figure of the root and so on. While work- 
ing on the 2Z//, the digits of the number, whose root 
is to be found are first marked and the method pro- 
ceeds as follows: 


Example. Find the cube-root of — 1953125. 
The number is written thus: 
[--1--! 
1953125 
From the last ghana digit (marked by a vertical 
stroke), the greatest cube is subtracted. Here 1° being 
subtracted from 1 gives zero. So 1 is rubbed out. 
The cube-root of 1° is placed in a separate line. The | 
figures on the 54/7 stand thus: 
--|--| 
953125 line of root 


Then to obtain the second figure of the root, the. 
second agbana (i.e., 9) is taken below and divided by 


1MSi, p. 145. The interpretation given by Dvivedi of line 
2 of the rule as printed in his edition (p. 145) is incorrect. 
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thrice the square of the root (i.e. the "number in the 
line). Thus we have 
eal 


953125 
3.1*^ = 3) 9 (2 quotient 
ROM 
5 


The quotient is taken to be 2, because if it were taken 
to be 3, the rest of the procedure cannot be carried 
out. This quotient (2) is set in the line. The first 
aghana is then brought down and we have, on sub- 
tracting the square of the quotient multiplied by thrice 
the previous root, the following: 


--|--| 12 


953125 line of root 
ae 3) 9 (2 quotient 
ИИ 
35 
2°, 3.1 == 12 
23 


On bringing down the ghana digit 3, and then 
subtracting the cube of the quotient we get 225 as 
below, and the process on the period formed by the 
digits 953 is completed and the figure 2 of the root is 
obtained: 


953125 
309 ( 12 
6 line of root 
35 
12 
233 
2? = 8 
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The figures 953 are then rubbed out and the 
remainder 225 is substituted. After this the process is 
‘as before, 7.¢., thus 


; 225125 
127.3 = 432) 2251 (5 12 

2160 line of root 
912 
$*.12.5 = goo 

125 
5° == I 25 125 
f о line of root 


The process ends as all the figures in the, number 
are exhausted. ‘The root is 125, the number in the line 
of root. As there is no remainder, the root is exact. 


The necessity for rubbing out figures arises, as the. 
péti is not big enough to contain the whole of the 
working. The three digits constituting a period are 
considered together. Тһе figures upto the next second 
4ghana have to be brought down and the operation of 
division performed separately, because the quotient is 
obtained by trial. As has been already explained, this 
division is performed by rubbing out the digits of the 
dividend (and not as in the wotking given above). 
If the operations were carried out on the figures of the 
original number, and if the quotient taken were found 
to be too big, then it would not be possible to restore 
the original figures and begin the work again, as 
will have to be done in case of failure. 


19. CHECKS ON OPERATIONS 


The earliest available description of a method of 
checking the results of arithmetical operations, the 


CHECKS ON OPERATIONS I8L 


direct as well as the inverse, is found in the Mahésid- 
dhánta (с. 950). It says: 

“Add together the own digits of the numbers 
forming the multiplicand, multiplier, and product upto 
one place;? such should be done with the dividend, 
divisor, quotient and remainder, etc. Then if the 
number (of one digit) obtained from the product of 
those numbers (that have been already obtained) from 
the multiplicand and the multiplier be equal to that 
obtained from the product, the multiplication is true. 
If the number, which results from the product of those 
obtained from the quotient and the divisor, added to 
that from the remainder, be equal to that obtained from 
the dividend, the division is true. Add together the 

. digits of a number, its (nearest) square-root (in integers) 
and of the remainder. If the number, obtained from the 
square of that (number) which is obtained from the 
square-root plus the number obtained from the remain- 
der, be equal to that which results from the given num- - 
ber, the root-extraction is true. If the number, resulting 
from the cube of the number obtained by adding the 
digits of the cube-root plus the number obtained from 
the remainder, be equal to the number resulting from the 
given number, then the operation is correct. Such are 
the easy tests for correctness of multiplication etc.” 


-The rationale of the above rules will be clear from 
the following: Let 


л = 1,4 4,4, 


Ж 
Бе a number of z digits written in the decimal place- 
value notation. Let $, denote the sum of its digits, 


1 MSi, p. 452. 

? That is, the digits of the number should be added together; 
the digits of the sum thus obtained should be again added and 
the process should be continued until there remains a number 
of one digit only. 
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S, the sum of the digits of 5,, and so on. 


Then 
п == d,+10d,+........ Hro dm 
S, == di tdi Hd; pH onnenn 4-4, 
so that 
n—S, = 9(d,--114,4-........ ). 
Therefore, 
л =S, (mod. 9), 
Similarly 


Sp = S, (mod. 9), 
where S, isa number of one digit only, say 2’, which 
is certainly less than or equal to 9. 
Adding the congruences, we obtain 
п== п (mod. 9). 
Thus the number obtained by adding the digits of a 
number repeatedly is equal to the remainder obtained 
by dividing that number by nine. 


Now, if there be a number N which is equal to the 
continued product of p other numbers Л, 7,, 2, ...., Mp 
plus or minus another number R, then we write 

N = nih, Ngo. +R 
Now, let 


€ * е ou 


* э 9 9 9 9 9 у ө 9 c? à 9 à 9 9 о n 
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Multiplying the congruences, we obtain 


My... Ny = UT VeL. (тоа. 9). 

Further let 
Rzr (тоа. 9) 

Therefore Е А 

My Mg Myo es Mg TR = M Se, ЧЕ?” (mod. 9). 
Hence 

N == nAg enn 7, т" (mod. 9) 
In particular, if 

A S= M ee = A, = л, say 
then will 

П = И .......... = g, = n. 
Therefore, 

М = 4-Е 

апа М == n’?r’ (mod. 9). 


From the above follow easily the rules of the 
Mabhásiddhánta. 


The following rule for testing multiplication is 
given by Narayana’ (1356): 

“The remainders obtained on division of each of the 
multiplicand and the multiplier by an optional number 
are multiplied together and then divided by the optional 
number. If the remainder so obtained be equal to the 
remainder obtained on dividing the product (of the 
multiplicand and the multiplier) by the optional number, 
then, it is correct.” 

It must be noted here that a complete set of rules 
for checking by nines is first found in India. Methods 
for testing multiplication and division were probably 


1 Quoted. by S. Dvivedi, History of Mathematics (in Hindi), 
Benares, 1910, p. 79. 
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known to the Hindus much earlier. But as these tests 
were not considered to be among the fundamental opera- 
tions, they were not mentioned in the works on péfi- 
ganita* Narayana seems to be the first Hindu mathe- 
matician to give rules for testing operations by the 
casting out of any desired number. 


In the works of early Arab writers the methods 
of testing multiplication, and division without remainder, 
by the check of nines are given, while a complete set 
of rules for testing all operations is found ‘first in the 
works of Avicenna? (v. 1020) who calls his method the 
“Hindu” method. Maximus Planudes’ also ascribes an 
Indian origin to the check of nines. 


There is thus no doubt as to the Hindu origin 
ofthe check of nines. Before Aryabhata II, it was 
probably used to test multiplication and division only. 
It was perhaps in this imperfect form when it. was com- 
municated to the Arabs. "Thereafter, the method was 
probably perfected independently both in Arabia and 
India. This would account for the difference in the 
formulation of the rules by the Arabs and by Aryabhata 
II, the author of the Mahésiddhdénta.* It is, however, 
certain that the Hindus did not borrow the method 
from the Arabs, because Aryabhata IT wrote before Avi- 
cenna. Beha Eddin* (с. 1600) gives the check of nines 
in exactly the same form as Aryabhata II. 


1 Besides the above works, the check of nines is also quoted 
by Sumatiharsa (1618) from an anterior writer Bijadatta, in his 
commentary on the н of Bháskara II, ed. by Madhava 
Sástri, Bombay, т9от, i. 7. 

?F, Woepcke, TOY I, 1863, pp. 500 et sq. 

3 Vide Delambre, Histoire de ГР. Astronomie Ancienne, t. I, 
Paris, 1817, pp. 518 f. 

t Noted by B. Datta, JASB, XXIII, 1927, p. 265. 

5 Kholésat al- bisdb, French translation by A. Marre Nouvelles 
Annales d. Math., t. v, 1846, р. 263. 
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тт. FRACTIONS 


Early Use. In India, the knowledge of fractions can 
be traced back to very early times. In the oldest known 
work, the Rgveda, the fractions one-half (ardha) and 
three-fourths (fri-pdda') occur. In a passage of the 
Maitráyani Sambita* ате mentioned the fractions one- 
sixteenth (4/2), one-twelfth (Сла), one-eighth (faphz) 
and one-fourth (péda). In the earliest known mathe- 
matical works, the Sw/ba-sitra, fractions have not only 
been mentioned, but have been used in the statement 
and solution of problems.* 


The ancient Egyptians and Babylonians ate known 
‘o have used fractions with unit numerators, but there 
is little evidence of the use by these people of what are 
called composite fractions. The occurrence of the 
fraction three-fourths in the Rgveda is probably the 
oldest record of a composite fraction known to us. 
The Sanskrit compound /ri-péda literally means “three- 
feet.” Used as a number it denotes that the measure 
of the part considered bears the’same ratio to the whole 
as three feet of a quadruped bear to the total number 
of its feet. The term 2444, however, is a word numeral 
for one-fourth, and the compound /rz-páda is formed 
exactly on the same principle as the English term three- 
fourths.* In the Su/ba, unit fractions are denoted by the 
use of a cardinal number with the term bhdéga or amisa; 
thus pafica-dasa-bhdga (“‘fifteen-parts”) is equivalent to 
one-fifteenth,? sapta-bhdga (*'seven-parts") is equivalent 
to one-seventh,* and so on. The use of ordinal numbers 


! RV, x. 90. 4. 

2 iii. 7. 7. 

з B. Datta, Sulba, pp. 212 ff. 
* tri=three and pdda—fourth. 
* ABS], x. 3; КЎ, у. 8. 

5 KS4 vi. 4. 
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with the term bhéga or ата is also quite common, e.g., 
paficama-bhága (“fifth part") is equivalent to one-fifth.’ 
Sometimes the word P/4ga is omitted, probably for the 
sake of metrical convenience. Composite fractions like 
3/8.and 2/7 are called ¢ri-astama (‘“three-eighths’’) and 
avi-saptama (“two-sevenths’’) respectively. In the Bakh- 
sháli Manuscript the fraction 3/8 is called ¢ryasta (“three- 
eighths") and 3$ is called strayastrayasta (“three-three- 
eighths’’).* Instances of the formation of fraction 
names on the above principle are too numerous in later 
works to be mentioned here. The present method of 
expressing fractions is thus derived from Hindu sources 
and can be traced back to 3,000 B.C. 


Weights and Measures. The division of the units 
of length, weight, money, etc., into smaller units for the 
sake of avoiding the use of fractional quantities has 
been common amongst all civilised peoples. It is an 
index of commercial activity and the development of 
commercial arithmetic. The Hindus have used systems 
of weights and measures from the earliest times. The 
Satapatha Brábmana* (c. 2,000 B.C.) gives a very mintute 
subdivision of time. According to it there are 30 
mubfria in a day, rg &sipra in a mubirta, 15 itarhi іп а 
ksipra, 15 idáni in an Zarbi and 15 prága in an idéni. 
Thus one frága is approximately equivalent to one- 
seventeenth of a second. It is improbable that the ` 
ancient Hindus had any appliance for measuring 
such small intervals of time. The subdivision is entire- 
ly theoretical, and probably made for philosophical 
reasons. It, nevertheless, shows that the Hindus must 


1 AP, ix. 7, x. 2; КУУ, v. 6. 

2 When the fractions have unit numerators, only the deno- 
minators are mentioned. This practice is quite common in later 
works also, e.g., sasta (sixth)-- 4 in L, p. 7 etc. 

5 BMs, то verso. 

*xil, 3. 2. I. 


FRACTIONS 187 


have been in possession of a satisfactory arithmetic of 
fractions even in those early times. The Arthasdstra 
of Kautilya’ contains a section dealing with weights 
and measures which were in use in India in the fourth 
century B.C. In the Laéftavistara? Buddha is stated 
to have given the following system of linear measures: 


7 jparamátnu raja = 1 repu 
7 renu = 1 яй 
7 ий = 1 vétdyana raja 
7 Váláyana raja = 1 Sasa raja 
7 Sasa raja = 1 edaka raja 
7 edaka raja = І £0 raja 
7 £0 raja = 1 4652 raja 
7 liksd raja = 1 sarsapa 
7 sarsapa = 1 Java (breadth of barley) 
7 yava = 1 айй parva (breadth of 
finger) 
12 anguli parva == 1 witasti 
(002 vitasti = I hasta (cubit) 
4 hasta 1 dhanu 
1600 dhanu = 1 krosa 
4 krosa = 1 yojana 


According to the above table, the smallest Hindu 
measure of length, a paraménu® = 1-3 7° inches. 


All the works on péfiganita begin with definitions 
of the weights and measures employed in them. Тһе 
earlier ones contain a special rule for the reduction of 
a chain of measures into a proper fraction.* It may 
be mentioned that the systems of weights and measures 


1 The Arthaséstra of Kautilya, ed. by R. Shamsastri, Bangalore, 
I9I9. 
? Lalitavistara, ed. R. Mitra, Calcutta, 1877, p. 168. 

3 Paramduu is the smallest particle of matter. "Thus according 
to the Hindus, the diameter of a molecule is 13 X 7-2. 

* The process is called va//f-sararmana and occurs in the Trisatikå 

(р. 12) and the Gasi/a-Zi/aka (p. 39) and not in later works. 
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given in different works are different from each other. 
They are the ones current at the time and in the locality 
in which the book was composed. ; 
Terminology. The Sanskrit term for a fraction 
: is bhinna. It means “broken.” The European terms 
fractio, fraction, roupt, rotto, or rocto etc., are translations 
of the term bhinna, having been derived from the Latin 
fractus (frangere) от ruptus meaning “broken.” Тһе 
Hindu term Айта, however, had a more general 
meaning in so far as it included numbers ‘of the form, 


b 
CEEL Qt 9. uio or (att) 


These forms were termed 74, ie., “classes,” and the 
Hindu treatises contain special rules for their reduction 
to proper fractions. Sridhara and Mahavira each enu- 
merate six 74775, while Brahmagupta gives only five and 
Bháskara II following Skandasena reduces the number 
to four. The need for the division of fractions into 
classes arose out of the lack of proper symbolism to 
indicate mathematical operations. The only opera- 
tional symbol used by the Hindus was а dot’ for the 
negative sign. 

The other terms employed for the fraction are 
bhéga and ата, meaning “part” or “portion.” The term 
kalé which originally, in Vedic times, denoted one- 
sixteenth came to be later on employed for a fraction. 
Its earliest use as a term for fraction occurs in the 
Sulba works. 

Writing of Fractions. From very early times 
(г. 200 A.D.) the Hindus wrote fractions just as we do 
now, but without the dividing line. When several 
fractions occurred in the same problem, they were in 
general separated from each other by vertical and 


1 Generally placed over the number to be subtracted. 
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horizontal lines. Illustrations of the Hindu method of 
writing groups of fractions will be found in the 
examples that will be given hereafter. 


Reduction to Lowest Terms. Before performing 
operations with fractions, it was considered necessary 
to reduce them to lowest terms. The process of reduc- 
tion was called apavartana, but was not included among 
the operations. It is not given in the Hindu works, 
but seems to have been taught by oral instruction. That 
the method has been in use in India from the earliest 
centuries of the Christian era, cannot be doubted; for 
it is mentioned in a non-mathematical work, the 
Tattvártbádbigama-sftra-bbásgya! by Umásváti (e. 150) 
as a simile to illustrate a philosophical discussion: 

"Or, as when the expert mathematician, for the 
purpose.of simplifying operations, removes common 
factors from the numerator and denominator of a 
fraction, there is no change in the value of the fraction, 
SO uius 


Reduction to Common Denominator. The 
operation of reduction to a common denominator? is 
required when fractions are to be added or subtract- 
ed. The process is given a prominent place and is 
generally mentioned along with addition and subtrac- 
tion. Brhmagupta® gives the reduction along with the 
processes of addition and subtraction thus: 


“Ву the multiplication of the numerator and deno- 
minator of each of the (fractional) quantities by the 
other denominators, the quantities are reduced to a 
common denominator. In addition, the numerators are 
united. In subtraction their difference is taken.” 

lii 52. 

? Kald-savarnana ot savarnana, or samachbeda-vidhi. 

з BrSpSi, p. 172. ^ 


199 ARITHMETIC 


Sridhara says: 

“To reduce to a common denominator, multiply 
the numerator and denominator of each (fraction) by 
the other denominators." 

All other works also contain this rule. 

Fractions in Combination. It has already been 
remarked that due to the lack of proper symbolism, 
the Hindu mathematicians divide combinations of frac- 
tions into four classes. They are: 


ТОРЕ а c e 
(1)? Вайда, i.e., the form (7 + 7 +; = M ). 
usually written as 
alele ajeje e 
bla fi jbl d\f 
where the dots denote subtraction. 


(2)° Prabbága, i.e., the form (F of 5 of 7 lI ТУ» 


written as 
aicle 
bid 


(3)! Bbágánubandba, i.e., the form 
.G) (a+ 2) 
л? Lee E 2 Ptr 
or (Z) £+ — of —4 — of (—4- - of £)4.... 
i q +; д oM (2 x d 7) 


+ Tris, p. то. The translation given by Kaye is incorrect. 

" 2 BrSpSi, р. 175; Tris, p. то; GSS, p. 33 (55, 56); MSi, p. 146; 
‚Р. б. t 
з Tris, р. то; GSS, p. 39 (99); MSZ, p. 146; L, p. 6. 

* Tris, p. то; GSS, p. 41 (113); MSi, p. 148; L, р. 7. These 
forms are termed rZpa-bbágánubandba (“association of an integer and 
a fraction") and bhdga-bhdgdnubandha (“association of fractions of ` 
fractions") respectively. , 
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written as 


(4)' Bhésdpaviba, і.е. the form . 


: b 
€) (2-5) 
ОЁ „өы а Е ү. 
or (4) : о 5 ОЁ G ; of a zi 
written as 
a 
(|b| or (i) 
ё 


Besides the above four forms, Sridhara, Mahavira, 
and some others give two more. 
(5)? Bhdga-bhéga, i.e., the form 


(2+ 2) or (2 +) ; 


There does not appear to - been any notation 
for division, such compounds being written as, 


1 BrSpSi, p. 176; GSS, p. 43 (126); MSi, p. 148; L, 
These forms are termed ripa-bhdgdpavaba and ТИРА 


respectively. 
? Tris, p. 11; GSS, р. 39 (99). 
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a P 
b Of 
d r 


just as for bbágánubandba. That division is to be per- 
formed was known from the problem;' e.g., 1+ 4 
was wtitten as sad-bbága-bhága, i.e., “one-sixth bhdga- 
йда”? or “one divided by one-sixth."* 

(6)* Bhága-mátr, i.e., combinations of forms enume- 
rated above. Mahavira remarks that there can be 
twenty-six variations of this type. The following 
example is given by Sridhara.* 

“What is the result when half, one-fourth of one- 
fourth, one divided by one-third, half plus half of 
itself, and one-third diminished by half of itself, are 
added together?” 

In modern notation this is 

+(e of i)d-(12-3)9- (41-5 of 4)+(3—3 of 4). 


In the old Hindu notation it was written as 


7It is only in the Bakhshal? Manuscript that the term #54 is 
sometimes placed before or after the quantity affected. 


$ d. Tris, p. 11. 

5 GSS, p. 41 (112) gives 2—2 as stripdda bbaktam dvikam, i.e., 
“two divided by three-fourths. 2 

* Tris, p. 12; GSS, p. 45 (138). 

5 As there are five primary classes enumerated by Mahávira, 
so the total number of combinations is 

5C; 1-*C; 5C, r *C,— 26. 
5 Trif, p. 12. 
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The defect of the notation is obvious: HAG be 


I 
read also as 24-4, and | 1 | can be read also as 14; so 
3 


that the exact meaning of the notation can be under- 
stood only by a reference to the question. 


The rules for the reduction of the first two classes 
are those of addition or subtraction, and multiplication. 
The rule for the reduction of the third and fourth 
classes (from 7) are given together by Brahmagupta: 


“The (upper) denominator is multiplied by the 
42nominator and the upper numerator by the same 
\denominator) increased or diminished by its own 
numerator.” 

The rule for Pbbágánubatidba is given by Sridhara? as 
foilows: 

(2) "In ébágánubandba, add the numerator to the 
product of the whole number and the denominator." 

(2) “Multiply the denominator by the lower deno- 
minator and (then) the numerator by the same lower 
denominator increased by its own numerator." 

Other writers give similar rules for reduction in the 
case of bhdgdnubandba. 

The following example? will explain the process of 
wotking: 


1 BrSpSi, p. 176. The reduction of the form a + > has been 
given separately (p, 173). 
* Trif, p. то. Rule (7) is for the reduction of a-+—+ and rule (#) 
is for the reduction of the form 
Lene pep edet ort. 
8 Tris, p. 11. 
13 
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Reduce to a proper fraction: 
34+4 of 34+4 of (34-- E of 33)+4+4 of ++ Of 
G+ 3 of 4). 


This was written as 


Adding denominators to numerators of the lower 
fractions, and applying rule (2) to left-hand top com- 
partment to reduce it to a proper fraction, we get 


Now performing multiplication as directed, 7.e., mul- 
tiplying the denominator of the first. fraction by all the 
lower denominators and the numerator by the sum of 
the numerators and denominators of the lower frac- 
tions, we get 


T 7_. 245 5.—2 
OX G= 288, and $x$x4—3$ 


2.е., 243 20 
48 | 24 


Then making denominators similar (savarnana), we 


have 
48 | 48 |’ 


© 
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performing the addition we have 285 or 54% as the 
result. 

The rule for bhdgdpavaha is given in all the works 
on Pá/íeanita. It is the same as that for bhdgdnubandha, 
except that “addition” or “increase” is replaced by 
“subtraction” or “decrease” in the enunciation of the 


rule for bhdgépavaba. 


Lowest Common Multiple. Mahavira’ was the 
first amongst the Indian mathematicians to speak of 
the lowest common multiple in order to shorten the 
process. He defines zzrudaba (L. C. M.) as follows: 


“The product of the common factors of the 
denominators and their resulting quotients is called 
niruddha.”’ 


The process of reducing fractions to equal deno- 
minators is thus described by him:* 


“The (new) numerators and denominators, obtained 
as products of multiplication of (each original) numera- 
tor and denominator by the (quotient of the) miruddha 
(4е., L. C. M.) divided by the denominator give frac- 
tions with the same denominator." 

Bháskara II* does not mention иллаа but observes 
that the process can be shortened. He says: 

“The numerator and denominator may be multi- 
plied by the intelligent calculator by the other deno- 
minator abridged by the common factor." 

The Eight Operations. Operations with frac- 
tions were known in India from very early times, the 
method of performing them being the same as now. 


1 GSS, p. 33 (56). 
2 GSS, p. 33 G6). 
3L, p. 6. 
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Although Aryabhata does not mention the elementary 
operations, there is evidence to show that he knew the 
method of division by fraction by inverting it. All the 
operations are found in the Bakhshali Manuscript (¢. 200). 

Addition and Subtraction. These operations 
were performed after the fractions were reduced to a 
common denominator. Thus Sridhara says:* 

“Reduce the fractions to a common denominator 
and then add the numerators. The denominator of a 
whole number is unity.” 

Brahmagupta and Mahavira give the method under 
Bhégajéti. Mahavira differs from other writers in giving 
the methods of the summation of arithmetic and geo- 
metric series under the title of addition (samkaltta).? 
Later writers follow Sridhara. 

Multiplication. Brahmagupta says: 

“The product of the numerators divided by the 
product of the denominators is the (result of) multipli- 
cation of two or more fractions.” 

While all other writers give the rule in the same 
way as Brahmagupta, Mahavira refers to cross reduction 
in order to shorten the work:* 

“In the multiplication of fractions, the numerators 
are to be multiplied by the numerators and the deno- 
minators by denominators, after carrying out the process 
of cross reduction," if that be possible." 


Y Tris, p. 7. 

2 Cf. GSS, рр. 28 (22) ff. 

з BrSpSi, р. 175. 

+ GSS, р. 25 (2). | 

5 V/ajrábavartana-vidbi, i.e., “cancellation crosswise,” thus 


х= X =a 
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Division. Although the elementary operations are 
not mentioned in the Aryabhatiya, the method of division 
by fraction is indicated under the Rule of Three. The . 


Rule of Three states the result as £ a -1 When these 


quantities are fractional, we get an expression of the 
[A 


st : 
form 2 zd for the evaluation of which Aryabhata I 


Um 
' PN 
states: 

“The multipliers and the divisor are multiplied by 
the denominators of each other." 

As will be explained later on (p. 204) the quantities 


ate wtitten as 


Transferring the denominators we have 


a m 
n b 
c d 


ane 

75 я . LI . LI 
Perform —— 
rforming multiplication, the result is 7,75 


The above interpretation of a rather obscure line* 
in the Aryabhatiya is based on the commentaries of 
Süryadeva and Bháskara I. Thus Süryadeva says: 


1Where f= phala, i.e., "fruit," i= icchd, ie., “demand or 
requisition” p'—pramága, i£., “argument.” 

2 A, p. 43. Previous writers seem to have been misled by 
the commentary of Parameávara which is very vague; of; Clark 


(p. 40) and P. C. Sengupta (p. 25). , 
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“Here by the word ganakéra is meant the multiplier 
and multiplicand, 7.e., the phala and 122 quantities that 
are multiplied together. By bségabdra is meant the 
pramdéna quantity. The denominators of the phala and 
icthé ате taken to the pramdza. The denominator of the 
pramána is taken with the phala and icché. Then multi- 
plying these, z.e., (the numerators of) the pala and icchd 
and this denominator, and dividing by (the product of) 
the numbers standing with the pramdna, the result is the 
quotient of the fractions.” 


Brahmagupta? gives the method of division as fol- 
lows: 


“The denominator and numerator of the divisor 
having been interchanged, the denominator of the 
dividend is multiplied by the (new) denominator and 
its numerator by the (new) numerator. Thus division 
of proper fractions is performed.” 


Sridhara* adds the following to the method of 
multiplication: 

“Having interchanged the numerator and deno- 
minator of the divisor, the operation is the same as 
before.” 


Mahavira* explains the method thus: 


“After having made the numerator of the divisor® 
its denominator (and vice versa) the operation is the 
same as in multiplication.” 


*Or,* when (the fractions constituting) the divisor 


2 BrSpSi, p. 173. 

2 Tris, p. 8. 

Зе, the same as that of multiplication. 

* GSS, p. 26 (8). 

5 Mahávira uses the term pramáma-réfi for divisor, showing 
thereby its connection with the ‘rule of three.’ 

в This is similar to the way in which Aryabhata I expresses 
the method. 
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and dividend are multiplied by the denominators of 
each other and these products are without denomina- 
tors, (the operation) is as in the division of whole? 
numbers.” 

Square and Square-root. Brahmagupta? says: 

“The square of the numerator of a proper fraction 
divided by the square of the denominator gives the 
square.” 

“The square-root of the numerator of a proper 
fraction divided by the square-root of the denominator 
gives the square-root.” 


Other works contain the same rules. 


Cube and Cube-root. Sridhara? gives the rule 
as follows: 

“The cube of the numerator divided by the cube 
of the denominator gives the cube, and the cube-root 
of the numerator divided by the cube-root of the 
denominator gives the cube-root." 

Other works give the same rules. 

Unit Fractions. Mahavira has given a number of 
rules for expressing any fraction as the sum of a 
number of unit fractions.* These rules do not occur 
in any other work, probably because they were not 
considered important or useful. 

(1) To express 1 as the sum of a number (п) of 
unit fractions. 

The rule for this 15:° 

“When the sum of the different quantities having 


1The term for whole number is sakala. 

? BrSpSi, p. 174. 

8 Tris, p. 9. 

+ There is no technical term for unit fraction. The term 
used is rZbámaka-rási, i.e., “quantity with one as numerator.” 

? GSS, p. 36 (75). 
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one for their numerator is 1, the (required) denomina- 
tors ate such as, beginning with 1, are in order multi- 
plied by 3, the first and the last being multiplied again 
by 2 and 3.” 

Algebraically the rule is 


penc P n4 deco E esee 
2 70». 09 X 3" 
(2) To express 1 as іе‘ sum of an odd number of 
unit fractions. 


The rule for this is stated thus:* 


“When the sum of the quantities (fractions) having 
one for each of their numerators is one, the denomina- 
tors are such as, beginning with two, go on rising in 
value by one, each being further multiplied by that 
which is (immediately) next to it and then halved.” 

Algebraically this is 

I I I I` 


++. 


2.5.5 3.4.5 (2m-1).2n.& 20.5 


I 
2.3"7® * 


I = 


(3) T^ express a unit fraction as the sum of a number 
of other fractions, the numerators being given? 


The tule for this is: 


“The denominator of the first (of the supposed or 
given numerators) is the denominator of the sum, that 
of the next is this combined with its numerator and 
\ " . 
so on; and then multiply (each denominator) by that 
which is next to it, the last being multiplied by its 
own numerator. (This gives the required denomina- 
tors)." 


*GSS, p. 36(77). 
з Bach may be опе. GSS, p. 36(78). 
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Algebraically this gives : 


.... 


а, а, 
РТР РЕ Стата PY 
2, 1 


раа baee... a) 


I 
H 


a, 
T a,(n+d,ta,+....+4,,) 
[4 
By taking 2, —42,—...—2,—-1, we get unit fractions. 
When these are not unity, the fractions may not be in 
their lowest terms. 
(4) To express any fraction as the sum of unit fractions. 


The rule is:* 

“The denominator (of the given fraction) when 
combined with an optionally chosen number and then 
divided by the numerator so as to leave no remainder, 
becomes the denominator of the first numerator (which 
is one); the optionally chosen quantity when divided 
by this and by the denominator of the sum is the 
remainder. To this remainder the same process is 
applied.” 


Let the number 7 be so chosen that 4+: 15 ап 


integer = 7; then the гше gives 
I і 
Ж ыы eee 
4 r rq 
of which the first is a unit fraction and a similar process 
can be employed to the remainder to get other unit 


fractions. In this case the result depends upon the 
optionally chosen quantities. 


1 GSS, p. 37(80). 
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(5) To express a unit fraction as the sum of two other 
unit fractions. 


The following two rules ate given: 


(2) "The denominator of the given sum multiplied 
by a properly chosen number is the (first) denominator, 
and this divided by the previously chosen number minus 
one gives the other; or (7) the two denominators are 
the factors? of the denominator of the sum, each multi- 
plied by their sum." І 


Expressed algebraically the rules аге: 


geras I I 

UD LT EE URGED) 

(6) To express any fraction as the sum of two other 
fractions whose numerators are given. 


The rule for this is:* 


“Either numerator multiplied by a chosen number, 
then combined with the other numerator, then divided 
by the numerator of the sum so as to leave no remainder, 
and then divided by the chosen number and multi- 
plied by the denominator of the sum gives rise. to one 
denominator. 'The denominator corresponding to the 
other (numerator), however, is this (denominator) 
multiplied by the chosen quantity." 


*GSS, p. 37(85). 

? hdra-héra-labdha, lit. "the divisor and quotient by that 
divisor." 

з The integer р is so chosen that # is divisible by (p—1). 


1 GSS, p. 38(87). 
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Algebraically the rule is 


mo a 4 b i 
n apth „n“ aptb n 
m Sp m pee 
A particular’ case of this would be 
"n d b 
л anth T ап? 
дт сеш — xa 
nm "n 


provided that (zz--P) is divisible by ж. 


(7) To express a given fraction as the sum of an even 
„umber of fractions whose numerators are previously assigned. 


The rule for this is:? 


“After splitting up the sum into as many parts, 
having one for each of their numerators, as there are 
pairs (among the given numerators), these parts are taken 
as the sum of the pairs, and (then) the denominators 
are found according to the rule for finding two frac- 
tions equal to a given unit fraction.” 


12. THE RULE OF THREE 


Terminology. The Hindu name for the Rule of Three 
terms is /razráfika (“three terms," hence “the rule of 
three terms"). The term Zra/ráfi&a can be traced back 
to the beginning of the Christian era as it occurs in the 


! Evidently, the chosen number p must be a divisor of s, 
ap4-b 
m 

The solution given does not hold for any values of a and 
b, but only for such values as allow of an integer p to be so 
chosen as to satisfy the required conditions. 


2 GSS, p. 38(89). 


and such that is an integer. 
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Bakhshali Manuscript,’ in the Aryabhatiya and in all 
other works on mathematics. About the origin of the 
name Bhaskara I (rv. 525) remarks:? “Here three 
quantities are needed (in the statement and calculation) 
so the method is called ;razzrf/&s (“the rule of three 
terms")." 

A problem on the rule of three has the form: 

If p yields f, what will 7 yield? 
In the above, the three terms are p, f and 4 The 
Hindus called the term р, pramdna ("argument"), the 
term f, phala ("fruit") and the term 4, 2002 (“requisi- 
tion"). These names are found in all the mathematical 
treatises. Sometimes they are referred to simply as 
the first, second and third respectively. Aryabhata II 
differs from other writers in giving the names йла, 
vinimaya and icchå respectively to the three terms. It 
has been pointed out by most of the writers that the 
first and third terms are similar, 7.e., of the same deno- 
mination. 


The Method. Aryabhata І (499) gives the follow- 
ing rule for solving problems on the Rule of Three: 


“In the Rule of Three, the phala ("fruit"), being 
multiplied by the 222 (“requisition”) is divided by the 
jramánma (“argument”). The quotient is the fruit 
corresponding to the ZZ. The denominators of one 
being multiplied with the other give the multiplier 
(7.е., numerator) and the divisor (4.., denominator)."* 


1The term 726 is used in the enumeration of topics of 
mathematics in the Sthéndiga-shtra (с. зоо B.C.) (Stra 747). There 
it probably refers to the Rules of Three, Five, Seven, etc. 

*In his commentary on the Aryabhatiya. 

з The above corresponds to 274 26 and the first half of 274 
27 of the Gagitapáda of the Aryabhatiya; compare the working of 
Example 1, where the interchange of denominators takes place. 
See also pp. r95/. 
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Brahmagupta gives the rule thus: 

“In the Rule of Three pramdna (“argument”), 
phala ("fruit") and 2202 (“requisition”) are the (given) 
terms; the first and the last terms must be similar. The 
icché multiplied by the pha/a and divided by the pramdna 
gives the fruit (of the demand).”* 

Sridhara states: 

“Of the three quantities, the pramdna (“argument”) 
апа 122 (“requisition”) which are of the same deno- 
mination are the first and the last; the phala ("fruit") 
which is of a different denomination stands in the 
middle; the product of this and the last is to be divided 
by the first.”? 

Mahavira writes: 

“In the Rule of Three, the Z4 (“requisition”) and 
the pramdna ("argument") being similar, the result is 
the product of the pala and 22 divided by the 
pramédna.”* 

Aryabhata II introduces a slight variation in the 
terminology. He says: 

“The first term is called mdna, the middle term 
vinimaya and the last one Z4. The first and the last 
are of the same denomination. The last multiplied by 
the middle and divided by the first gives the result."* 

Bháskara 11, Narayana and others give the rule in 
the same form as Brahmagupta or Sridhara. 

The Hindu method of working the rule may be 
illustrated by the following examples taken from the 
Trifatika: 


1 BrSpSi, p. 178. 
2 Tris, p. 15. 

3 GSS, p. 58(2). 
* MSi, p. 149. 
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Example I> “If one pala and one karsa of sandal 
wood are obtained for ten and a half pana, for how 
much will be obtained nine pasa and one karsa?” 

Here т pala and т &arra—1] pala, and 9 pala and 
т karsa=9% pala are the similat quantities. The “fruit” 
тоф рапа corresponding to the first quantity (11 рай) 
is given, so that 


jramána (argument) = 1} 
phala (fruit) = тоф 
icché (requisition) = 9i 


The above quantities are placed in order as 


1 9 
ї ї 
4 4 
Converting these into proper fractions we have 
BEIDE 
4 4 


Multiplying the second and the last and dividing by 
the fitst, we have 


Xu ca 
ard 
4 
21 |; 
Or transferring denominators | 4 | 2 | 27:527 pala 
37 | 4 ар 


= 4 puráma, 13 paga, 2 Kákini and 16 vardtaka. 
In actual working the intermediate step 


| 


21, 31 
2-Х 9- 
5 
F 


1 Tris, p. 15. 
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was not written. The denominators of the multipliers 
were transferred to the side of the divisor and that 
of the divisor to the multipliers, thus giving at once 


21.4.37 
5.2.4 7 
Example I: “Out of twenty necklaces each of 
which contains eight pearls, how many necklaces, each 
containing six pearls, can be made?" 


Firstly, we have 
[1 | 8 | 20 


The result (performing the operation of the Rule of 
Three) is 160 pearls. 

Secondly, perform the operation of the Rule of 
Three on the following: 

If 6 pearls are contained in one necklace, how 
many necklaces will contain 160 pearls? 


Placing the numbers, we have 


GHE 


Result: necklaces 26, part of necklace B 


Inverse Rule of Three. The Hindu name for the 
Inverse Rule of Three is vyasta-frairász&a (lit. “inverse 
rule of three terms"). After describing the method of 
the Rule of Three the Hindu writers remark that the 
operation should be reversed when the proportion is 
inverse. Thus Sridhara observes: 

“The method is to multiply the middle term by 
the first and to divide by the last, in case the proportion 
is different."* 


1 Trif, p. 17. 
2 Tr, p. 18. 
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Mahavira says: 

“Tn the case of this (proportion) being inverse, the 
operation is reversed.""' 

Bháskara II writes: 

“In the inverse (proportion), the operation is re- 
versed.”’? 

He further observes: 

“Where with increase of the 4202 (requisition) 
the pala decreases or with its decrease the phala in- 
creases, there the experts in calculation know the method 
to be the Inverse Rule of Three.’’* 

“Where the value of living beings is regulated by 
their age; and in the case of gold, where the weight 
and touch are compared; or when heaps are subdivided,* 
let the Inverse Rule of Three be used." 

Example: Example II given under the Rule of 
Three above has been solved also by the application 


of*the Inverse Rule as follows: 


. 26 
*Statement | 8 | 20 | 6 | Result: necklaces 2 
3 


Here if the 1202, ie., the number of pearls in a 
necklace, increases, the phala, i.e., the number of neck- 
laces, decreases, so that the Inverse Rule of Three is 
applied. | 

Appreciation of the Rule of Three. The Rule of 
Three was highly appreciated by the Hindus because 


1 GSS, p. 58(2). Š 
? L, p. 17. 
SL, p. 17. 
+ When heaps оі grain, which have been meted with a small 
measure, are again meted with a larger one, the number decreases 
‚...” (Com. of Süryadása). 

5 L, p. 18. 


THE RULE OF THREE 209 


of its simplicity and its universal application to ordinary 
‘problems. Тһе method as evolved by the Hindus gives 
a ready rule which can be applied even by the “ignorant 
person” to solve problems involving proportion, with- 
out fear of committing errors. Varahamihira (505) 
writes: 


“If the sun performs one complete revolution in а 
year, how much does he accomplish in a given number 
of days? Does not even an ignorant person calculate. 
the sun in such problems by simply scribbling with a 
piece of chalk?": 

Bháskara II has eulogised the method highly at 
several places in his work. His remarks are: 


“The Rule of Three is indeed, (the essence of) 
arithmetic.” ? 


“As Lord Sri Narayana, who relieves the sufferings 
of birth and death, who is the sole primary cause of the 
creation of the universe, pervades this universe through’ 
His own manifestations as worlds, paradises, mountains, 
rivers, gods, men, demons, etc., so does the Rule of 
Three pervade the whole of the science of calculation. 
....Whatéver is computed whether in algebra or in, 
this (arithmetic) by means of multiplication and division 
may be comprehended by the sagacious learned as the 
Rule of Three. What has been composed by the sages 
through the multifarious methods and operations such 
as miscellaneous rules, etc., teaching its easy variations, 
is simply with the object of increasing the comprehen- 
sion of the duller intellects like ourselves."? 


On another occasion Bháskara II observes: 


1 P57, iv. 37. 

*L, p. xs. The same remark occurs in $757, Goládbyáya, 
Prafnádbyáya, verse 5. 

Sp 


14 
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“Leaving squaring, square-root, cubing and cube- - 
root, whatever is calculated is certainly variation 
of the Rule of Three, nothing else. For increasing 
the comprehension of duller intellects like ours, what 
has been written in various ways by the learned sages 
having loving hearts like that of the bird cakora, has 
become atithmetic.": 


Proportion in the West. The history of the 
Hindu rules of proportion shows how much the West 
was indebted to India for its mathematics. ‘The Rule. 
of Three occurs in the treatises of the Arabs and 
medieval Latin writers, where the Hindu name 'Rule 
of Three’ has been adopted. Although the Hindu | 
names of the terms were discarded, the method of 
placing the terms in a line, and arranging them so 
that the first and last were similar, was adopted. Thus 
Digges (1572) remarked,” *Worke by the Rule ensueing 
TCR Multiplie the last number by the seconde, and 
diuide the Product by the first number," ... “In the 
placing of the three numbers this must be observed, 
that the first and third be of one Denomination.” 
The rule, as has been already stated, was perfected in 
India in the early centuries of the Christian era. It was 
transmitted to the Arabs probably in the eighth century 
and thence travelled to Europe, where it was held in 
very high esteem? and called the “Golden Rule." 


Compound Proportion. The Hindu names for 
compound proportion are the Rule of Five, the Rule of 


15451, Goládbyáya, Prafnádbyáya, verse 4. 

2 Quoted by Smith, Дс. p. 488. 

8 The Arabs, too, held the method in very high esteem as 
is evidenced by Al-Birani’s writing a separate treatise, Fi пайа? 
al-hind (“On the rasika of the Hindus”) dealing with the Hindu 
Rules of Three or more terms. Compare also India (I. 313) where 
an example of vyasta-irairdfika, ("the Inverse Rule of Three”) is 
given. 
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Seven, the Rule of Nine, etc., according ‘to the number 
of terms involved in the problems. These are some- 
times grouped under the general appellation of the 
“Rule of Odd Terms.” The above technical terms 
as well as the rules were well-known in the time of 
Aryabhata 1(499), although he mentions the Rule of 
Three only. That the distinction between the Rule of 
Three and Compound Proportion is more artificial 
than real was stressed by Bháskara I (v. 525) in his com- 
mentary on the Aryabhatiya. He says: 


“Here Ácárya Aryabhata has described the Rule of 
Three only. How the well-known Rules of Five, etc. are 
‘to be obtained? Isay thus: The Ácárya has described 
only the fundamentals of anupdéta (proportion). All 
others such as the Rule of Five, etc., follow from that 
fundamental rule of proportion. How? The Rule of 
Five, etc., consist of combinations of the Rule of Threc 
.... In the Rule of Five there are two Rules of Three, 
in the Rule of Seven, three Rules of Three, and so on. 
This I shall point out in the examples.” 


Remarks similar to the above concerning the 
Rules of Five, Seven, etc., have been made by the com- 
mentators of the Га, especially by Ganega and 
Süryadása.! 

In problems on Compound Proportion, two sets of 
terms are given. The first set which is complete is 
called pramdna paksa (argument side) and the second 
set in which one term is lacking is called the 202 
paksa (requisition side). ' 

The Method. The rule relating to the solution 
of problems in compound proportion has been. given 
by Brahmagupta as follows: ` 


“In the case of odd terms beginning withl three 


1 Noted by Colebrooke, ./.c., p. 35, note. 
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terms’ upto eléven, ‘the result is obtained. by transposing 
the fruits of -both sides, from one side to the other, 
and then dividing the product of the larger set of terms 
by the product of the smaller set. Tn all the fractions 
the transposition of denominators, in like manner, takes 
place on both sides."* 

Sridhara says: | 

“Transpose the. two fruits from one side to the 
other, then having transposed the denominators (also 
in like manner) and multiplied the numbers (so obtained 
on each side), divide the side with the larger number of 
terms by the other (side).””* 

Mahavira‘ and Aryabhata П" have given the гше in 
the same way as Sridhara. Bhaskara II has given it 
thus: | 

“In the rules of five, seven, nine or mote terms, 
after having taken the pha/a (fruit) and chid? from its 


11; should be observed that, as stated above, the Rule of 
Three is a particular case of the above Rule of Odd terms. 
Brahmagupta is the only Hindu writer to have included the Rule 
of Three also in the above rule. Some Arab writers have fol- 
lowed him in this respect by not writing the terms of the Rule 
of Three in a line, but arranging them in compartments, as for 
the other rules of odd terms. 

? BrS557, p. 178. 

3 Trig, p. 19. 

* GSS, p. 62 (32). 

5 MSi, p. 150, rules 26 and 27 (repeated with a slight varia- 
tion). 
; The commentators differ as regards the interpretation of 
this word. Some take it to mean. “divisor,” #.e., “denominator,” 
while others say that it means “the fruit of the other side.” The 
rule is, however, correct with either interpretation. The first 
interpretation, however, brings Bháskara's version in line with 
those of his predecessors. It may be mentioned here that Árya- 
bhata II repeats the rule twice. At first he does not direct the 
transposition of denominator, and at the second time he does so. 
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own side to the other, thẹ -product of the larger set of 
terms divided by the product of the smaller set, gives 
the result (or produce sought). 

Illustration. We shall illustrate the Hindu method 
of wotking by solving the following example taken 
from the Lilévati: 

“If the interest of a hundred in one month be буе, 
what' wil be the interest of 16 in 12 months? Also 
find the time knowing the interest and principal; and tell’ 
the principal knowing the time and interest." 

To find interest. 


The first set of terms (pramága paksa) is: 
100 miska, 1 month, 5 niska. (phala) 
The second set (seché paksa) is: 
16 niska, 12 months, x niska 
The terms are now written in compartments? as below: 


1L, p. 18. ` 

2 The tetms of the same denomination are written in com- 
paxtments in the same horizontal line. 

3 The figures are written in compartments in order to faci- 
litate the writing of fractions and also to denote the side which 
contains more terms after transposition of fruits. Sometimes, 
the compartment corresponding to an absent term is left vacant 
as we find in à copy of Muni$vara's Райа (in the Government 
Sanskrit Library at Benares). When the terms are written in 
compartments, the symbol o to denote the unknown or absence 
of a term is unnecessary. In some commentaries on the Li/dvat? 
(Asiatic Society of Bengal manuscripts) we find the numbers 
written without compartments, but in such cases the symbolo 
is used to denote the absence of a teem. After transposition, the 
side on which o occurs contains a smaller number of terms than 
the other. 
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In the above у (written lowest) is the “fruit” of the 
first side, and there is no "fruit" on the second side. 
Interchanging the fruits we get 


100 
| rjr 
| 9| 5j 


The larger set of terms is on the second "side." The 
product of the numbers is 960. The product of the 
numbers on the side of the smaller set of terms is 100. 
Therefore, the required result is 29—48, written as 
[+8] or 9 niska, fraction |3 
To find Time: 

Here the sides are 

100 niska, т month, 5 niska 

and 16 niska, x months, 48 niska 
The terms ate written as 


| roo | 16 | 
| to | 


EE 
j 


Transposing the fruits, 7.e., transposing the numbers in 
the bottom compartment, we get 


IOO | 16. 
I о 

48 | 5 
5 


Transposing the denominators we have 
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Here, the larger set of terms is on the first side апа 
their product is 4800. The product of the numbers 
on the side of the smaller set is доо. Therefore, the 
result is 


4800 4800 
400 — 400 
To know the principal: 
The first side is 


тоо niska, т month, 5 niska 


= 12 months. 


The second side is 
x niska, r2 months, 48 niska 
This is written as 


After transposition of fruits (2.е.‚ the terms in the 
bottom cells) we have 


ТОО о 
І 12 
481 5 


Transposing denominators we get 


48 | 5 
5 


The product of the numbers in the larger set divided 
by the product of the numbers in the smaller set, gives 
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pin = 16 niska. 
pid 


Rule of Three as a Particular Case. According 
to Brahmagupta, the above method ‘may be applied to 
the Rule of Three. Taking the first example solved 
under the Rule of Three, above, and placing the terms 
we have 


Transposing the fruits, we have 


3715 
414 


Transposing denominators, we get 


414 


AD 


Therefore, the result is Ex E. as before. 


If we consider the term corresponding to the un- 
known as the fruit, the,terms should be set as below: 


1 Here, we consider 2 pala of sandal wood as the “fruit” 
of 4: pana (money). The previous method forces us to consider 
2} pana as.the "fruit" or the middle term, because the “‘first” 
and "third" are directed to be alike. It will be observed that 
any of the terms may be considered to be the fruit in the alter- 
native method given here. ; 


THE RULE OF THREE 217 


5 | 37 
4|_ 4 
21 
2| o 
37.4.21 


Hence, as before,’ the result is Sud 

The above method of working the Rule of Three 
is found among the Arabs,? although it does not seem 
to have been used in India after Brahmagupta. This 
points to the indebtedness of the Arabs to Brahma- 
gupta especially, for their knowledge of Hindu arith- 
metic. 


Written as above the method of working the Rule 
of Three appears to be the same as the method of 
proportion. In the -same way the rule of other odd 
terms, when properly translated into modern symbolism, 
is nothing but the method of proportion. It has been 
stated by Smith* that the Hindu methods of solution 
“fail to recognize the relation between the Rule of Three 
and proportion." This statement appears to have been 
made without sufficient justification, for the solutions 
have been evidently obtained by the use of the ideas 
of proportionality and variation. The aim of the 
Hindu works is to give a method which can be readily 
used by common people. For this very reason, the 
cases in which the variation is inverse have been 
enumerated. Considered as a method which stimulated 
the student to think for himself, the method is certainly 


1The product of the numbers on the side of the larger set 
is divided by the product of the numbers on the side of the 
smaller set. o in this case is not a number. It is the symbol 
for the unknown or absence. 

2 Thus Rabbi ben Ezra wrote *2 93 for 47: 7-63: x. See 
Smith, 42., р. 48of. 

зле. p. 488. 
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defective, but for practical purposes, it is, in our 
opinion, the best that could be devised. 


13. COMMERCTAL PROBLEMS 


Interest in Ancient India. The custom of 
taking interest is a very old one. In India it can be 
definitely traced back to the time of Panini (v. 7oo B.C.) 
who in his Grammar lays down rules validating the use 
of the suffix ka to number names in case of “an interest, 
a rent, a profit, a tax or a bribe given." The interest 
became due every month and the rate of interest was 
generally given per hundred,” although this was not 
always the casé. The rate of interest varied in different 
localities and amongst different classes of people, but 
an interest of fifteen per cent per year seetns to have 
been considered just. Thus in Kautilya's Arthaséstra, 
a work of the fourth century B.C., it is laid down: “ап 
interest of a pana and a quarter per month per cent is 
just. Five papa per month per cent is commercial 
interest. Теп pana per. month per cent prevails in 
forests. Twenty papa per month per cent prevails 
among sea traders"? Тһе Gotama Уйа states: “ап 
interest of five 22254 per twenty (&ársZpana) is just."* 

Interest in Hindu Ganita. The ordinary pro- 
blems relating to the finding out of interest, principal 
or time etc., the other quantities being given, occur in 
the section dealing with the Rule of Five. The Hindu 


1 Pánini's Grammar, v. i. 22, 47, 49. 

?]t has been’ pointed out by B. Datta that the idea of per 
cent first originated in India. See his article in the American 
Mathematical Monthly, XXXIV, p. 530. 

з _Arthafastra, edited and translated into English by К. Sham- 
sastry, Mysore, III, ii, p. 214. 

4 Gotama Sftra, xii. 26. Since 20 24:2 equal a kdrsdpana, 
the rate is 15 per cent annually. 
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works generally contain a section called misraka-vyava- 
Aéra (“calculations relating to mixed quantities") in 
which occur miscellaneous problems on interest. The 
contents of this section vary in different works, according 
to their size and scope. ‘Thus the Aryabhatiya contains 
only one rule relating to a problem on interest, whilst 
the Gayita-séra-samgraha has a large number of such 
rules and problems. 

Problem involving a Quadratic Equation. Arya- 
bhata I (499) gives a гше for the solution of the 
following problem: 

The principal sum f(— oo) is lent for one month 
(interest unknown-»x). This unknown interest is then 
lent out for /(—six) months. After this period the 
original interest (x) plus the interest on this interest 
amounts to A(=sixteen). Тһе rate-interést (x) on the 
principal (p) is required. 

The above problem requires the solution of the 
quadratic equation 


Ix*--px— Ap = o, 
_ Thiet V(playd- Apt 
E і 


which gives х 


The negative value of the radical does not give a 
solution of the problem; so the result is 


VAF (bI 2) — pl2 
oce f 


This is stated by Aryabhata Ї as follows: 


“Multiply the sum of the interest on the principal 
and the interest on this interest (4) by the time (7) and: 
by the principal (р). Add to this result the square of 
half the principal {(p/2)?}. Таке the square-root of 
this. Subtract half the principal (5/2) and divide thd 
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remainder by the time (7). The result will be the 
(unknown) interest (x) on the principal.’ 

Brahmagupta (628) gives a more general rule. His 
problem is: 

The principal (р) is lent out for 7, months and the 
unknown interest on this (=x) is lent out for 7, months 
at the same rate and becomes zd. To find x. 

This gives the quadratic 

x? + Ph LM Apt, = 
whose solution is 


= У Apt, P^ * P 
x= pay) TN 


The negative value of the .radical does not give a 
solution of the problem, so it is discarded. 

Brahmagupta states the formula thus: 

“Multiply the principal (5) by its time (7,) and divide 
by the other time (#,) (placing the result) at two places: 
Multiply the first of these by the mixture (A). Add 
to this the square of half the other. ‘Take the square- 
root of this (sum). From the result subtract half the 
other. This will be the interest (x) on the principal"? 


Other Problems. Mahavira (850) gives two 
other types of problems on “mixture” requiring the 
solution of simultaneous equations. As an example of 
the first type may be mentioned the following: 


“It has been ascertained that the interest for 14 
months (¢=rate-time) on бо (¢=rate-capital) is 24 (i= 


1A, p. ат. The Sanskrit terms are: mA/a=principal, phala 
=interest. 
2 BrSpSi, p. 183. This rule is also given by Mahavira, GSS, 


p- 71 (44). 
5 GSS, p. 69(32). 
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rate-interest). The interest (on the unknown capital P) 
for.an unknown period (T) is 24 (=I, and бо (=m 
=P-+T) is the time combined with the capital lent out. 
What is the time (T) and what is the capital (P)?” 


The problem gives: 
iPT 


Hence P= 434 (т АУ т Z x 41), 
V a GF 
and Т = 4 (m + m— 5-х 41) 


The above result is stated by Mahávíra thus: 


“From the square of the mixture (m) subtract the 
rate-capital (с) divided by the rate-interest (2) multiplied 
by the rate-time (7) and four times the given interest 
(aD. ‘Then the operation ОЁ. sarikramana’ is performed 
in relation to the square-root of this and the mixture 
(т). 27? 2 

The second type of problems may be illustrated by 
the following example: 


“The interest on 30 (P) is 5 (J) for an unknown 


1 Given the numbers а and 4, the process of sañkramapa is the 


2+ апа a 
2 2 


finding out of half their sum and difference z.e, 


2 GSS, p. 68(29). It should be noted that both the signs 
of the radical are used. 


222 ARITHMETIC 


period (T), and at an unknown rate of interest (7) per 
тоо (г) рег 14 month (й). The mixture (w=7+T) 
is 124. Find z and T.” 

The solution is given by 


T = à (m £V т E T4), 
and consequently 

; ' V, @ЇА 

г = à c F m -p ) 


Mahâvîra states the solution thus: 

“The rate-capital (c) multiplied by its time (7) and 
the interest (I) and the square of two (=4) is divided 
by the other capital (P). Then perform the operation 
of saikramana in relation to the square-root of the 
remainder (obtained as the result of subtracting the 
quotient so obtained) from the square of the mixture 
(m) and the mixture."* 

Miscellaneous Problems on Interest. Besides the 
problems given above various other interesting prob- 
lems are found in the Hindu works on pétiganita. 
Thus Brahmagupta gives the solution of the following 
problem: 

Example. In what time will a given sum s, the 
interest on which for # months is 7, become & times 
itself? 

The rule for the solution of the above is: 

""The given sum* multiplied by its time and divided 


A GSS, P. 69(34). 
? GSS, p. 69(33). 
3 BrSpSi, p. 181. 
*'The Sanskrit term used is pramdna (argument). 
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by the interest, being multiplied by the factor? less 
one, is the time (requited).” 

The Gapita-sdéra-samgraha (850) contains a large 
number of problems relating to interest. Of these may 
.be mentioned the following: 

(1) “In this (problem), the (given) capitals are (c, —) 
40, (¢,=) 30, (a=) 20 and (c=) 50; and the months 
are (f=) 5, (=) 4, (=) з and (t=) 6 (respectively). 
The sum of the interests is (w=) 34. (Assuming' the 
rate of interest to be the same in each case, find the 
amounts of interest in each case)."* 


Here, if the rate of interest per month for 1 ber, 
then 


p= ху __ 0X3 Хұ 
e A Pea ri ond 
where м Xr, cens are ‘the interests earned on the 
capitals 6, Ca, £1, es in Z5 d di sic months res 
pectively. 
Therefore, 
х, __ Ky Xas 2 м+х+х+.... 
Oh EA єзї, NY eA titat Ctt.. 
p m 
OM, dee... 
or ML M Gh etc. 


CL peta teste - e 
This formula is given by Mahávira for the solution 
The Sanskrit term used is phala (fruit). 


2 The Sanskrit term used is guna (multiple). 
5 GSS, p. 70(38). 
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of the above problem.' 


(2) “(Sums represented by) 10, 6, 3 and 15 are the 
(various given) amounts of interest, and 5,4,3 and 6 
are the (corresponding) months (for which the interests 
have accrued); the sum of the (corresponding) capital 
amounts is seen to be 140. (Assuming the rate of 
interest to be the same in each case, find out these 
capital amounts)."? 

(3) “Here (in this problem) the (given) capital 
amounts ate 40, 30, 20 and 50; and то, 6, 3 and 15 are 
the (corresponding) amounts of interest; 18 is the 
quantity representing the mixed sum of the respective 
periods of time. (Find out these periods separately, 
assuming the rate of interest to be the same in each 
case)."* 


(4) "The interest on 80 for 3 months is unknown; 
7% is the mixed sum of that (unknown quantity taken 
as the) capital lent out and pf the interest thereon 
for т. year. What is the capital here and what the 
interest?’”* 

(5) "The mixed sums (capital+ interest) are 5o, 58 
and 66; and the months (during which interests have 
accrued) аге 5, 7 and о (respectively). Find out what 


1 GSS, p. 70(37). The formula clearly shows that Mahavira 
knew the algebraic identity 


Pod uds pere 
b а f "UC bpd f+." 


? GSS, p. 70(40). The solution is given by Rule 39 оп the 
same page. 

® GSS, p. 7о(43). The solution is given by Rule 42 on the 
Same page. 

* GSS, p. 71(46). This is similar to Aryabhata’s problem 
given before (p. 217). 
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the interest is (in each case, the capital being the same)?” 


(6) “The mixed sums of the capital and periods of 
interest are 21, 23, and 25; here (in this problem) the 
amounts of interest are 6, 10 and 14. What is the 
common capital?’’? 


(7) “Borrowing at the rate of 6 per cent and then 
lending out at the rate of 9 per cent, one obtains in 
the way of differential gain 81 at the end of 3 months. 
What is the capital (utilised here)?"* 


(8) “The monthly interest on 6o is exactly 5. The 
capital lent out is 35; the (amount of the) instalment 
(to be paid) is 15 in (every) 3 months. What is the 
time of discharge of that debt?"* 


(9) “The mixed sum (of the capital amounts lent 
out) at the rates of 2, 6 and 4 pet cent per mensem is 
4400. Here the capital amounts are such as have equal 
amounts of interest acctuing after 2 months. What 
(are the capital amounts lent, and what is the equal 
intetest)?"* 


(то) “А certain person gives once in 12 days an 
instalment of 23, the rate of interest being 3 per cent 
(per mensem). What is the capital amount of the debt 
discharged in то months?"* 


(11) “The total capital represented by 8520 is in- 
vested (in parts) at the (respective) rates of 3, 5 and 8 
per cent (per month). Then, in this investment, in 5 


1GSS, р. 71 (48). The solution requires the use of the 

identity à 
a а— с 
F = 


LO 
d b — 


A 


? GSS, p. 72(52). 
з GSS, p. 72(55). 
* GSS, p. 7369). 
5 GSS, p. 73(61). 
* GSS, p. 73(65). 


15 
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months the capital amounts lent out are, on being 
diminished by the respective amounts of interest, 
(found to be) equal in value. (What are the respective 
amounts invested thus?)"' 


(12) “The total capital represented by 13740 is 
invested (in parts) at the (respective) rates of 2, 5 and 9 
per cent (per month), then, in this investment, in 4 
months the capital amounts lent out are, on being 
combined with the (respective) amounts of interest, 
(found to be) equal in value. (What are the respective 
amounts thus invested?)"* 


(13) “A certain man borrows a certain (unknown) 
sum of money at an interest of 5 per cent per month. He 
pays the debt in instalments, due every $ of a month. 
The instalments begin with 7 and increase in arithmeti- 
cal progression, with 7 as the common-difference. 60 is 
the maximum amount of instalment. He gives in the 
discharge of his debt the sum of a series in arithmetical 
progression consisting of $29 terms. After the payment 
of each instalment, interest is charged only on that 
part of the principal which remains to be paid. What 
is the total payment corresponding to the sum of the 
series, what 1s the interest (which he paid), what is the 
time of the discharge of the debt, (and what is the 
principal sum borrowed)?"* 

Barter and Exchange. The Hindu name for barter 
is bbánda-prati-bbánda (commodity for commodity"). 
All the Hindu works on pdtiganita contain problems 
relating to the exchange of commodities. It is pointed 
out in these works that problems on barter are cases 
of compound proportion, and can be solved by the 


! GSS, p. 74(67). 

2 GSS, p. 74(67). 

* GSS, pp. 74£, (72-734). The text of the problem is verv 
obscure. The translation given here is after Rangacarya. 
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. Rule of Five, etc. A typical problem on barter is the 
following: 


“If three hundred mangoes be had in this market 
for one dramma, and thirty ripe pomegranates for a pana, 
say quickly, friend, how many (pomegranates) should 
be had in exchange for ten mangoes?’ 


Other Types of Commercial Problems. ОҒ 
various other types of commercial problems found in the 
Hindu works may be mentioned (1) problems on patt- 
nership and proportionate division, and (2) problems 
relating to the calculation of the fineness of gold.? 
Most of these problems are essentially of an algebraic 
character, but they are included in pétiganita (arithmetic). 
The formule giving the solution of each type of 
examples precede the examples. These formule 
are too numerous to be mentioned. The following 
examples, however, will illustrate the nature and the 
scope of such problems: 


(1) Ahorse was purchased by (nine) dealers in 
partnership, whose contributions were one, etc., upto 
nine; and was sold by them for five less than five 
hundred. Tell me what was each man's share of the sale- 
proceed. 


(2) Four colleges, containing an equal number of 
pupils, were invited to partake of a sacrificial feast. 
А fifth, a half, a third and a quarter (of the total number 
of pupils in the college) came from the respective 
colleges to the feast; and added to one, two, three and 
four, they were found to amount to eighty-seven; or, 
with those deducted, they were sixty-seven. Find the 
actual number of the pupils that came from each 
college. 


1L, p. 20. 
‚р. 
2 Such problems are found in the Г, the Ganita-sdra- 
Samgraha, the Trifatikd, etc. 
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(3) Three (unequal) jars of liquid butter, of water . 
and of honey, contained thirty-two, sixty and twenty-four 
pala respectively: the whole was mixed together and the 
jars filled again. Tell me the quantity of butter, of 
water and of honey in each jar.’ 

(4) According to an agreement three merchants 
carried out the operations of buying and selling. The 
capital of the first consisted of six риа, that of the 
second of eight pardna, but that of the third was 
unknown. The profit obtained by these men was 96 
puráma. In fact the profit obtained by him (the third 
person) on his unknown capital happened to be ло 
puréna, What was the amount thrown by him into 
the transaction and what was the profit of each of the 
other two merchants?? 


(5) There were four merchants. Each of them 
obtained from the others half of what he had with him 
(at the time of the respective transfers of money). Then 
they all became possessed of equal amounts of money. 
What was the measure of money cach had to start with?” 


(6) A great man possessing powers of magical 
charm and medicine saw a cock fight going on, and 
spoke separately in confidential language to both the 
owners ofthe cocks. He said to one, “If your bird 
wins, then you give the stake-money to me. If, however, 
your bird loses then I shall give you two-thirds of that 
stake-money." He went to the owner of the other cock 
and promised to give three-fourths (of his stake-money 
on similar conditions). In each case the gain to him 
could be only 12 (gold-pieces). Tell me, O ornament 


1 This and the two previous examples are given by Prthudaka- 
svami to illustrate Rule 16 of the ganitádhydya of the Brébma-sphuta- 
siddbanta, 

2 GSS, p. 94(223-5). 

* GSS, р. 99(2678). 
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on the head of mathematicians, the money each of the 
cock-owners had staked.* 


(7) The mixed price of 9 citrons and 7 fragrant 
wood-apples is 107; again the mixed price of 7 citrons 
and 9 fragrant wood-apples is ror. О arithmetician, 
tell me quickly the price of a citron and of a wood- 
apple, having distinctly separated those prices.? 


(8) Pigeons ate sold at the rate of 5 for 3 (pana), 
sdrasa birds at the rate of 7 for 5 (paga), swans at the 
rate of 9 for 7 (para) and peacocks at the rate of 5 for 9 
(pana). A certain man was told to bring at these rates тоо 
birds for 100 (pana) for the amusement of the king’s son, 
and was sent to do so. What (amount) does he give 
for each (of the various kinds of birds that he buys)?’ 


(9) There are т part (of gold) of 1 varpa, 1 part of 
2 varna, 1 part of 3 varna, 2 parts of 4 varna, 4 parts of 5 
varna, 7 parts of 14 varna, and 8 parts of 15 varna. Throw- 
ing these into the fire, make them all into one (mass), and 
then (say) what the varna of the mixed gold is. This 
mixed gold is distributed among the owners of the fore- 
going parts. What does each of them get?* 


(10) Three pieces of gold, of 3 each in weight, and 
of 2, 3 and 4 varna (respectively), are added to (an 
unknown weight of) gold of 13 varna. The resulting 
varna comes to be xo. Tell me, O friend, the measure 
(of the unknown weight) of gold.* 


! GSS, pp. 99-10o(2703-23). 

? GSS, p. 84(1404-24). 

5 GSS, p. 85(132-3). 

* GSS, p. 88 (170-14). 

5 GSS, p. 89(181). Similar examples occur in the Trisatikd 
(р. 26) and the Lilévati (p. 25). 
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14. MISCELLANEOUS PROBLEMS 


Regula Falsi. The tule of false position is found 
in all the Hindu works. Bháskara II gives prominence 
to the method and calls it ssta-karma (“rule of 
supposition"). He describes the method thus: 


“Any number, assumed at pleasure, is treated as 
specified in the particular question, being multiplied 
and divided, increased or diminished by fractions (of 
itself); then the given quantity, being multiplied by the 
assumed number and divided by that (which has been 
found) yields the number sought. This is called the 
process of supposition.”? 


Sridhara takes the assumed number to be one. 
Mahávira gives a large variety of problems to which 
he applies the rule.‘ Gane$a in his commentary on the 
Lilévati remarks, “In this method, multiplication, divi- 
sion, and fractions only are employed.” The following 
examples will illustrate the nature of the problems 
solved by the rule of supposition: 


(1) Out of a heap of pure lotus flowers, a third, a 
fifth, a sixth were offered respectively to the gods Siva, 
Visnu and Surya and a quarter was presented to Bhavani. 
The remaining six were given to the venerable preceptor. 
Tell quickly the number of lotuses.' 


(2) Thethird part of a necklace of pearls, broken in 


1 The method originated in India and went to Europe through 
Arabia. There is a medieval MS., published by Libri in his 
Histoire, Y, 304 and possibly due to Rabbi ben Ezra in which the 
method is attributed to the Hindus. For further details and 
references, see Smith, History, П, p. 437, foot-note 1. 

* L, p. то. 

3 See the rule on stambhoddefa, Trif, p. 13. 

4 These. problems occur in chapters iii and iv of the Ganita- 
Sdra-sarigraha. 

5 L, p. тг. Cf. GSS, р. 48 (7). 
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an amorous struggle, fell to the ground; its fifth part 
rested on the couch; the sixth part was saved by the 
wench; and the tenth part was taken by her lover: 
six pearls remained strung. Say, of how many pearls 
was the necklace composed?* 

(3) One-twelfth part of a pillar, as multiplied by =; 
part thereof, was to be found under water; s of the 
remainder, as multiplied by тұ thereof, was found 
buried in the mire below; and 20 basża of the pillar were 
found in the air (above the water). O friend, give out 
the length of the pillar.? 


(4) A number of parrots descended on a paddy 
Геја, beautiful with crops bent down through the weight 
of ripe corn. Being scared away by men, all of them 
suddenly flew off. One-half of them went to the 
east, one-sixth went to the south-east; the difference 
between those that went to the east and those that 
went to the south-east, diminished by half of itself 
and again diminished by half of this (resulting 
difference), went to the south. ‘The difference between 
those that went to the south and those that went 
to the south-east diminished by two-fifths of itself 
went to the south-west; the difference between 
those that went to the south and those that went to, 
the south-west, went to the west; the difference between 
those that went to the south-west and those that went 
to the west, together with three-sevenths of itself went 
to the north-west; the difference between those that 
went to the north-west and those that went to the west 
together with seven-eighths of itself, went to the north; 
the sum of those that went to the north-west and those 
that went to the north, diminished by two-thirds of itself 
went to the north-east; and 280 parrots were found to 


1 Tris, p. 14, of. GSS, p. 49 (17-22) for a similar example. 
2 GSS, p. 55(60). Cf. Tris, p. 13. 
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remain in the sky above. How many were the parrots 
in all? 

The Method of Inversion. The method of 
inversion called wlomagati ("working backwards") is 
found to have been commonly used in India from very 
early times. Thus Aryabhata I says: 


“In the method of inversion multipliers become 
divisots and divisors become multipliers, addition be- 
comes subtraction and subtraction becomes addition."? 


Brahmagupta’s description is more complete. He 
says: ` 

“Beginning from the end, make the multiplier 
divisior, the divisor multiplier; (make) addition subtrac- 
tion and subtraction addition; (make) square square- 
root, and square-root square; this gives the required 
quantity."* 

The following examples will illustrate the nature 
of problems solved by the above method: 


(х) What is that quantity which when divided by 
7, (then) multiplied by 3, (then) squared, (then) increased 
by 5, (then) divided by $, (then) halved, and then 


reduced to its square-root happens to be the number 
у?“ 


(2) The residue of degrees of the sun less three, 
being divided by seven, and the square-root of the 
quotient extracted, and the root less eight multiplied by 
nine, and to the product one being added, the amount is 


1 GSS, pp. 48f (12-16). 

2 А, Gagitapáda, 28. 

з Br$557, p. 301. The method occurs also in GSS, p. 102 
(286); MSi, p. 149; L, p. 9; etc. 

* GSS, p. 102 (287). Examples of this type are very common 
in Hindu arithmetic. They were also very common in Europe. 
Smith in his History, II, quotes two such problems from an 
American arithmetic of the 16th century. 
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a hundred. When does this take place on a Wednesday?! 


Problems on Mixture. The Hindu works on 
pálizamita contain a chapter relating to problems оп 
mixture (zzfra&a-vyavabára). Miscellaneous problems on 
interest, problems on allegation, and various other 
types of problems, in which quantities are to be 
separated from their mixture, form the subject matter 
of misraka-vyavahdra. А chapter © *on mixture" (De 
mescolo) is found in early Italian works on arithmetic, 
evidently under Hindu influence.? 


Some of the problems of this chapter are deter- 
minate and some are indeterminate. A few relating to 
interest and allegation have already been given.* The 
following are some others: 


(1) In the interior of a forest, з heaps of pomegra- 
nates wete divided (equally) among 7 travellers, leaving 
1 fruit as remainder; 7 (of such heaps) were divided 
among 9, leaving a remainder of 3 (fruits), again 5 (of 
such heaps) were divided among 8, leaving 2 fruits as 
remainder. O mathematician, what is the numerical 
value of a heap?* 


(2 Оп а certain man bringing mango fruits home, 
his elder son took one fruit first and then half of what 
remained. The younger son did similarly with what 
was left. He further took half of what was left there- 
after; and the other took the other half. Find the 
number of fruits brought by the father?* 


! Colebrooke, cha, p. 335 (18). 

? Smith, Héstory, II, p. 588, note 4. 

3 See commercial problems, pp. 216ff; also problems on pro- 
portionate division (praksepa-karana): Tris, p. 26; GSS, p. 
73(798); MSi, рр. 154-155. 

GSS, p. 82 (1285). Such problems are given under the 
rule of vallikd- kuttikdra by Mahávira. 

5 GSS, p. 82 (1313). 


234 ARITHMETIC 


(3) А certain lay follower of Jainism went to a Jina 
temple with four gate-ways, and having taken (with him) 
fragrant flowers offered them in worship with devotion 
(at each gate). The flowers in his hand were doubled, 
trebled, quadrupled and quintupled (respectively in 
order) as he arrived at the gates (one after another). 
The number of flowers offered by him was sixty’ at 
each gate. How many flowers were originally taken 
by him? 

(4) The first man has 16 azure-blue gems, the 
second has ro emeralds, and the third has 8 diamonds. 
Each among them gives to each of the others 2 gems 
of the kind owned by himself; and then all three men 
come to be possessed of equal wealth. What are the 
prices of those azure-blue gems, emeralds and dia- 
monds?” 

(5) In what time will four fountains, being let 
loose together, fill a cistern, which they would severally 
fill in a day, in half a day, in a quarter and in a fifth 
part of a day? 

Problems involving Solution of Quadratic 
Equations. The solution of the quadratic equation 
has been known in India from the time of Aryabhata I 
(499). Problems on interest requiring the solution of 
the quadratic equation have already been mentioned. 
Mahavira and Bháskara II give many other problems. 
Mahavira divides these problems into two classes: 
(2) those that involve square-roots (zla) and (2) those 


1 GSS, p. 79 (1124-1134). The printed text has pasa (“five”). 
According to it the answer is 43/12 which appears absurd, There 
are some other problems in the printed edition which give such 
absurd results. All those are, we presume, due to the defects of 
the mss. consulted by the editor. So here we have made the 
emendation ‘sixty.’ 

* GSS, p. 87 (165-166). 

3 BrSpSi, р. 177 (com); L, p. 25. 
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that involve the square (varga) of the unknown. The 
first type gives a single positive answer, while the second 
type has two answets corresponding to the two roots 
of the quadratic. Bháskara II deals with the first type 
of problems only in his pétiganita, the Lildvati. The 
second type of problems, involving the square of the 
unknown has been treated by him in his B£agamza 
(algebra). The following examples will illustrate the 
nature and scope of such problems: 


Problems involving the square-root: 


(1) One-fourth of a herd of camels was seen in the 
forest; twice the square-root of that had gone to 
mountain slopes; and three times five camels were found 
xo remain on the bank of a river. What was the numeri- 
cal measure of that herd of camels?’ 


(2) Five and one-fourth times the square-root (of à 
herd) of elephants are sporting on a mountain slope; 
five-ninths of the remainder sport on the top of the 
mountain; five times the square-root of the remainder 
sport in a forest of lotuses; and there are six elephants 
then (left) on the bank of a river. How many are the 
elephants?’ 

(3) In a garden beautified by groves of various 
kinds of trees, in a place free fromall living animals, many 


1 GSS, p. 51 (34). The problem belongs to the type of the 
mila-JÁfi, and leads to an equation of the form х—(Ёх-Ес\/ а) —o. 
The method of solution is given in GSS, p. 50 (33). 

2 GSS, p. 52 (46). The problem is of the sSesa-mdla variety. 
It gives the equation 
ху (xx) —5 vx Mx — У) = 6. 
Mahavira reduces it by putting y = x— Xx —$& (x— Ax). 
to &— 5 V/z —6. In the general case a similar equation is again 


obtained; ксы is again reduced, апа so on till the equation 
is reduced to the form, x—by/x = d, from which x can be easily 


obtained. 
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ascetics were seated. Of them the number equivalent 
to the square-root of the whole collection were practis- 
ing yoga at the foot of a tree. One-tenth of the 
remainder, the square-root (of what remained after 
this), 4 (of what remained after this), then the square- 
root (of what remained after this), + (of what remained 
after this), the square-root (of what remained after this), 
1. (of what remained after this), the square-root 
(of what remained after this), 4 (of what remained 
after this), the square-root (of what remained after this), 
4 (of what remained after this), the square-root (of what 
remained after this)—these parts consisted of those who 
were learned in the teaching of literature, in religious law, 
in logic, and in politics, as also of those who were 
versed in controversy, prosody, astronomy, magic, 
rhetoric and grammar, as well as of those who pos- 
sessed an intelligent knowledge of the twelve varieties 
of the asiga-Sdstra; and at last 12 ascetics were seen (to 
remain without being included among those mentioned 
before). O excellent ascetic, of what numerical value 
was this collection of ascetics?* 


(4) A single bee (out of a swarm of bees) was seen. 
in the sky; 4 of the remainder (of the swarm), and 4 
of the remainder (left thereafter) and again 4 of the 
remainder (left thereafter) and a number of bees equal 
to the square-root of the numerical value of the swarm, 
were seen in lotuses; and two bees were on a mango 
tree. How many were there?? 


(5) Four times the square-root of half the number 
of a collection of boars went to a forest wherein tigers 


1G$5, p. 52 (42-45). The problem is of the same variety 
as the above one. The substitution will have to be made 6 times 
to reduce the resulting equation. 

2 GSS, p. 53 (48). This problem is of the dviragra-Sesa-mila 
vatiety. 
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wete at play; 8 times the square-root of of the remain- 
der went to a mountain; and 9 times the square-root 
of 4 of the (next) remainder went to the bank of 
a river; and boars equivalent in (numerical) measure to 
56 were seen to remain in the forest. Give the numerical 
measure of all those boars.’ 

(6) The sum of two (quantities, which are respec- 
tively equivalent to the) square-root (of the numerical 
value) of a collection of swans and (the square-root of the 
same collection) as combined with 68, amounts to 34> 
How many swans there are in that collection?? 


(7) Partha (Arjuna), irritated in fight, shot a quiver 
of arrows to slay Karna. With half his arrows, he 
parried those of his antagonist, with four times the 
square-root of the quiver-full, he killed .his horses; 
with three he demolished the umbrella, standard and 
bow; and with one he cut off the head of his foe. 
How many were the arrows, which Arjuna let fly? 


(8) The square-root of half the number of a swarm 
of bees is gone to a shrub of jasmin; and so are eight- 
ninths of the whole swarm; a female is buzzing to one 
remaining male that is humming within a lotus, in 
which he is confined, having been allured to it by its 


1 GSS, p. 54 (56). This problem is of the a//a-zála variety, 
wherein fractional parts of square-roots are involved. The prob- 
lems give equations of the form 


хаух — ауа ур b,x) 
—43\/b,|(x—a, V b,x) aan anf b(x—a, V b,x) &...=—А. 


By repeated substitutions Mahávira reduces the equation to the 
form x — A\/Bx — с == o. 

2 GSS, p. 56 (68). This problem is of the m#a-misra variety, 
wherein the sum of square-roots is involved. It gives an equa- 
tion of the form yx Tx xd = M. 

3 L, p. 16. 
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fragrance at night. Say, lovely woman, what is the 
number of bees.* 


Problems involving the square of the unknown: 


(9) One-twelfth part of a pillar, as multiplied by 5% 

part thereof, was found under water; yy of the remainder, 
as multiplied by 48, thereof, was found buried in the 
mire, and 20 fasta of the pillar were found in the air. 
O friend, give the measure of the length of the 
pillar.” 
“ (10) А number of elephants (equivalent to) yy of 
the herd minus 2, as multiplied by the same (yy of the 
herd minus 2), is found playing in a forest of sallaki 
trees. The remaining elephants of the herd equal in 
number to the square of 6 are moving on a mountain. 
How many are the elephants?* 


N 


1. THE MATHEMATICS OF ZERO 


It has been shown that the zero was invented in 
India about the beginning of the Christian era to help 
the writing of numbers in the decimal scale. The 
Hindu mind did not rest satisfied till it evolved the 
complete arithmetic of zero. The Hindus included 
zero among the numbers (saikhyd), and it was used 


1L, p. 16. 
2 GSS, p. 55 (бо). The problem gives the equation 
х? 1.3 2 

(e — 


y~ e 


12.30 20.16 12.30 


y20. 


I 
12.30 


Also solved by regula falsi. Mahavira puts (x — x?*)— v, and 
then solves the quadratic 
3 
* ~~ 320 
The roots of this are then used to get the values of x. 
° GSS, p. 55 (63). 


g= 20. 
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in their arithmetic at the time when the original of 
the Bakhshali Manuscript was written, about the third 
century A.D. The operation of addition and subtrac- 
tion of zero are incidentally mentioned in the Pafca- 
siddhdntiké of  Varáhamihira (505). The complete 
decimal arithmetic is found in the commentary of 
Bháskara I (v. 525) on the Aryabhatiya. The results of 
operations by zero are found stated in the work of 
Brahmagupta (628) and in all later mathematical treatises. 
The treatment of zero in the arithmetic of the Hindus 
is different from that found in their algebra. In order, 
therefore, to bring out this difference clearly, we give 
separately the results found in pétiganita (arithmetic) 
and in biaganita (algebra). 

Zero in Arithmetic. The Hindus in their arith- 
metic define zero as the result of the operation 

а—а= о 

This definition is found in Brahmagupta’s work' and 
is repeated in all later works. It is directly used in the 
operation of subtraction. In carrying out arithmetical 
operations, the results of the operations of addition, 
subtraction and multiplication of zero and by zero 
are required. The Hindus did not recognise the opera- 
tion of division by zeto as valid in arithmetic; but 
the division of zero by a number was recognised as 
valid.. Narayana in his pétiganita (arithmetic) has clearly 
stated this distinction: | 

“Here in pétiganita, division by zero is not recog- 
nised, and therefore, it is not mentioned here. As it 
is of use in bfaganita (algebra), so I have mentioned 
division by zero in my Biaganita.”? 


1 BrSpSi, p. 309. Cf. B. Datta, BCMS, XVIII, pp. 165-176 for 
some other details regarding operations with zero. 
* GK, remark subjoined to i зо. 
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cipher. A number divided by zero is Aha-hara (that 
number with zeto as denominator) The product of 
(a number and) zero is zero, but it must be retained as 
a multiple of zero (&ba-guna), if any further operations 
impend. Zero having become a multiplier (of a number), 
should zero afterwards become a divisor, the number 
must be understood to be unchanged. So likewise 
any number, to which zero is added, or from which it 
is subtracted (is unaltered).”* 


In the Biaganita, the same results are given with 
the addition that if a quantity is subtracted from zero, 
its sign is reversed, while in the case of addition the sign 
remains the same. 


Zero as an Infinitesimal. It will be observed 
that Brahmagupta directs that the results of the opera- 


2 


tions x + о and o — x should be written as = and 2 
respectively. It is not possible to tell exactly what he 
actually meant by these forms. It seems that he did 
not specify the actual value of these forms, because the 
value of the variable x is not known. Moreover, the 
zero seems to have been considered by him as an 
infinitesimal quantity which ultimately reduces to 
nought. If this surmise be correct, Brahmagupta is 
quite justified in stating the results as he has done. 
The idea of zero as an infinitesimal is more in evi- 
dence in the works of Bháskara II. Не says: ““The 
product of (a number and) zero is zero, but the number 
must be retained as a multiple of zero (R4a-guna), if any 
further operations impend.” He further remarks that 
this operation is of great use in astronomical calculations. 
It will be shown in the section on Calculus, that 
Bháskara II has actually used quantities which ultimately 
tend to zero, and has successfully evaluated the differen- 
tial coefficients of certain functions. He has, moreover, 


1], p. 8. 
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used the infinitesimal increment f'(x)0x of the function 
f(x), due to 4 change òx in x. 


The commentator Krsna proves the result ox 2 = o 
= ах о as follows: 


*"The more the multiplicand is diminished, the 
smaller is the product; and, if it be reduced. in the ut- 
most degree, the product is so likewise: now the utmost 
diminution of a quantity is the same with the reduction 
of it to nothing; therefore, if the multiplicand be nought, 
the product is cipher. In like manner, as the multiplier 
decreases, so does the product; and, if the multiplier be 
nought, the product is so too.” | 


In the above zero is conceived of as the limit of a 
diminishing quantity. 

Infinity. The quotient of division by zero of a 
finite quantity has been called by Bhaskara П as &ba- 
bara, which is synonymous with &ha-cheda (the quantity 
with zero as denominator) of Brahmagupta. Regard- 
ing the value of the &ha-hara, Bhaskara II remarks: 


“In this quantity consisting of that which has 
cipher for its divisor, there is no alteration, though many 
may be inserted or extracted; as no change takes place 
in the infinite and immutable God, at the period of the 
destruction or creation of worlds, though numerous 
crders of beings are absorbed or put forth.” 


From the above it is evident that Bháskara П 


` knew that 7 = ә and c + ё = ә. 


1 ВВ?, pp. 5-6. С. Thibaut (Aszronomie, Astrology und Ma- 
thematik,, Strasbourg, 1899, p. 72) thought that this passage was 
an interpolation. There appears no justification for considering 
this as an interpolation, as the passage occurs in the oldest 
known commentary and in all copies of the work so far found. 
Cf. Datta, Le, p. 174. 
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Ganega remarks that = is “an indefinite and unli- 


mited or infinite quantity: since it cannot be determined 
how great it is. It is unaltered by the addition or 
subtraction of finite quantities: since in the preliminary 
operation of reducing both fractional expressions to a 
common denominator, preparatory to taking their sum 
ot difference, both numerator and denominator of the 
finite quantity vanish.” 
Krsna remarks: 


* As much as the divisor is diminished, so much is 
the quotient increased. If the divisor is reduced to the 
utmost, the quotient is to the utmost increased. But, 
if it can be specified, that the amount of the quotient 
is so much, it has not been raised to the utmost: for a 
quantity greater than that can be assigned. The quo- 
tient, therefore, is indefinitely great, and is rightly 
termed infinite.” 


Regarding the proof of 2. + ё = £ Krsna makes 


the same remarks as Сапеба He, however, goes a 
step further when he says that 


а | 


о о 


This is illustrated by him through the instance of the 
shadow of a gnomon, which at sun-rise and sun-set 
is infinite; and is equally so whatever height be given 
to the gnomon, and whatever number be taken 
for the radius. “... Thus, if the radius be 120; and 
the gnomon be 1, 2, 3 or 4; the expression deduced 
from the proportion, as sine of sun's altitude is to 
sine of zenith distance, so is gnomon to shadow, 
becomes 13-0, 220, 360 or +80, Or, if the gnomon be, 
as it is usually framed, 12 fingers, and radius be taken 
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as 3438, 120, тоо Ог go, the expression will be #1255, 
Lato, 1299 or 1989. which are all alike infinite." 


,  Indeterminate Forms. Brahmagupta has made the 
Incorrect statement that 


olo 


=o 
Bháskara II has sought to correct this mistake of 
Brahmagupta. According to him 


s. a 
Lim = = a. 
g o 


His language, however, in stating this result is defective, 
for he calls the infinitesimal & zero, not being in 
possession of a suitable technical term. That, in the 
above case, he actually mearit by zero a small quantity 
tending to the limiting value zero, is abundantly clear 
from the use he makes of the result in his Astronomy. 
Taylor? and Bapu Deva Sástri* are also of this opinion. 


Bháskara has given three illustrative examples. 
They are: 


xxo 
| (ххо+ 22) 
( Evaluate ry ee 63. 
From this he derives the result x — 14, which is 
correct if we consider o—& , a small quantity tending 
to zero. His other examples are: 


is x x 
6G) {G+x-9)?+G+x—9)} o = 90 
giving x = 9; and 
? All the above passages are taken from the respective com- 
mentaries. They have been noted by Colebrooke, дс. 


? Liléwati, Bombay, 1816, p. 29. 
? His Bija-gagita (in Hindi), Pt. I, Benares, 1875, р. 179 ef sq. 
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Git) (x+ 2) хо) 200-2) о)}-о = 15, 


giving x—2.* 
Bháskara II's result 
E xo=a 
o 


is, however, not quite correct, as the form is truly 
indeterminate and may not always have the value a. 
His attempt, however, at such an early date to assign 


a meaning to the form 2, and his partial solution of the 


problem are very creditable, seeing that in Europe 
mathematicians made similar mistakes upto the middle 
of the nineteenth century A. D.? 


1 The answers of this and the previous example are incorrect 
because o? has been taken to be equal to o. 

? Martin Ohm (1828) says: “If a is not zero, but b is zero, 
then the quotient a/b has no meaning” for the quotient “multi- 
plied by zero gives only zero and not a, as long as a is not zero.” 
Lehrbuch der niedern Analysis, Vol. I, Berlin, 1828, pp. 110, 112. 
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Calcutta, Vol. I (1932), containing chapters i-xii of the text, 
with the commentary of Makkibhatta (1577) on chapters 
i-iv and that of the editor on the rest. 

Siddbénta-Siromani by Bháskara ЇЇ (1150). Edited with the 
author's own gloss (Vraendbbásys) by Bapu Deva Sastri, 
Benares); by Muralidhara Jha with the commentaries, 
Vásanévártika of Nrsimha (1621) and Marici of Muni$vara 
(1635), Vol. I (containing chap. i of the Ganitddhydya) 
(Benares, 1917); by Girija Prasad Dvivedi, with original 
commentaries In Sanskrit and Hindi, Vols. I and II 
(Lucknow, 1911, 1926). English translation of the text 
only by Bapu Deva Sastri and Wilkinson (Calcutta, 1861). 


Siddbanta-tativa-viveka by Kamalakara (1658). Edited with the 
Sesa-vásaná of the author, by Sudhakara Dvivedi, Benares, 
1885. 

Sisya-dbi-vrddbida by Lalla (598). Edited by Sudhakara Dvivedi, 
Benares, 1886. Commentary y Mallikárjuna Suri (1179). 
MS. 


Sárya-siddbánia. Edited by F. E. Hall and Bapu Deva Sastri 
with the commentary of Raüganátha (Calcutta, 1859); by 
Sudhakara Dvivedi with an original commentary in Sans- 
krit (Calcutta, 1909-11). "Translation into English, with 
critical notes by E. Burgess and W. D. Whitney; into 
Bengali with critical notes by Vijfianananda Svámi. 

Tantra-samgraba by Nilakantha (1500). Commentary dy an un- 
known writer. MS. 

Trifatiká by Sridhara (750). Edited by Sudhakara Dvivedi, 
Benares, 1899. The principal rules in this text leaving the 
illustrative examples and their solutions, have been trans- 
lated into English by N. Ramanujachariar and G. R. Kaye 
and published with notes and comments (“Trisatika of 
Sridharácárya," Bib. Matb., XIII (3), 1912-13, pp. 203#.). 
Dvivedi’s text is apparently incomplete. The manuscript 
in our collection, though not perfect, contains a few more 
rules and examples. 
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A 

Ababa, 12 

Abbuda, 12 

Abenragel, 99 

Abhyása, 130, 134 

Abja, 13 

Abü Sahl Ibn Tamim, 98 

Addition, 130; direct process, 
131; inverse process, 131; 
terminology, 130; the opera- 
tion, 130 

Aghana, 175, 177, 178, 179, 180 

Ahaha, 12 ` 

Akkhobhini, 12 

Aksarapalli, 33, 34, 72, 74 

Aksiti, 10 

Al.Amüni Saraf-Eddin, 99 

Al-Battani, 83 

Al-Birüni, 39, 55, 98, 99, 100, 
128, 210 

Alexander de Villa Die, 95, 103 

Al-Fazári, 89 

Al-Hassár, 143 

Al-hindi, 145 

Alibin Abil-Regal Abul-Hasan, 


99 
Alkalasádi, 99, 143 
Al-Kharki, 50 . 
Al-Khowárizmi, 90, 145, 155, 


154 

Al-Masüdi, 97, 100 5 

Al Nadim, 98 . 

Al Nasavi, 90, 143, 153, 154, 174 

Alphabetic Notations, — 65; 
aksarapalli, 72; explanation, 
67; katapayádi system, 69; 


other letter systems, 75; 
system of Aryabhata I, 64 

Al-Qass, 9o 

Al-Sijzi, 9o 

Ага, 185, 186, 188 

Ananta, то 

Ankapalli, 55 

Anta, 9 

Antya, 10, 13, 163 

Anuyogadvára-sütra, 11, 12, 83, 
169 

Apavartana, 189 

Arbuda, 9, 15 

Archimedes, 11 

Arithmetic, 125; exposition and 
teaching, 126; fundamental 
operations, 128; general sur- 
vey, 123; sources, 125; tet- 
minology and scope, 123 

Arjuna, 10 

Arkhand, 97 

Arthagastra of Kautilya, 6, 7, 
2x, 187, 218 

Aryabhata I, 12, 69, 71, 87, 
125, 128, 134, 155, 137, 150, 
155, 156, 162, 163, 173, 197, 

, 198, 204, 211, 219, 232, 234 

Aryabhata II, 71, 72, 130, 132, 
136, 152, 172, 177, 184, 204, 
205, 212, 240 

Aryabhatiya, 65, 67, 69, 71, 
80, 82, 86, 125, 126, 130, 
134, 150, 170, 171, 175, 197, 
204, 211, 217, 219, 239 

Asankhyeya, 12 

Avaghosa, 2 
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Atata, 12 

Athanasius Gamenale, 96 
Atharvaveda, 18, 57 
Avarga, 65, 66, 67, 69 
Avesta, IOI 

Avicenna, 184 

Ayuta, 9, 10, 12, 13 


B 
Bahula, 10 
Bakhshali Manuscript, 47, 61, 
65, 77, 81, 86, 134, 137, 
151, 186, 192, 204, 239 
Bapudeva Sastri, 245 
Barnet, L.D., 6, 72 
Barter and exchange, 226 
Barth, 65 
Bayley, 29, 30, 124 
Behá Eddin, xoo, 149, 184 
Bhága, 185, 186, 188, 19o 
Bhága-bhága, 191: 
Bhágahára, 124, 150, 198 
Bhágajáti, 196 
Bhágamátt, 192 ` 
Bhâgânubandha, 190, 192, 193, 


M j 

Bhágápaváha, 191, 195 

Bhagavati-sütra, 4, 7 

Bhájaka, 150 

Bhájana, 150 

Bhájya, 150, 177, 178 

Bhánda-pratibhánda, 124, 226 

Bhandarkar, 17, 19 

Bhása, 2 

Bháskara I, 66, 67, 80, 82, 86, 
87, 125, 130, 134, 170, 197, 
204, 21I, 239 

Bháskara II, 10, 13, 125, 128, 
129, I3I, 132, 136, 137, 146, 
149, 152, 157, 159, 161, 162, 
I64, 167, 172, 184, 188, 195, 
20$, 208, 209, 212, 230, 234, 
235, 241, 242, 243, 245, 246 
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Bhattotpala, 5; 
Bhinna, 188 
Bihari, 81 
Bijadatta, 184 
Bijaganita, 8, 235, 239, 241, 242, 
245 
Bindu, 12, 81 
Bodhisattva, 10 
Boethius, geometry, 93; 
question, 92 
Bower manuscript, 74 
Brahmagupta, 8, 87, 89, 124, 
125, 128, 134, 135, 137, 147, 
149, 150, 156, 159, 160, 163, 
169, 170, 176, 188, 189, 196, 
198, 199, 205, 211, 212, 217, 
220, 222, 232, 239, 241, 242, 
243, 245 
Brahmana, Aitereya, 58; Райса- 
vithía, 10; Šatapatha, 57, 
186; Taittiriya, 57 
Bráhma-sphuta-siddhánta, 8, 59, 
89, 156, 228, 241 
Brahmi numerals, 25; early 
occurrence and forms, 25; 
period of invention, 37; 
relation with letter forms, 
33; résumé, 37; theories 
about their origin, 28 
Brhat-ksetra-samása, 79 
Brhat-samhitá, 55, 59 
Brnda, 165 
Brockkhaus, 65 
Buddha, 2, 36, 187 
Bühler, 16, 17, 19, 21, 23, 24, 30, 
33,35, 37s 45, 47 49, 60, 74 
Burnell, 30, 75 


C 


Caire, 97 
Cajori, 88 
Capella, 92 
Caraka, 2 
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Carra de Vaux, 97, 100, IOI, 102 

Cataneo, 175 

Catur, 13 

Chandah-sitra, 58, 75, 76, 77, 86 

Chatterjee, C.D., 53 

Chaya, 124 

Checks on operations, 180 

Chedana, 150 

Chid, 212 

Chuquet, 175 

Citi, 124 k 

Clark, W.E., 64, 65, 66, 67, 170, 
171, 175, 197 

Coedis, G., 43 . 

Colebrooke, 134, 135, 145, 147, 
156, 164, 177, 211, 233, 245 

Commercial Problems, 218; 
batter and exchange, 226; 
interest in ancient India, 218; 
interest in Hindu ganita, 
218; other problems, 220; 
other types of, 227; pro- 
blem involving a quadratic 
equation, 21 

Cowell, E.B., and Neil, R.A., 7 

Cube, 162; minor methods of, 
166; terminology, 162; the 
operation, 163° 

Cube-root, 175; terminology, 
175; the operation, 175 

Cullaniddesa, 4 

Cunningham, 28, 29 


D 


Dantidurga, 4o 

Darius, 23 

Darius Hystaspes, тот 
Daga, 9, 12, 13 
Da£agitiká, 64, 65, 66, 71 
Dasagunah samjfid, 15 
Da$agunottara sarhjfa, ro 
Da$a-koti, 13 

Daáa-laksa, 13 
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Daáa-sahasra, 15 
Datta, B., 7, 61, 65, 81, 84, 85, 
I23, 155, 170, 184, 185, 218, 


245 

Deccke, W., 16 

Decimal place-value system, 38; 
epigraphic instances, 40; 
forms, 39; important features, 
38; inventor unknown, 49; 
place of invention. of the 
new system, 48; their sup- 
posed unreliability, 44; time 
of invention, 49 

Delambre, 184 

Devendravatmana, 40 

Dharma-sütra, 17 

Dhili, 8; karma, 8, 

Digges, 210 

Digha-Nikáya, 7 

Division, 150; terminology, 150; 
the method of long, 151; 
the operation, 150 

Divyávadána, 7 

Djahiz, 97 

Dramma, 227 


123, 129 


Dvivedi, S., 59, 129, 1 156, 
168, 178, 183, 241 
E 


Ekáda$a-ráéika, 124 
Ekánna-catvárimíáat, 14 
Ekánna-viméati, 14 
Ekikarana, 130 
Ekona, 14 
El-jowharee, тоо 
Elliot, тоо 

End, ror, see hend 
Enestróm, G., 149 
Euting, J., 2 


Fihrist, 98 
Firdausi, 100 
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Firouzibadi, тоо, 101 

Fleet, 52, 60, 65, 67, 124 

Flügel, G., 98 

Fractions, 185; addition and sub- 
traction, 196; cube and cube- 
toot, 199; division, 197; early 
use, 185; lowest common 
multiple, 195; multiplication, 
196; reduction in combina- 
tions, 190; reduction to 
common denominator, 189; 
reduction to lowest terms, 
189; square and square-root, 
199; terminology, 188; the 
eight operations, 195; unit 
fractions, 199; writing of, 188 

Frisius, Gemma, 175 


G 


Ganaka, 127 

GaneSa, 136, 145, 146, 211, 
230, 244 

Gaügádbara, 131, 133, 147 

Ganguli, 65. 

Ganita, 4, 5, 6, 7, 8, 85, 128, 130; 
avyakta, 123; vyakta, 123 

Ganita-kaumudi, 125 

Ganita-mafijari, 136, 144, 145 

Ganitánuyoga, 4 

Ganita-sára-sarngraha, 80, 125, 
219, 223, 227, 230, 240 

Ganita-tilaka, 125 

Gerbert, 93, 94 

Ghana, 8, 124, 142, 177, 
178, 179; pada, 175 

Ginsburg, J., 95 

Gomütriká, 135, 147, 148 

Gotama-sütra, 218 

Gunaka; 135 

Gunakára, 135, 198 

Gunana, 124, 134; ista, 136, 149; 
phala, 135;  tastha, 146; 
tiryaka, 145; 
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Gunya, 135 

H 
Halifax, John of, 95 
Hall, F., 81 
Halle, 104 


Halsted, G.B., 38, 39 
Hanana, 134, 139 
Handasa, 102 
Handasi, 101, 102 ` 
Hara, 150 

Harana, 150 
Hárya, 150 

Heath, 50 
Hemcandra, 12 
Hend, ror 
Hetuhila, 11 
Hetvindriya, 11 
Hind, 100, ror 
Hindasa, 101, 102 
Hindasi, 101 


-Hindi, 100, 101, 102 


Hindisah, 98, 101 

Hindu Numerals in Arabia, 88; 
Arabic reference, 96; definite 
evidence, 93; European re- 
ferences, 102; in Europe, 92; 
miscellaneous references, 95; 
Syrian reference, 95; the 
terms hindasa, etc., 101 

Hisáb-al-ghobár, 98, 124 

Hunter, G.R., 19, 29 


I 


Ibn Albanna, 99 

Ibn Hawkal, тоо 

Ibn Seedeh, 100 

Ibn Tárik, 89 

Ibn Wahshiya, 96 . 

Icchá, 198, 204-208; paksa, 211, 
213 

Idáni, 186 

Ilm-hisáb-altakhta, 123 


INDEX 


Indraji, Bhagvanlal, 6, 26, 35-37 

Infinity, 243 

Inscription, Ahar Stone, 42, 52; 
at Po Nagar, 44; Belhari, 40; 
Buchkala—of Nagbhata, 
41; Deogarh  Jaina—of 
Bhojadeva, 42; Dholpur, 60; 
from Dhauli, 33; from Girnár, 
33; from  Kanbheri, 41, 42; 
Ghatiyala—of Kakkuka, 41; 
Gurjata—45; | Gwalior—of 
Allah, 42; Gwalior—of the 
reign of Bhojadeva, 42, 82; 
Háthigumphá, 6; Hindu, бо; 


Junár, 47; Kanheri, 4o; 
Kharosthi, 21; Ksatrapa, 
34; Nánághát, 25, 26; of 


A$oka, 16, 20, 21, 23, 28, 34; 
of Bauka, 41; of the Kugánas, 
22, 34; of Rudradaman, 47; 
of the Parthians, 21; of the 
Sakas, 21; of Samanta 
Devadatta, 41; of Sambor, 44; 
of Srivijaya, 44; of Yasovar- 
mana, 45;  Pehava, 42; 
Sanskrit and old Canarese, 43; 
Siyadoni stone, 43; stone, 45; 
word numerals in, 59 
Isidorus of Seville, 102 
Ista, 135 
Istakarma, 
Istakri, 100 
Itarhi, 186 


230 


Jacobi, H., 7 

Jadhr, 170 

Jaivardhana Ii, 45, 82 
Jaladhi, 13 

Jarez de le Frontera, 94 
Ја, 188 

Jinabhadra Gani, 61, 79 
John, 96 
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Jones, Sir W., 16 
Jyotisa, 8 


K 


Káccáyana's Pali Grammar, 11 
Kaiyyata, 63 

Kákini, 206 

Kala, 185, 188 
Kalasavarnana, 8 
Kalhana, 50 

Kalidasa, 2 
Kalpasütra, 6, 7 
Kanda, 18 

Kankara, то 

Kapadia, H.R., 80, 151 


Kapátasandhi, 134, 135, 136, 
137, 143, 144, 145 
Karahu, 11 


Karana, јо 

Karana-kutühala, 184 

Karani, 170 

Karpinski, 97; see Smith 

Karsa, 206 

Katapayádi system, 69; first 
variant, 7o; second variant, 
71; third variant, 72; fourth 
variant, 72 - 

Kathána, 12 

Kátyáyana, 58, 63 

Kautilya, 2; Arthaśâstra of, see 
Arthasastra 

Káyastha, 5o 

Kaye, G. R., 44, 45, 46, 47, 
48, 59, бо, 65, 85, 101, 102, 
156, 168, 170, 171, 175, 190 

Keith, see Macdonell 

Kerala system, 72 

Kern, 6; 

Kha-cheda, 243; -hara, 242, 243, 
244; -guna, 242 


Khalif al-Mansür, 89 


Khalif Walid, edict of, 89 


| Khanda,135 
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Khanda-khadyaka, 89 

Kháravela, 6 

Kharosthi numerals, 21; early 
occurrence, 21; forms and 
origin, 22; lipi, 21 

Kharva, 13; maha, 13 

Kháta, 124 

Kopp, 16 

Koti, 10, 11, 12, 13 

Koti-koti, r1, 12 

Kotippakoti, 12 

Krákacika, 124 

Krama, 131 

Krsna, 243, 244 

Krti, 155, 169 

Ksetraganita, 7, 8 

Ksipra, 186 

Ksiti, 15; mahá, 13 

Ksobha, 13; maha, 13 

Ksobhya, 10 

Ksoni, 13; maha, 13 

Kumuda, 12 

Kustha, 185 

Kuttaka, 8 


L 
Labdha, 150 
Laghu-Bháskaríya, 59 
Lahiri, 65 
Lakkha, 11 


Laksa, 11, 13 

Lalitavistara, 10, 37, 187 

Lalla, 61, 87, 125 

Langdon, 25, 29 

La Roche, 175 

Latydyana, 58 

Lekhapaficasika, о 

Lekhaprakaga, 50 

Leonardo Fibonacci of Pisa, 94 
103 

Lespius, 16 

Lilávati, 125, 
134, 


> 


131, 
136, 137, 


132, 
144, 


133, 
143, 
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146, 147, 211, 213, 227, 
229, 230, 235, 241, 245; 
Gane$a's commentary, 144, 


145, 146 
Lowest Common Multiple, 195 


M 


Macdonell and Keith, 9 

Madhya, 9, 13 

Mahá-Bháskariya, 59, 80 

Mahábja, 13 

Mabákathána, 12 

Mahásaroja, 13 

Mahavira, 5, 13, 55, 56, 57, 
77,80, 136, 137, 145, 151, 
156, 157, 161, 162, 164, 166, 


167, 168, 172, 188, 191, 192, 
195, 196, 198, 199, 205, 
208, 212, 220, 222, 224, 
230, 233, 235, 237, 238, 
240, 241 


Mahmáüd bin Qajid al-Amáüni 
Saraí-Eddin, 99 

Maitráyani Samhita, 9, 18, 185 

Majjhima Nikáya, 4 

Malayagiri, 79 

Mana, 204, 205 a 

Manorafijana, 132, 137 

Marre, A., 100, 184 

Marshall, 19 

Martin, Ohm, 246 

Masa, 218 

Mathematics, appreciation of, 3; 
decay of, 127; Hindus and, 3; 
in Hindu education, 6; of 
zero, 238; scope and develop- 
ment of Hindu, 7 

Maximus Planudes, 104, 144, 184 

Mazumdar, R.C.,59 

Measures, see weights 

Megasthenes, 21, 37 

Mihir Yast, тої 

Milindapatiho, 7 
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Mille; 9 

Miscellaneous problems, 230; 
problems involving solution 
of quadratic equations, 234; 
problems involving {һе 
square of the unkown, 238; 
problems involving the 

square-root, 235; problems 

on mixture, 233; regula falsi, 
230; the method of inver- 
sion, 232 

Miśraka, 124; vyavahára, 219, 233 

Miśraņa, 130 

Mitra, Rajendra Lal, 1o, 97, 187 

Mohammad, 88 

Mohammad Ben Musa, 102 

Mohenjo-daro, 19; and Harappa, 
19, 23, 29; and the Indus 
Valley civilization, 17; dis- 
coveties at, 1; finds of, 20 

Montucla, JF, 99 . 

Mudra, 7 

Mudrábala, 11 

Muhirta, 186 

Mukerjee, Sir Asutosh, 17 

Mala, 169, 170, 220, 234; айба, 
237; dviragra  $esa, 236; 
ghana, 124, 175; jati, 235; 
misra, 237; Sega, 235; varga, 
124, 169 

Multiplication, 134; 
raic methods, 149; Brahma- 
gupta’s method, 136; by 
separation of places, 146; 
cross-multiplication method, 
145; direct process,138; door- 
junction method, 136; gelosia 
method, 144; inverse method, 
139; methods of, 135: parts— 
method, 148; terminology, 
134; transmission to the 
west, 143; zigzag method, 
147 
17 


algeb- 
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Munigvara, 213 
Myriad, 9 

N 
Nágabala, 10 
Nágari script, 39 
Nagarjuna, 2 
Nahuta, 12 
Naisadha-carita, 85 
Nallino, 85 


Narada, 4 

Narayana, 13, 137, 152, i61, 
162, 167, 168, 185, 184, 
205, 240 mn 

Nau, F., 95 


Nava, 13;—-daga, 15;— visati, 15 
Nava- rasika, 124 ' 
Neil, R.A., see Cowell 
Nikharva, 10, 13 

Nilakantha, 67, 170 

Ninnahuta, 12 

Nirabbuda, 12 

Niravadya, 11 

Niruddha, 195 

Niska, 213, 214, 215, 216 


Niyuta, 9, 10, 12 
Notation, abjad, 89; decimal 
place-value, 3; difference 


from other, 27; epigraphic 
instances of decimal place- 
value, 4o; Greek alphabetic, 
50; ‘places of, 12; scale of, 9 

Numeral, ghobár, 89, 90, 91, 95, 
94; Hieratic and Demotic, 28; 
Hindu, 38; Kharosthi and 
Semitic, 28 


Numeral notation, 1; Brahmi, 
25; earliest, 19; im spoken 
language, .15;  Kharosthi, 


21; terminology, 9 

Numerical, ASokan—figures, 57; 
development of symbolism, 
16 
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Nyarbuda, 9,10, 13 
о 


Ojha, 17, 24 
Oldenburg, 4 
Operations, checks on, 180 


P 


Pacioli, 146 

Pada, 155, 169, 170, 177 

Padma, 13; maha, 13 

Paduma, 12 

Pana, 206, 216, 218, 227, 229 

Pafica, 13 

Pafica-rásika, 124 

Pafica-siddhantika, 
239 

Panini, 2, 18, 33, 63, 218 

Pankti, 173 

Pannavaná-sütra, 57 

Papyrus Blacas, 24 

Parameéávara, 67, 155, 197 

Parárdha, 9, 13 

Parasparakrtam, 134 

Pargiter, 58 

Parikarma, 8 

Patala, 18 

Pátana, 132 

Patafijali, 2, 63, 85 

Pati, 8, 124, 126, 129, 138, 
139, 140, 141, 148, 152, 
157, 158, 159, 173, 174, 177, 
178, 180 

Pátiganita, 8, 82, 123, 126, 128, 
151, 184, 187, 195, 222, 226, 
227, 233, 235, 239, 240 

Dátisára, 125, 213 

Parta, 123 

Pattopádhyáya, 5o 

Peurbach, 175 

Phala, 198, 204, 205, 206, 208, 
212, 216, 220, 223, 228 


Phalaka, 123 


59, 78, 79 


INDEX 


Phoenician forms (of numerals), 
24 

Phoenician script, 17 

Pingala, 75, 76, 77 

Place-value, date of invention 
of the notation, 86; in Hindu 
literature, 83; in Jain cano- 
nical works, 83; in literary 
works, 85; in works on 
philosophy, 85; invention of 
system, 51; new notation, 
53; principle, 39; the decimal 
notation, 40; the decimal 
system, 45 

Plate, Cambay—of Govinda, 43; 
Chargaon—'of Huviska, 47; 
Ciacole, 4o; Daulatabad—of 
Saükargana, 41; Dhiniki 
Copper, 40; Grant of Avani- 
varmana, 42; Grant of 
Balavarmana, 42; Gurjara 
Grant, 40, 45, 48; Kadab, 
бо; Pándukesvara—of Lalita- 
suradeva, 41; Ragholi, 4o, 
82; Sangli—of Rastrakuta 
Govindarája, 45; Torkhedi, 41 

Prabhága, 190 

Prakespa karana, 233 

Prákrta, 170 

Praksepana, 130 

Pramana, 198, 204, 205, 223; 
rasi, 198; paksa, 211, 213 

Pratiloma, 151 

Pratyutpanna, 135, 139, 140 

Prayuta, 9, 12, 13 

Princep, James, 33 

Prthudakasvámi, 77, 
148, 156, 165, 228 

Puliga, 61, 79 

Pundarika, 12 

Purana, 2, 84, 86, 206, 228; 
Agni, 58, 59, 62, 84, 86; 
Vayu, 84; Visnu, 84 


124, 129, 


INDEX 


Parva, 164 
R 
Rabbi ben Ezra, 96, 103, 217, 
230 
Radix, 170 
Rájatarangini, 5o 
Rajju, 8 


Ramanujacaria, 156, 168 

Ramayana, 2 

Rangacarya, 151, 226 

Ráéi, 8, 124; rupáméaka, 199 

Ray, H.C., 17 

Ray, Sir P.C., 85 

Regula falsi, 230, 238 

Reindud, 97, 98 

Rgveda, 9, 15, 17, 18, 
57, 185 

Rhys Davids, 7 

Riese, 149 

Rodet, 65, 66, 170, 175 

Rosen, 102 

Rule of Three, 203 ; apprecia- 
tion of, 208; as a particular 
case, 216; compound ptopor- 
tion, 210; illustration, 213 ; 
inverse, 207; Proportion in 
the west, 210; terminology, 
203; the method, 204, 211 

Ripa, 6 

Rüpa-vibhága, 136 


S 


Sachau, E.C., 98, 99 
Sadguruéisya, 71 
Sadratnamala, то 
Sahasra, 9, 12, 13 
Sakala, 199 

Salila, то 

Samacaturagra, 155 
Samápta-lambha, 11 
Samaváyánga-sütra, 6, 37 
Samkalana, 130 
Sarnkalita, 124, 130, 196 


20, 
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Samkhyá, 238 

Samkhyána, 4, 6, 7 

Sammelana, 130 

Samudra, 9, 10 

Samyojana, 130 

Sanatkumára, 4 

Saükarácárya, 85 

Sankha, 13 

Sáükhyáyana $rauta sütra, то 

Sankramana, 221, 222 

Sanku, 13 
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PREFACE 


The present work forms Part П of our History of 
Hindu Mathematics and is devoted to the history of 
Algebra in India. It is intended to be a source book, 
and the subject is treated topicwise. Under each topic’ 
ate collected together and set forth in chronological 
otder translations of relevant Sanskrit texts as found in 
the Hindu mathematical works. This plan necessitates 
a certain amount of repetition. But it shows to the 
1eader at a glance the improvements made from century 
to century 


To gather materials for the book we have examined : 
all the published mathematical treatises of the Hindus 
as well as most of the important manuscripts available in 
Indian libraries, a list of the most important of which 
has already been included in Part I. We have great 
pleasure in once more expressing our thanks to the autho- 
tities of the libraries at Madras, Bangalote, Trivandrum, 
Tripunithura, Baroda, Jammu, and Benares, and those 
of the India Office (London) and the Asiatic Society 
of Bengal for supplying transcripts of manuscripts ог 
sending them to us for consultation. We ate indebted 
also to Dr. R. P. Paranjpye, Vice-Chancellor of the 
Lucknow University, for help in securing for our use 
several manuscripts or their transcripts from the State 
libraries in India and the India Office. 

In translating Sanskrit texts we have tried to be as 
literal and faithful as possible without sacrificing the 
spirit of the original, in order to preserve which we have 
at a few places used literal translations of Sanskrit tech- 


nical terms instead of modern terminology. For in- 
stance, we have used the term ‘pulveriser’ for the equa- 
tion ax+dy=1, and the term ‘Square-nature’ for the 
equation INx?--c— y. 

The use of symbols—letters of the alphabet to de- 
note unknowns—and equations are the foundations 
of the science of algebra. The Hindus were the first 
to make systematic use of the letters of the alphabet to 
denote unknowns. They were also the first to classify 
‘and make a detailed study of equations. "Thus they may 
be said to have given birth to the modern science of 
algebra. 

A portion of the subject matter of this book has been 
available to scholars through papers by various authors 
and through Colebrooke's Algebra’ with Arithmetic and 
Mensuration from the Sanscrit of Brahmegupta and Bhas- 
cara, but about half of it is being presented here for the 
first time. For want of space it has not been possible 
to give a detailed comparison of the Hindu achievements 
in Algebra with those of other nations. For this the 
reader is referred to the general works on the history of 
mathematics by Cantor, Smith, and Tropfke, to Dixon’s 
History of the Theory of Numbers and to Neugebauer's 
Mathematische Keilschrift-Texte. A study of this book 
along with the above standard works will reveal to the 
reader the remarkable progress in algebra made by the 
Hindus at an early date. It will also show that we are 
indebted to the Hindus for the technique and the 
fundamental results of algebra just as we owe to them the 
place-value notation and the elements of our arithmetic. 

We have pleasure in expressing our thanks to Mr. 
T. N. Singh and Mr. Ahmad Ali for help in correcting 
proofs and to Mr. R. D. Misra for preparing the index 
to this volume. 

LuckNow BIBHUTIBHUSAN DATTA 
March, 1938 AVADHESH NARAYAN SINGH 
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CHAPTER III 
ALGEBRA 
1. GENERAL FEATURES 
Name for Algebra. The Hindu name for the 


science of algebra is biaganita. Bija means “element” ` 


or "analysis" and ganita “the science of calculation." 
Thus bfjaganita literally means “the science of calcula- 
tion with elements" or “the science of analytical 
calculation." Тһе epithet dates at least as far back 
as the time of Prthidakasvami (860) who used it. 
Brahmagupta (628) calls algebra Auttaka-ganila, or 
simply &4/fakz.! The term kuttaka, meaning “‘pulve- 
riser’, refers to a branch of the science of algebra 
dealing particularly with the subject of indeterminate 
equations of the first degree. It is interesting to find 
that this subject was considered so important by the 
Hindus that the whole science of algebra was named 
after it in the beginning of the seventh century. Algebra 
is also called avyakta-ganita от “the science of calculation 
with unknowns” (avyakta=unknown) in contradistinc- 
tion to the name vyakta-ganita ot “the science of calcu- 
lation with knowns” (vyakta=known) for arithmetic 
including geometry and mensuration. 

Algebra Defined. Bhaskara II (1150) has defined 
algebra thus: 

"Analysis (Ба) is certainly the innate intellect 
assisted by the various symbols (палла), which, for the 


See Bibhutibhusan Datta, “The scope and development 
of the Hindu Сапина,” ІНО, V, 1929, pp. 479-512; particularly 
pp. 489f. 
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instruction of duller intellects, has been expounded 
by the ancient sages who enlighten mathematicians as 
the sun irradiates the lotus; that has now taken the name 
algebra (bijqganita).’*? 

That algebraic analysis’ requires keen intelligence 
and sagacity has been observed by him on more than 
one occasion. 

“Neither does analysis consist in symbols, nor are 
there different kinds of analyses; sagacity alone is ana- 
lysis, for wide is imagination."? 

“Analysis is certainly clear intelligence.” * 

“Or intelligence alone is analysis."4 


In answer to the question, “if (unknown quantities) 
are to be discovered by intelligence alone what then 
is the need of analysis ?"' he says: 

“Because intelligence is certainly the teal analysis; 
symbols are its helps. The innate intelligence which has 
been expressed for the duller intellects by the ancient 
sages, who enlighten mathematicians as the sun irradi- 
ates the lotus, with the help of various symbols, has 
now obtained the name of algebra.’ 


Thus, according to Bháskara II, algebra may be de- 
fined as the science which treats of numbers expressed by 
means of symbols, and in which there is scope and pri- 
mary need for intelligent artifices and ingenious devices. 


Distinction from Arithmetic. What distinguishes 
algebra from arithmetic, according to the Hindus, will be 
found to some extent in their special names. Both deal 
with symbols, But in arithmetic the values of the sym- 
bols are vya&ta, that is, known and definitely determinate, 


! BBi, p. 99. ? BBi, p. 49; SiSi, Gola, xiii. 5. 
3 L, p. 15; 5252, Gola, xiii. з. * BBi, p. 49. 
5 BBi, p. тоо. 
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while in algebra they are avyakta, that is, unknown, 
indefinite. The relation between these two branches 
of ganita is considered by Bháskara II to be this: 


“The science of calculation with unknowns is the 
source of the science of calculation with knowns.’ 


He has put it more explicitly and clearly thus: 


“Algebra is similar to arithmetic in respect of rules 
(of fundamental operations) but appears as if it were 
indeterminate, It is not indeterminate to the intelligent; 
it is certainly not sixfold,? but manifold.’ 


The true distinction between arithmetic and. algebra, 
besides that of symbols employed, lies, in the opinion 
of Bháskara П, in the demonstration of the rules. 
He remarks: 


“Mathematicians have declared algebra to be com- 
раса attended with demonstration: else there would 
e по distinction between arithmetic and algebra.’’4 


The truth of this dictum is evident in the treatment 
of the gana-karma іп the Lilévati and the madhyamdéharana 
in the Bfjagami/s. Both are practically treatments of 
problems involving the quadratic equation. But 
whereas in the former are found simply the applica- 
tions of the well-known formule for the solution of 
such equations, in the latter is described also the rationale 
of those formula, Similarly we sometimes find included 
in treatises on arithmetic problems whose solutions 
require formule demonstrated in books on algebra. 
The method of demonstration ‘has been stated to be 

“always of two kinds: one geometrical (Ase¢ragata) and 


1 BBs, 

? The eternal is to the six fundamental operations recognised 
in algebra as well as to the six subjects of treatment which are 
essential to analysis. 

3 L, p. 15. * BBi, p. 127. 


4 ALGEBRA 


the other symbolical (résigata).”"! We do not ‘know who 
was the first in India to use geometrical methods for 
demonstrating algebraical rules. Bháskara II (1150) 
ascribes it to “ancient teachers."? 

Importance of Algebra. The early Hindus regard- 
ed algebra as a science of great importance and utility. 
In the opening verses of his treatise? on algebra Brahma- 
gupta (628) observes: 

"Since questions can scarcely be known (je. 
solved) without algebra, therefore, I shall speak of 
algebra with examples. 

“By knowing the pulveriser, zero, negative and 
positive quantities, unknowns, elimination of the middle 
term, equations with one unknown, factum and the 
Square-nature, one becomes the learned professor 
(dcérya) amongst the learned,” 


Similarly Bhaskara II writes: 


“What the learned calculators (sé#khyaéh) describe as 
the originator of intelligence, being directed by a wise 
being (sa¢purusa) and which alone is the primal cause (/5jz) 
of all knowns (vyakéa), І venerate that Invisible God as 
well as that Science of Calculation with Unknowns... 
Since questions can scarcely be solved without the reason- 
ing of algebra—not at all by those of dull perceptions— 
I shall speak, therefore, of the operations of analysis.’’ 


1 BBi, p. 125. 2 BBi, p. 127. 

3 Forming chapter xviii of his Brábma-sphuta-siddhánta. 

а BrSpSi, xviii. 1-2. 

5 In the first part of this passage every principal term has been 
used with a double significance. The term sdakhyah (literally, 
"expert calculators") signifies the "'Sámkhya philosophers” in 
one sense, “mathematicians” in the other; va/purusa “the self- 
existent being of the Samkhya philosophy” or “a wise mathema- 
tician”; vyakża “manifested universe” or “the science of calculation 
with knowns.” 
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Narayana (1350) remarks : 

“Т adore that Brahma, also that science of calcula- 
tion with the unknown, which is the one invisible root- 
cause of the visible and multiple-qualitied universe, 
also of multitudes of rules of the science of calculation 


with the known.” 

“Аз out of Him is derived this entire universe, 
visible and endless, so out of algebra follows the whole 
of arithmetic with its endless varieties (of rules). There- 
fore, I always make obeisance to Siva and also to 
(avyakta-) ganita (algebra)."? 

He adds : 


“People ask questions whose solutions are not 
to be found by arithmetic; but their solutions can 
generally be found by algebta. Since less intelligent. 
men do not succeed in solving questions by the rules of 
arithmetic, I shall speak of the lucid and easily intelli- 
gible rules of algebra. ”3 


Scope of Algebra. The science of algebra is broad- 
ly divided by the Hindus into two principal parts. Of 
these: the most important one deals with analysis (biz). 
The other part treats of the subjects which are essential 
for analysis. They are: the laws of signs, the arith- ^ 
metic of zero (and infinity), operations with unknowns, ` 
surds, the pulveriser (or the indeterminate equation of 
the first degree), and the Square-nature (or the so-called 
Pellian equation). To these some writers add con- 
currence and dissimilar operations, while others include 
them in arithmetic. At the end of the first section 
of his treatise on algebra Bháskara II is found to have 


1 NB; 1, К.І. 2 NB, П, R. т. 

3 NB; I, К. 5-6. 

4 All writers, except Brahmagupta and Sripati, are of the latter 
‚ Opinion. 
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observed as follows : 

“(The section of) this science of calculation which is 
essential for analysis has been briefly set forth. Next 
I shall propound analysis, which is the source of pleasure 
to the mathematician."'! 

Analysis is stated by all to be of four kinds, for 
equations are classified into four varieties (vide infra). 
Thus each class of equations has its own method of 
analysis. 

' Origin of Hindu Algebra. The origin of Hindu 
algebra can be definitely traced back to the period of 
the жа (800-500 B.C.) and the Bréhmana (г. 2000 
B.C). But it was then mostly geometrical? The 
geometrica] method of the transformation of a square 
into a rectangle having a given side, which is described 
in the important S/ba is obviously equivalent to the 
solution of a linear equation in one unknown, vig., 

| ах = (2. 

The quadratic equation has its counterpart in the cons- 
truction of a figure (an altar) similar to a given one but 
differing in area from it by a specified amount. The usual 
method of solving that problem was to increase the 
unit of measure of the linear dimensions of the figure. 
One of the most important altars of the obligatory Vedic 
sacrifices was called the Марде (the Great Altar). 
It has been described to be of the form of an isosceles 
trapezium whose face is 24 units long, base 30 and 
altitude 36. If x be the enlarged unit of measure taken 
in increasing the size of the altar by 7 units of area, we 
must have 


sox x GC 50%) Lig GAT 39) i m, 


1 ВВ;, р. 43. 
2 Bibhutibhusan Datta, The Science of the Sulba, Calcutta, 1932. 
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or 972x? = 972 + 9. 


Therefore =\/ ELAN 
x t+ 972 


If э be put equal to 972 (7—1), so that the area of 
the enlarged altar is и times its original area, we get 


х =V, 
some particular cases of which are described in the 
Sulba! The particular cases, when и = 14 or 14$, are 
found as early as the Sztapatha Brábmaga! (с. 2000 B.C.). 


The most ancient and primitive form of the ‘‘Fire- 
altar for the sacrifices to achieve special objects" was 
the Syenacit (or “the altar of the form of the falcon”). 


Fig. 1. 
Its body (ABCD) consists of four squares of one square 
purusa each; each of its wings (EFGH, E'F'G'H^) is a 
rectangle of one purusa by one purusa and a prádefa 
(=1/10 of а purusa). This Fire-altar was enlarged in 


1 $Br, X. 2 з. 7f. 
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two ways: first, in which all the constituent parts were 
affected in the same proportion ; second, in which the 
breadth of the portions LFGM and L'F'G'M' of the 
wings were left unaffected. If x be the enlarged unit 
for enlargement in the first case we shall have to solve 
the quadratic equation 


2x X 2х + 24 xx (х+7) |+ хх (х+ 2-)= 7 +m, 
where m denotes the increment of the Fire-altar in.size. 


Therefore x? = 1 + =. 


In particular, when 27 = 94, we shall have 
x? = 13,8 = 14 (approximately), 
which occurs in the Satapatha Brábmana. 


In the second case of enlargement the equation for 
x will be 


2х X 2x + 26e X(x + 4)}-+ x X Qe 4-45) = 734+ 7, 
or 7x7 + $х = 7h + Mm, 
which is a complete quadratic equation. 


The problem of altar construction gave rise also 
to certain indeterminate equations of the second degree 
such as, 


в) ха + уб = р, 
(2) х? а? = %2; 
and simultaneous indeterminate equations of the type 
ax + by + ix + dw = p, 
x tyt ety = 4. 


Further particulars about these equations will be 
given later on. 
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2. TECHNICAL TERMS 


Coefficient. In Hindu algebra there is no syste- 
matic use of any special term for the coefficient. 
Ordinarily, the power of the unknown is mentioned 
when the reference is to the coefficient of that power. 
In explanation of similar use by Brahmagupta his 
commentator Prthüdakasvámi writes “the number 
(atika) which is the coefficient of the square of the 
unknown is called the ‘square’ and the number which 
forms the coefficient of the (simple) unknown is called 
‘the unknown quantity.'"! However, occasional use 
of a technical term is also met with. Brahmagupta once 
valls the coefficient sankhyé* (number) апа on several 
other occasions gunaka, Ot gunakéra (multiplier). 
Prthüdakasvámi (860) calls it ай ` (number) or 
prakrti (multiplier). These terms reappear in the works 
of Sripati (1039)5 and Bháskara I1 (1150).6 The former 
also used rZpa tor the same purpose,’ 


Unknown Quantity. The unknown quantity 
was called in the Sthdndyga-sitra® (before зоо B.C.) 
ydvat-tdvat (as many as ог so much as, meaning 
an arbitrary quantity). In the so-called  Bakhsháli 
treatise, it was called yadrechd, 020000 ог kdmika (any 
desired quantity). This term was originally connected 
with the Rule of False Position.!? Aryabhata I (499) 


1 BrSpSi, xviii. 44 (Сот). 2 BrSpSi, xviii. 63. 

3 BrSpSi, xvii. 64, 69-71. 4 BrSpSi, xviii. 44 (Com). 

5 SiSe, xiv. 33-5. 6 ВВ, рр. 33-4. 

7 SiSe, xiv. 19. 

8 Stra 747; «f. Bibhutibhusan Datta, “The Jaina School 
of Mathematics," BCMS, XXI, 1929, pp. 115-145; particularly 

‚122-3. : ў І 

m ? BMs, Folios 22, verso; 23, recto & verso. 

19 Bibhutibhusan Datta, ‘“The Bakshsháli Mathematics," BCMS, 
XXI, pp. 1-60; particularly pp. 26-8, 66. 


'IO ALGEBRA 


calls the unknown quantity 22/62 (shot). This term 
strongly leads one to suspect that the shot was probably 
then used to represent the unknown. From the begin- 
ning of the seventh century the Hindu algebraists ate 
found to have more commonly employed the term 
avyakta (unknown)! 


Power. The oldest Hindu terms for the power of a 
quantity, known or unknown, are found in the Uz/arZ- 
dhyayana-shtra (с. зоо B.C. or earlier). In it the second 
power is called varga (square), the third power ghana 
(cube), the fourth power varga-varga (square-squate), 
the sixth power ghana-varga (cube-square), and the 
twelfth power ghana-varga-varga (cube-square-squate), 
using the multiplicative instead of the additive principle. 
In this work we do not find any method for indicat- 
ing odd powers higher than the third. In later times, 
the fifth power is called varga-ghana-ghdta (product of 
cube and square, ghéta=product), the seventh power 
vires иту Dv yn. (product of square-squate and 
cube) and so on. Brahmagupta’s system of expressing 
powers higher than the fourth is scientifically better. 
He calls the fifth power pafica-gata (literally, raised to 
the fifth), the sixth power sad-gata (raised to the sixth) ; 
similarly the term for any power is coined by adding 
the suffix даўа to thé name of the number indicating that 
power. Bháskara II has sometimes followed it consis- 
tently for the powers one and upwards. .In the 
"Anuyogadvára-sfitra?, a work written before the com- 
mencement of the Christian Era, we find certain interest- 
ing terms for higher powers, integral as well as fractional, 
particularly successive squares (varga) and squate-roots 
(varga-mfila). According to it the term prathama-varga 


1 BrSpSi, xviii. 2, 41; Se, xiv. 1-2; BBs, pp. 7f. 
2 Chapter xxx, 10, 11. 3 Br$557, xviii. 41, 42. 
4 BB, p. 56. 5 Sitra 142. 
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(first square) of a quantity, say а, means a?; dvizfyavarga 
(second square) = (43)? = at; trtiya-varga (third square) 
= ((42)2)2 = a8; and so оп. In general, 
ath varga of а = g2*9*2* — to n tems — 72”, 

Similarly, prathama-varga-mila (first square-root) means 
Va; dvitiya-varga-miéla (second square-root) = V (V a) 
== 4144, and, in general, 

nth varga-mfla of а = QV", 
Again we find the term ¢rttya-varga-mila-ghana (cube 
of the third square-root) for (1/753 — 23/8, 


The term varga for “square” has an interesting 
origin in a purely concrete concept. The Sanskrit word 
varga literally means "rows," or "troops" (of similar 
things). Its application as a mathematical term 
originated in the graphical representation of a square, 
which was divided into as many varga or troops of small 
squares, as the side contained units of some measure.! 


Equation. The equation is called by Brahma- 
gupta (628) sama-karana* or sami-karana® (makin 
equal) or mote simply sama* (equation). Prthüda- 
kasvami (860) employs also the term 52/725 (equality 
or equation); and Sripati (1039) sadrs#-karana® (making 
similar). Narayana (1350) uses the terms sami-karana, 
527туа апі samatva (equality).? An equation has always 
two раќа (side). This term occurs in the works of 


1 б. "Thibaut, Sw/ba-sétras, р. 48. Compare also Bibhutibhusan 
Datta, “On the origin of the Hindu terms for root," Amer. Math, 
Mon., XXXVIII, 1931, pp. 371-6. 

2 BrSpSi, xviii. 63. 

3 BrSpSi, xviii, subheading for the section on equations. 

4 BrSpSi, xviii. 43. 

5 BrSpSi, xii. 66 (Com). 

6 $250, xiv. І. 

7 NBi, П, R. 2-3. 
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Sridhara (rv. 750), Padmanábha! and others.? 

Absolute Term. In the Bakhshali treatise? the 
absolute term is called Хуа (visible). In later Hindu 
algebras it has been replaced by a closely allied term 
rába* (appearance), though it continued to be employed 
in treatises on arithmetic. Thus the true significance 
. of the Hindu name for the absolute term in an algebraic 
equation is obvious. It represents the visible or known 
portion of the equation while its other part is prac- 
tically invisible or unknown. 


3. SYMBOLS 


. Symbols of Operation. There are no special 
symbols for the fundamental operations in the Bakh- 
sháli. work. Any particular operation intended is 
ordinarily indicated by placing the tachygraphic abbre- 
viation, the initial syllable of a Sanskrit word of that 
import, after, occasionally before, the quantity affected. 
Thus the operation of addition is indicated by ya (an 
abbreviation from yuta, meaning added), subtraction 
by + which is very probably from уа (abbreviated from 
ksaya, diminished), multiplication by ga (from guna 
or guri/a, multiplied) and division by 222 (from bhdga ot 
bhéjita, divided). Of these again, the most systemati- 
cally employed abbreviation is that for the operation of 
subtraction and next comes that of division. In the 
case of the other two operations the indicatory words 


1 The algebras of Sridhara and Padmanábha are not available 
now. But the term occurs in quotations from them by Bhás- 
kara П (ВВ, pp. бт, 67). 

2 Br $557, xviii. 43.(Com); SiSe, xiv. 14, 20; BBi, pp. 43-4. 

3 BMs, Folio 23,-verso; Folio 70, recto and verso (c). 

4 BrSpSi, xviii. 43-4; SiSe. xiv, 14, 19; etc. 

5 Trif, pp. її, 12. 
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ate often written in full, or altogether omitted. In 
the latter case, the particular operations intended to 
be carried out are understood from the context. 
We take the following instances from the Bakhshali 
Manuscript : 


ELE X 13 and ™ ш noa 
(1) , , 2^ means Qo qan ү J^, means — uos 


(ii)? 


3333333 2 means 3X3X3X3X5X3 
IIIIIIIJ ITI X353X!IO. 


2 5 7 |4,,? 
LIMES 


di 0 | 13 
1 
means | 
ха [so 8) — 2h + fsa 8) — EI 
+ fax + a) — |. 


(iv)? [x тт 10042136 36 
Iti 1 means es кк 
nep рар 
(v)® | до bhá || 160] 13 160 F 
I I I | means — X 133. 
2 40 


In later Hindu mathematics the symbol for subtrac- 
tion is a dot, occasionally a small circle, which is placed 
above the quantity, so that 7 or 7 means —7; other 
operations are represented by simple juxtaposition. 


1 Folio 59,. recto. 2 Folio 47, recto. 

* Folio 25, verso. The beginning and end of this illustration 
are mutilated but the restoration is certain. 

* Folio 13, verso. 5 Folio 42, recto. 
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‘Bhaskara П (1150) says, “Those (known and unknown 
numbers) which are negative should be written with a 
dot (bindu) over them.”? А similar remark occurs in the 
algebra of Náráyana (1550)? Their silence about 
symbols of other fundamental operations proves their 
non-existence. 

Origin of Minus Sign. The origin of ' or ° as 
the minus sign seems to be connected with the Hindu 
symbol for the zero, o. It is found tc have been used 
as the sign of emptiness or omission in the early Bakh- 
shali treatise as well as in the later treatises on arithmetic 
(vide infra)? It is placed over the number affected in 
order to distinguish it from its use in a purely numerical 
significance when it is placed beside the number. The 
origin of the Bakhsháli minus sign (-+ ) has been the 
subject of much conjecture. "Thibaut suggested its 
possible connection with the supposed Diophantine 
negative sign d (reversed w, tachygraphic abbreviation 
for Aes meaning wanting). Kaye believes it. The 
Greek sign for minus, however, is not à, but ^. It is 
even doubtful if Diophantus did actually use it; or 
whether it is as old as the Bakhsháli cross.4 Hoernle® 
presumed the Bakhsháli minus.sign to be the abbrevia- 
tion a of the Sanskrit word kanita, ot nu (or nf) of nytina, 
both of which mean diminished and both of which 
abbreviations in the Brahmi characters would be denoted 
by a cross. Hoernle was right, thinks Datta,® so far as 
he sought for the origin of + in a tachygraphic abbre- 
viation of some Sanskrit word. But as neither the 
word anita nor пуйпа is found to have been used in the 
Bakhsháli work in connection with the subtractive 


1 ВВ, p. 2. 2 NBi, I, R. 7. 

3p. 16. 4 Cf. Smith, History, II, p. 396. 
5 TA, XVII, p. 34. 

6 Datta, Ba&b. Math., (BCMS, ХХІ), pp. 17-8. 
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operation, Datta finally rejects the theory of Hoernle 
and believes it to be the abbreviation &sz, from saya 
(decrease) which occurs several times, indeed, more 
than any other word indicative of subtraction. The 
sign for sa, whether in the Brahmi characters or in 
Bakhsháli characters, differs from the simple cross (+ ) 
only in having a little flourish at the lower end of the 
vertical line. The flourish seems to have been dropped 
subsequently for convenient simplification. 

Symbols for Powers and Roots. The symbols 
for powers and roots are abbreviations of Sanskrit 
words of those imports and are placed after the number 
affected. Thus the square is represented by va (from 
varga), cube by gha (from ghana), the fourth power by 
va-va (from varga-varga), the fifth power by va-gha-ghd 
(from varga-ghana-ghdta), the sixth power by gha-va (from 
‘ghana-varga), the seventh power by va-va-gha-ghé (from 
varga-varga-ghana-ghéta) and so on. The product of two 
or more unknown quantities is indicated by writing P5 
(from bhdvita, product) after the unknowns with or with- 
out interposed dots ; e.g., yéva-kdgha-bha or yavakaghabhéd 
means (34)? (kA. In the Bakhsháli treatise the square- 
root ofa quantity is indicated by writing after it 24, 
which is an abbreviation for w#/a (root). For instance, 


II ya 5 mh 4 
1 I 1| means үт + 5 = 4 


апа II 7+ má 2 
I I I| means Vir — 7 = 2. 
In other treatises the symbol of the square-root 


is ka (from &arapí, root or surd) which is usually placed 
before the quantity affected. For example,? ka 9 ka 450 


1 Folio 59, recto; compare also folio 67, verso. 
? BBi, p. 15. 
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ka 75 ka 54 means V9+ V450 +V75 +У 34. 

Symbols for Unknowns. In the Bakhshali 
tréatise there is no specific symbol for the unknown, 
Consequently its place in an equation is left vacant 
and to indicate it vividly the sign of emptiness is put 
there. For instance,! 


d H 
|: 2/3 |4 кы means x-4 2x-+3x-44x= 200. 


The use of the zero sign to mark a vacant place 
is found in the arithmetical treatises of later times when 
the Hindus had a well-developed system of symbols 
for the unknowns. Thus we find in the Trifatikd® of 
Sridhara (v. 750) the following statement of an arithme- 
tical progression whose first term (20/2) is 20, number 
of terms (gacchah) 7, sum (ganitam) 245 and whose com- 
mon difference (u//arap) is unknown: 

| 40р 20 | 4 o | gacchab 7 | ganitam 245 | 

This use of the zero sign in arithmetic was consi- 
dered necessary as algebraic symbols could not be 
used there. Lack of an efficient symbolism is bound 
to give rise to a certain amount of ambiguity in the re- 
presentation of an algebraic equation especially when 
it contains more than one known. For instance, in? 


o 5 4 mh o xx JE E wá o 
1 1 I I I І 


which means 
Мх + з = sand Vx— 7 =, 


different unknowns have to be assumed at different 
vacant places. 


1 BMs, Folio 22, verso. ? Tris, p. 29. 
3 BMs, Folio 59, recto. 
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To avoid such ambiguity, in one instance which 
contains as many as five unknowns, the abbreviations of 
ordinal numbers, such as pra (from prathama, first), 
dvi (ftom dvitfya, second), tr (from 70а, third), ca 
(from caturtha, fourth) and pam (from paficama, fifth), 
have been used to represent the unknowns; ¢.g.,! 


9 prah 7 dvi | 10fr| 8 са 11 pani yutam játam 
| pratyaika- 
kramena 


7 dw | iotr | 8¢a\11 рат | 9 pra |16[17|18|19]20 


which means 

(К = 9) + x = 7) = 16; xa = 7) + xy == 10) = 17; 
ху( = 10) + x = 8) = 18; x4( = 8) + x;( = 11) = 19; 
Xe = 11) + хү( == 9) = 20. 


Arvabhata I (499) very probably used coloured shots 
to represent unknowns. Brahmagupta (628) mentions 
varna as the symbols of unknowns.? As he has not at- 
tempted in any way to explain this method of symbolism, 
it appears that the method was already very familiar. 
Now, the Sanskrit word varga means "colour" as 
well as “letters of the alphabet,” so that, in later times, 
the unknowns are generally represented by letters of 
the alphabet or by means of various colours such as 
kélaka (black), nilaka (blue), etc. Again in the latter 
case, for simplification, only initial letters of the names 
ате generally written. Thus Bháskara II (1150) observes, 
“Неге (in algebra) the initial letters of (the names of) 
knowns and unknowns should be written for implying 
them."3 It has been stated before that at one time 
the unknown quantity was called ydvat-tdrat (as many 


1 Folio 24, verso. 2 BrSpSi, xviii. 2, 42, 51, etc. 
з BBi, p. 2; seé also NB/, I, К. 7. 
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as, so much as) In later times this name, or its 
abbreviation уй, is used for the unknown. According 
to the celebrated Sanskrit lexicographer Amarasimha 
(с. доо A.D.), yévat-távat denotes measure or quantity 
(mána). He had probably in view the use of that term 
in Hindu algebra to denote “Һе measure of an unknown" 
(avyakta mana). Inthe case of more unknowns, it is 
usual to denote the first by yévat-tdvat and the remaining 
ones by alphabets or colours. Prthüdakasvámi (860) 
Says: 

"In an example in which there are two or more 
unknown quantities, colours such as ydvat-tdvat, etc., 
should be assumed for their values,” 

- He has, indeed, used the colours &é/aka (black), таа 
(blue), pitaka (yellow) and haritaka (green). 
| Sripati (1039) writes; 

“Y dvat-tévat (so much as) and colours such as Ad/aka 
(black), nilaka (blue), etc., should be assumed for the 
unknowns."? 

Bháskara II (1150) says: - 

*Yávat-tdvat (so much as), Rélaka (black), sata 
(blue), pita (yellow), /ohita (red) and other colours 
have been taken by the venerable professors as 
notations for the measures of the unknowns, for the 
purpose of calculating with them.’ | 

“In those examples where occur two, three or 
more unknown quantities, colours such as ydvat-tdvat, 
etc., should be assumed for them. As assumed by 
the previous teachers, they are: ydvat-tdvat (so much 
as) kélaka (black) nilaka (blue), pitaka (yellow), 
lobitaka (red), haritaka (green), svetaka (white), citraka 


1 BrSpSi, xviii. 51 (Com). 2 SiSe, xiv. 2. 
* BBj, p. 7. 
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(variegated), kapilaka (tawny), pifigala&a (reddish-brown), 
dhimraka (smoke-coloured), pdtalaka (pink), savalaka 
(spotted), syémalaka (blackish), mecaka (dark blue), 
etc. Or the letters of alphabets beginning with 4a, 
should be taken as the measures of the unknowns in 
order to prevent confusion.”? 


The same list with a few additional names of colours 
appears in the algebra of Náráyana.? This writer has 
further added,  . 

“Or the letters of alphabets (varpa) suth as 
ka, etc., ot the series of flavours such as madhura 
(sweet), etc., or the names of dissimilar things with un- 
like initial letters, are assumed (to represent the 
unknowns).” 

Bháskara II occasionally employs also the tachygra- 
phic abbreviation of the names of the unknown 
quantities themselves in order to represent them in an 
equation. For example in the following 


5 må I ni IH iva 
т aa 7 ni IH va 
I ma I nî 97 "H туа 
т 4 I nt ти 20а 


ma stands for mdpikya (ruby), nf for (éndra-)nila (sapphire), 
mu for muktápbala (pearl) and va for (sad)vajra (diamond). 
He has observed in this connection thus: 


"(The maxim), ‘colours such as ydvat-tdvat, etc., 
should be assumed for the unknowns,’ gives (only) one 
method of implying (them). Here, denoting them 


1 BBi, pp. 76f. 

? NBi, 1, К. 17-8. These verses have been quoted by Mura- 
lidhara Jha in his edition of the Bijagami/a of Bháskara II (p. 7, 
footnote 5). 

з BBs, р. 50; compare also p. 28. 
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by names, the equations may be formed by the intelli- 
gent (calculator).” 

It should be noted that yévat-tdvat is not a varpa 
(colour or letter of alphabet). So in its inclusion in 
the lists of varpa, as found enumerated in the Hindu 
algebras—though apparently anomalous—we find the 
persistence of an ancient symbol which was in vogue 
long before the introduction of colours to represent 
unknowns. To avoid the anomaly Muralidhara Jha 
has suggested the emendation yévakastdvat (ydvaka 
and also; ydévaka = red) in the place of ydvat-tdvat, 
as found in the available manuscripts. He thinks 
that being misled by the old practice, the expression 
Jjyavakastdvat was confused by copyists with ydvat-tdvat. 
In support of this theory it may be pointed out that 
Jjavaka is found to have been sometimes used by 
Prthà lakasvámi to represent the unknown.? Bhaskara 
II has once used simply yévat.3 Narayana used it on 
several occasions. The origin of the use of names of 
colours to represent unknowns in algebra is very pro- 
bably connected with the ancient use of differently 
coloured shots for the purpose. 


4 LAWS OF SIGNS 


Addition. Brahmagupta (628) says: 

“The sum of two positive numbers is positive, 
of two negative numbers is negative; of a positive 
and a negative number is their difference."4 
Mahávira (850): 

“In the addition of a positive and a negative number 

1 See the Preface to his edition of Bháskara's Bijaganita. 


з BrSpSi, xii. 15 (Сот); xii. 18 (Com). 
3 BB, p. зо. 4 BrSpSi, xviii. зо. 
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(the result) is (their) difference. The addition of two 
positive or two negative numbers (gives) as much posi- 
tive or negative numbers respectively." 

Sripati (1039): 

“In the addition of two negative or two positive 
numbers the result is their sum; the addition of a posi- 
tive and a negative number is their difference"? 

“The sum of two positive (numbers) is positive; 
of two negative (numbers) is negative; of a positive 
and a negative is their difference and the sign of the 
difference is that of the greater; of two equal positive 
and negative (numbers) is zero."? 


Bháskara ЇЇ (1150): 
"In the addition of two negative or two positive 


numbers the result is their sum; the sum of a positive 
and a negative number is their difference,”4 
Narayana (1350): 

"In the addition of two positive or two negative 
numbers the result is their sum; but of a positive and a 
negative number, the result is thetr difference; subtract- 
ing the smaller number from the greater, the remainder 
becomes of the same kind as the latter."* 


Subtraction. Brahmagupta writes: 


"From the greater should be subtracted the smaller; 
(the final result is) positive, if positive from positive, 
and negative, if negative from negative. If, however, 
the greater is subtracted from the less, that difference 
is reversed (in sign), negative becomes positive and ` 
positive becomes negative. When positive is to be 
subtracted from negatiye or negative from positive, 


1 GSS, i. jo-1- 2 SiSe, xiv. 3. 
з Sife, iii. 28. 3 BE, p. 2. 
5 NBs, I, R. 8. 
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then they must be added together." 
Mahavira: 
“A positive number to be subtracted. from another 


number becomes negative and a negative number to be 
subtracted becomes positive.’’ 


Sripati: 
“A positive (number) to be subtracted becomes 


negative, a negative becomes positive; (the subsequent 
operation is) addition as explained before.’ 


Bháskara IT: 


“A positive (number) while being subtracted be- 
comes negative and a negative becomes positive; then 
addition as explained before."* 

Narayana: 

“Of the subtrahend affirmation becomes negation 
and negation affirmation; then addition as described 
before."'5 

Multiplication. Brahmagupta says: 

“The product of a positive and a negative (number) 
is negative; of two- negatives is positive; positive mul- 
tiplied by ‘positive is po-itive.’’6 
Mahavira: 

“In the multiplication of two negative or two 
positive numbers the result is positive; but it is negative 
in the case of (the multiplication of) a positive and a 
negative number.””? 

Sripati: 


“On multiplying two negative or two positive 


1 BrSpSi, xviii. 31-2. * GSS, i. 51. 
в SiSe, Xiv. 3. * BBs, р.з. — 
5 МВ, I, R. 9. 6 BrSpSi, xviii. 33. 


? GSS, i. зо. 
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numbers (the product is) positive; in the multiplication 
of positive and negative (the result is) negative.” 


Bhaskara П: 


“The product of twó positive or two negative 
(numbers) 1s positive; the product of positive and nega- 
tive is negative."? 


The same rule is stated by Narayana.® 
Division. Brahmagupta states: 


"Positive divided by positive or negative divided 
by negative becomes positive. But positive divided 
by negative is negative and negative divided by posi- 
tive remains negative. d 


Mahavira: 


“In the division of two negative or two positive 
numbers the quotient is positive, but it is negative in 
the case of (the division of) positive and negative.” 


Sripati: 

“Ол dividing negative by negative or positive by 
positive, (the quotient) will be positive, (but it will be) 
otherwise in the case of positive and negative.’’6 


Bháskara П simply observes: “In the case of divi- 
sion also, such are the rules (¢.¢., as іп the case of 
multiplication).”? Similarly Narayana remarks, “What 
have been implied in the case of multiplication of 
positive and negative numbers will hold also in the 
case of division.’’® 


Evolution and Involution. Brahmagupta says: 
` “The square of a positive or a negative number is 


1 $£fe, xiv. 4. ? BBi, p. 3. 
3 NB, I, R. 9. 4 BrSpSi, xviii. 34. 
GSS, 1. уо. $ $752, xiv. 4. 


7 ВВг, р. з. 8 NB; I, К. то 
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positive. ... The (sign of the) root is the same as was 
that from which the square was derived"! 


As regards the latter portion of this rule the com- 
mentator Prthüdakasvámi (860) remarks, “The square- 
root Should be taken either negative ot positive, as will 
be most suitable for subsequent operations to be carried 
on.” 


Mahavira: 


“The square of a positive or of a negative number 
is positive: theit square-roots ate positive and negative 
respectively. Since a negative number by its own 
nature is not a square, it has no square-root."? 

Sripati: : 

“The square of a positive and a negative number 
is positive. It will become what it was in the case of 
the square-root. A negative number by itself is non- 
square, sO its square-root is unreal; so the rule (for the 
square-root) should be applied in the case of a positive 
number.’ 


Bháskara II: 


“The square of a positive and a negative number is 
positive; the square-root of a positive number is positive 
as well as negative. There is no square-root of a nega- 
tive number, because it is non-square."* 

Náráyana: 

“The square of a positive and a negative number is 
positive. The square-root of a positive number will 
be positive and also negative. It has been proved that 
a negative number, being non-square, has no square- 
root." 5 


1 BrSpSi, xviii. 35. 2 GSS, i. 52. 
3 §iSe, xiv. 5. * ВВ, p. 4. 
5 NBi, 1, К. то. 
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5. FUNDAMENTAL OPERATIONS 


Number of Operations. The number of funda- 
mental operations in algebra is recognised by all Hindu 
algebraists to be six, wz., addition, subtraction, multi- 
plication, division, squaring and the extraction of the 
square-root. So the cubing and the extraction of the 
cube-root which are included amongst the fundamental 
operations of arithmetic, are excluded from algebra. . 
But the formula 

(a + bP = а + 30% + 3ab% + B, 

or (a + DÈ = а + заа + b) + B, 

18 found to have been given, as stated before, in almost 
all the Hindu treatises on arithmetic beginning with that 
of Brahmagupta (628). By applying it repeatedly, Maha- 
vira indicates how to find the cube of an algebraic ex- 
pression containing more than two terms; thus 


(atbtetd+...) 

== @8+30b4+ec+d+....)+3eb+e+d+...) 
+ (0+4 44+... .), 

= 48 4 32%b+e4+d+....)+3ab+e4+d+...) 


+ P+ 3hPe+d+...)+36¢+d+...... P 
+ (+ 4-+-....)5%; 
апа $о оп. 


Addition and Subtraction. Brahmagupta says: 

“Of the unknowns, their squares, cubes, fourth 
powers, fifth powers, sixth powers, etc., addition and 
subtraction are (performed) of the like; of the unlike 
(they mean simply their) statement severally.’ 
Bháskara II: 


* Addition and subtraction are performed of those 


1 BrSpSi, xviii. 41. 
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of the same species (4/7) amongst unknowns; of different 
species they mean their separate statement.""! 
Náráyana: 

“Of the colours or letters of alphabets (represent- 
ing the unknowns) addition should be made of those 
which are of the same species; and similarly sub- 
traction. In the addition and subtraction of those of 
different species the result will be their putting down 
severally."? 


Multiplication. Brahmagupta says: 


“The product of two like unknowns is a square; 
the product of three or more like unknowns is a power 
of that designation. The multiplication of unknowns 
of unlike species is the same as the mutual product of 
symbols; it is called bhévita (product or factum)."? 


Bháskara II writes: 


“A known quantity multiplied by an unknown 
becomes unknown; the product of two, three or more 
unknowns of like species is its square, cube, etc.; and the 
product of those of unlike species is their bhdvita. 
Fractions, etc., are (considered) as in the case of knowns; 
and the rest (2.е., remaining operations) will be the same 
as explained in arithmetic. The multiplicand is put 
down separately in as many places as there are terms in 
the multiplier and is then severally multiplied by those 
terms; (the products are then) added together according 
to the methods indicated before. Неге, іп the squaring 
and multiplication of unknowns, should be followed the 
method of multiplication by component parts, as ex- 
plained in arithmetic.” 

The same rules are given by Narayana. The fol- 


1 BBi, p. 7. 2 NBi, 1, К. 19. 
3 BrSpSi, xviii. 42. + ВВ, p. 8. 
5 NB;, I, R. 21-2. 
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towing illustration amongst others, is given by Bhás- 
kara 1l: 

“Tell at once, O learned, (the result) of multiply- 
ing five ydvat-tévat minus one known quantity by three 
yavat-tévat plus two knowns. 

“Statement: Multiplicand 52 5 rå i; multiplier Jd 3 
rů 2; on multiplication the product becomes 20 va 15 
22 7 rá 2771 

The detailed working of this illustration is shown 
by the commentator Krsna (г. 1580) thus: 


“4;| уд; r&üi| yávat1s ya 3 
7й2| 305 rhi yao r2, 


уда; yd 7 rh2 
Division.  Bháskara П states: 


“By whatever unknowns and knowns, the divisor 
is multiplied (severally) and subtracted from the divi- 
dend successively so that no residue is left, they cons- 
titute the quotients at the successive stages.’ 

Narayana describes the method of division in 
nearly the same terms. As an example of division, 
Bháskara Il proposes to divide 18x? + 24xy — 12x7 
— 12x -+ 8y? — 89x — 8y + 22 E 4z+2 by — 3% 
— 2y - z-F 1. He simply states the quotient without 
indicating the different steps in the process. Krsna 
supplies the details of the process which are substantially 
the same as followed at present. 

Squaring. Only one rule for the squaring of an 
algebraic expression is found in treatises on algebra. 
It is the same as that stated before in the treatises on 
arithmetic, rig., 


(a + 0)? = а? + 12 4- zab; 


1 ВВ, p. 8. 2 BB, p. 9. 
3 МВ/, I, К. 25. 
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or, in its general form, | 
(atbtetd+...2P=@+4+824 24+ d+...+25 ab. 


Square-root. For finding the squate-root of an 
algebraic expression Bháskara II gives the following 
rule: 


"Find the square-root, of the unknown quantities 
which are squares; then deduct from the remaining terms 
twice the products of those roots two and two; if there 
be known terms, proceed with the remainder in the same 
way after taking the square-root of the knowns."1 
Narayana says: 

“First find the root of the square terms (of the given 
expression); then the product of two and two of them 
(roots) multiplied by two should be subtracted from the 
remaining terms; (the result thus obtained) is said to be 
the square-root here (in algebra)."? 

Jüánarája writes: 

“Take -the square-root of those (terms) which are 
capable of yielding roots; the product of two and two of 
these (roots) multiplied by two should be deducted from 
the remaining terms of that square (expression); the re- 
sult will be the (required) root, so say the experts in 
this (science).” 


6. EQUATIONS 


Forming Equations. Before proceeding to the 
actual solution of an equation of any type, certain preli- 
minary operations have necessarily to be carried out 
in order to' prepare it for solution. Still more preli- 
minary work is that of forming the equation (гаи 
Karapa, samí-kára ot sami-kriyd; from sama, equal and 


1 BBi, p. 10. 2 NB, I, К. 24. 
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kr, to do; hence literally, making equal) from the condi- 
tions of the proposed problem. Such preliminary 
work may require the application of one or more funda- 
mental operations of algebra ог arithmetic. The 
operations preliminary to the formation of a simple. 
equation have been described by Prthüdakasvámi (860) 
thus: | 


“In this case, in the problem proposed by the ques- 
tioner, ydvat-tdvat is put for the value of the unknown 
quantity; then performing multiplication, division, etc., 
as required in the problem the two sides shall be care- 
fully made equal. The equation being formed in this 
way, then the rule (for its solution) follows." 


Bháskara II's descriptions are fuller: He says: 


“Let ydvat-tdvat be assumed as the value of the un- 
known quantity. Then doing precisely as has been speci- 
fically told—by subtracting, adding, multiplying or 
dividing?—the two equal sides (of an equation) should 
be very carefully built.’ 

Narayana says: 

“Of these (four classes of equations), the linear 
equation in one unknown (will be treated) first. In 
a problem (proposed), the value of the quantity which 
is unknown is assumed to be yévat, one, two or any 
multiple of it, with or without an absolute term, which 
again may be additive or subtractive. Then on the 
value thus assumed optionally should be performed, in 


1 BrSpSi, xviii. 43 (Com). 

*In his gloss Bháskara II explains: “Every operation, such 
as multiplication, division, rule of three, rule of five terms, summa- 
tion of series, or treatment of plane figures, etc., according to the 
statement of the problem should be performed..." See BBi, 


44. 
3 BBs, р. 43. 
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accordance with the statement of the problem, the opera- 
tions such as addition, subtraction, multiplication, divi- 
sion, rule of thrée, double rule of three, summation, 
plane figures, excavations, etc. And thus the two sides 
must be made equal. If the, equality of the two sides 
is not explicitly stated, then one side should be multi- 
plied, divided, increased or decreased by one’s own 
intelligence (according to the problem) and thus the 
two sides must be made equal." 


Plan of Writing Equations. After an equation is 
formed, writing it down for further operations is techni- 
cally called лудға (putting down, statement) of the equa- 
tion. In the Bakhshált treatise the two sides of an 
equation are put down one after the other in the same 
line without any sign of equality being interposed.? 
Thus the equations 


Vetyas Vx—3-— , 
appear as? 
o 5 yt má o|sao 7-4- ий o 
1 I I I I I 


The equation 

х -bzxd-3 Xo 3х-| 12 X 4x == 300 
is stated ast 
12 4 руи 300. 
I I 


о 
т. 


№ І 
І І 


3 3 
I I 


This plan of writing an equation was subsequently 
abandoned by the Hindus for a new one in which the 
two sides are written one below the other without any 


1 МВ, П, R. 3 (Goss). 
3 Datta, Bakh. Math., (BCMS, XXI), p. 28. 
3 Folio 59, recto. 4 Folio 25, verso. 
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sign of equality. Further, in this new plan, the terms of 
similar denominations are usually written one below 
the other and even the terms of absent denominations 
on either side are expressly indicated by putting zeros 
as their coefficients. Reference to the new plan is found 
as early as the algebra of Brahmagupta (628).! Prthüdaka- 
svami (860) represented the equation? 
тох — 8 == д?- 1 
as follows: 
уфа о yd 10 rh 8 
урат уй o rh 
which means, writing x for y 
x*.o + хло — 8 
x? + moti 

or ох? + тох — 8 = x? + ox 4- 1. 

If there be several unknowns, those of the same kind 
are written in the same column with zero coefficients, 
if necessary. Thus the equation 

197x — 1644 y — & = 6302 
is represented by Prthüdakasvàmi thus:? 
yâ 19; kő 1644 nit râ o 
72 o #2 o mno rh 6302 
which means, putting y for &é and g for nf, 
197x — 1644 y — & + o = ox + oy + ox + 6302. 
The following two instances are from the Ba- 
ganita of Bháskara П (1150): 
(1) Jé 5 428 ni 7 rágo 
Jé 7 Ко ni6 r62 
T Br$557, xvii. 43 (vide infra, p. 33). Compare also BBs, p. 127. 


2 BrSpSi, xviii. 49 (Com). 3 BrSpSi, xviii. $4 (Сот). 
* BBs, pp. 78, тот. 
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been thus made...’ 
Sripati says: 

“From one (side) the square of the unknown 
and the unknown should be cleared by removing the 


known quantities; the known quantities (should be 
cleared) from the side opposite to that.’ 
Similarly Bhaskara II: 

“Then the unknown on one side of it (the equation) 
should be subtracted from the unknown on the other 
side; so also the square and other powers of the un- 
known; the known quantities on the other side should 
be subtracted from the known quantities of another 
(e, the former) side.” 


Here we give a few illustrations. With reference 
to the equations from the commentary of Prthüdaka- 
svami, stated on page 31, the author says: 


“Perfect clearance (samasodbana) being made in 
accordance with the rule, (the equation) will be 
22001 ya Vo 
rig” 
tbs, х? — тох = — 9. 


The following illustration is from the Biaganita of 
Bháskara II:* 


“Thus the two sides ate 
Jáva 4 yd 34 rh 72 
Jávao yd o rf Qo 
On complete clearance (samasodhana), the residues 


of the two sides are 


1 BrSpSi, xviii. 44 (Сот). 2 $$e, xvi. 17. 
3 BBi, p. 44. 1 ВВ, p. 65. 
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eva 4 yá 54 r o 
уфа о ya o rå 18” 
i.e, 4x? — 34x — 18. 


Classification of Equations. The earliest Hindu 
classification of equations seems to have been according 
to their degrees, such as simple (technically called ydvat- 
tdvat), quadratic (varga), cubic (ghana) and biquadratic 
(varga-varga). Reference to it is found in a canonical 
work of circa зоо B. C Butin the absence of further 
corroborative evidence, we cannot be sure of it. Brahma- 
gupta (628) has classified equations as: (1) equations 
in one unknown (eka-varna-samikarapa), (2) equations 
in several unknowns (aze&a-varga-samíi&araga), and (з) 
equations involving products of unknowns (bhdvita). 
The first class is again divided into two subclasses, viz., 
(2) linear equations, and (77) quadratic equations (avyaAta- 
varga-samikarana). Here then we have the beginning of 
out present method of classifying equations according to 
their degrees. The method of classification adopted 
by Prthidakasvami (860) is slightly different. His four 
classes are: (1) linear equations with one unknown, (2) 
linear equations with more unknowns, (3) equations with 
one, two or more unknowns in their second and higher 
powers, and (4) equations involving products of un- 
knowns. As the method of solution of an equation of 
the third class is based upon the principle of the elimina- 
tion of the middle term, that class is called by the name 
madhyamiharana (from madhyama, “middle”, dharana 
“elimination”, hence meaning “elimination of the mid- 
die term”). For the other classes, the old names given 
by Brahmagupta have been retained. This method of 
classification has been followed by subsequent writers. 


1 Sthandiga-sitra, Sütra 747. For further particulars see Datta, 
Jaina Math., (BCMS, XXI), pp. 119ff. 
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Bhaskara IT distinguishes two types in the third class, 
viz., (Т) equations in one unknown in its second and 
higher powers and (#) equations having two or more 
unknowns in theit second and higher powers. Accord- 
ing to Krsna (1580) equations are primarily of two 
classes: (1) equations in one unknown and (2) equations 
in two or more unknowns. The class (1), again, com- 
prises two subclasses: (7) simple equations and (4) 
quadratic and higher equations, The class (2) has three 
subclasses: (7) simultaneous linear equations, (27) equa- 
tions involving the second and higher powers of un- 
knowns, and (/7) equations involving products of un- 
knowns. He then observes that these five classes can 
be reduced to four by including the second subclasses 
of classes (т) and (2) into one class as zadbyamábaraga. 


7. LINEAR EQUATIONS IN ONE UNKNOWN 


Early Solutions. As already stated, the geometrical 
solution of a linear equation in one unknown is found in 
the Sulba, the earliest of which is not later than 800 B.C. 
There isa reference in the Sthéndrga-siitra (с. зоо B.C.) 
to a linear equation by its name (ydvat-tévat) which 
is suggestive of the method of solution? followed at 
that time. We have, however, no further evidence 
about it. The earliest Hindu record of doubtless value 
of problems involving simple algebraic equations and 
of a method for their solution occurs in the Bakhshali 
treatise, which was written very probably about the 
beginning of the Christian Era. One problem is:? 

“The amount given to the first is not known. The 
second is given twice as much as the first; the third 


1 Datta, Jaina Math., (BCMS, XXI), p. 122. 
? BMs, Folio 23, recto. 
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thrice as much as the second ; and the fourth four times 
as much as the third. The total amount distributed 
is 132. What is the amount of the first ?” 


If x be the amount given to the first, then according 
to the probelm, 
x + zx + бх + 24x = 132. 


Rule of False Position. The solution of this 
equation is given as follows : 


“ ‘Putting any desired quantity in the vacant place’ ; 
any desired quantity is || 1 ||; ‘then construct the series? 


6 4 
1 І 


I 
I 


2 
I 


2 3 
I I 


‘multiplied’ || 1 |2 | 6 | 24 |; ‘added’ 33. “Divide the 
visible quantity’ | 132 |; (which) on reduction becomes 
33 


E (This is) the amount given (to the first)! 
I 


The solution of another set of problems in the 
Bakhsháli treatise, leads ultimately to an equation of the 


type? 
ax T b= р. 


The method given for its solution is to put any arbitrary 
value g for x, so that 


ag + b = р’, say. 
Then the correct value will be 


rop 
merece es e 


1 Ibid. 2 Vide infra, pp. 48f. 
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Solution of Linear Equations. Aryabhata I 
(499) says : 

“The difference of the known “amounts” relating to 
the two persons should be divided by the difference of 
the coefficients of the unknown. The quotient will. be 
the value of the unknown, if their possessions be equal"? 


This rule contemplates a problem of this kind: 
Two persons, who are equally rich, possess respectively 
а, b times a certain unknown amount together with c, d 
units of money in cash. What is that amount ? 


If x be the unknown amount, then by the problem 


ax + e = bx -+ d. 
Therefore x= de -: 
a—b 


Hence the rule. 
Brahmagupta says : 


“In a (linear) equation in one unknown, the differ- 
ence of the known terms taken in the reverse order, 
divided by the difference of the coefficients of the un- 
known (is the value of the unknown)."* 

Sripati writes : 

“First remove the unknown from any one of the 

sides (of the equation) leaving the known term; the 


reverse (should be done) on the other side. ‘The differ- 
ence of the absolute terms taken in the reverse order 


1 The original is gulikântara which literally means “the differ- 
ence of the unknowns.” But what is implied is "the difference of 
the coefficients of the unknown.” As has been observed by Prtht- 
dakasvámi, according to the usual practice of Hindu algebra, “the 
coefficient of the square of the unknown is called the square (of 
the unknown) and the coefficient of the (simple) unknown is called 
the unknown." BrSpSi, xviii. 44 (Сот). 

2 A, ii. 30. 3 Br$557, xviii. 43. 
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divided by the difference of the coefficients of the 
unknown will be the value of the unknown." 


Bháskara II states : 


“Subtract the unknown on one side from that on the 
other and the absolute term on the second from that on 
the first side. The residual absolute number should be 
divided by the residual coefficient of the unknown; 
thus the value of the unknown becomes known.^? 


Narayana writes : 


“From one side clear off the unknown and from the 
other the known quantities; then divide the residual 
known by the residual coefficient of the unknown. 
Thus will certainly become known the value of the 
unknown."'$ 

For illustration we take a problem proposed by 
Brahmagupta : 

“Tell the number of elapsed days for the time when 
fóur times the twelfth part of the residual degrees 
increased by one, plus eight will be equal to the residual 
degrees plus one, ^ E 

It has been solved by Prthüdakasvámi as follows : 

“Here the residual degrees аге (put as) ydvat-tévat, 
jy@; increased by one, уд 1 rA 1; twelfth part of it, 
yar rái Jé Y ray 

I2 


; four times this, ; plus the abso- 


ye x rf 25 


lute quantity eight, This is equal to the 


residual degrees plus unity. The statement of both sides 
tripled is 
ya 1 r25 
245 rf 3 
1 $752, xiv. 15. 2 ВВ, p. 44 
3 NB, П, R. 5. 4 BrSpSi, xviii. 46. 
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The difference between the coefficients of the unknown 
is 2. By this the difference of the absolute terms, 
namely 22, being divided, is produced the residual of the 
degrees of the sun, 11. These residual degrees should 
be known to be irreducible. The elapsed days can be 
deduced then, (proceeding) as before.” 


In other words, we have to solve the equation 
(х1) 8 =x+1, 
which gives x 25 = 3х + 3, 
of 2X = 22. 
Therefore x == тї. 


The following problem and its solution are from the 
Bijaganita of Bhaskara ЇЇ: 

“One person has three hundred coins and six 
horses. Another has ten horses (each) of similar value 
and he has further a debt of hundred coins. But they 
are of equal worth. What is the price of a horse ? 


“Here the statement for equi-clearance is : 
бх - 300 = тох — тоо. 


Now, by the rule, ‘Subtract the unknown on one side 
from that on the other etc., unknown on the first side 
being subtracted frorn the unknown on the other side, 
the remainder is 4x. The absolute term on the second 
side being subtracted from the absolute term on the 
first side, the remainder is доо. ‘The residual known 
number 400 being divided by the coefficient of the 
residual unknown 4x, the quotient is recognised to be 
the value of x, (namely) тоо.” 


There ate a few instances in the Bakhsháli work 
where a method similar to that of later writers appears 


1 BBi, pp. 44f. 
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to have beens followed for the solution of a linear 
equation. One such problem is: Two persons start 
with different initial velocities (и, а); travel on suc- 
cessive days distances increasing at different rates 
(Ж, b). But they cover the same distance after the 
same period of time. What is the period? 


Denoting the period by x, we get 


ау + (ау + б) + (ау + 209) + ... to x terms 
= dy + (49 + ba) + (aa + 203) +... to x terms, 


or а HOE a be ={в-+(—)в }» 


2(25 — а 
whence x= 2004) + 1, 


bi Пт" bo А 

which is the solution given in the Bakhshali work: 
“Twice the difference of the initial terms divided by 

the difference of the common differences, is increased by 


unity. The result will be the number of days in which 
the distance moved will be the same." 


8. LINEAR EQUATIONS WITH TWO UNKNOWNS 


Rule of Concurrence. One topic commonly 
discussed by almost all Hindu writers goes by the 
special name of sañkramana (concurrence). According 
tu Narayana (1350), it is also called saskrama and 
saikrdma.® Brahmagupta (628) includes it in algebra 
while others consider it as falling within the scope of 
arithmetic. As explained by the commentator Gafgá-. 
dhara (1420), the subject of discussion here is “һе 
investigation of two quantities concurrent or grown 
together in the form of their sum and difference." 


1 BMs, Folio 4, verso. 2 GK, i. 51. 
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Or, in other wotds, sarikramana is the solution of the 
simultaneous equations 


XY = а, 

х — у = р. 
So Brahmagupta and Sripati are perfectly right in think- 
ing that concurrence is truly a topic for algebra. 


Brahmagupta’s rule for solution is : 


“The sum is increased and diminished by the 
difference and divided by two; (the result will be the 
two unknown quantities): (this is) concurrence."! 


The same rule is restated by him on a different 
occasion in the form of a problem and its solution. 


“The sum and difference of the residues of two 
(heavenly bodies) are known in degrees and minutes. 
What are the residues? The difference is both added to 
and subtracted from the sum, and halved ; (the results 
ate) the residues."? 


Similar rules are given also by other writers. 


| Linear Equations. Mahâvîra gives the following 
examples leading to simultaneous linear equations to- 
gether with rules for the solution of each. 


Example. “The price of 9 citrons and 7 fragrant 
wood-apples taken together is 107; again the price of 
7 citrons and 9 fragrant wood-apples taken together 
is тот. О mathematician, tell me quickly the price 
of a citron and of a fragrant wood-apple quite sepa- 
rately.^4 


If х, у be the prices of a citron and of a fragrant 
V BrSpSi, xviii. 36. 2 BrSpSi, xviii. 96. 


з GSS, vi 2; MSi, xv. 21; SiSe, xiv. 15; L, p. 12; GK, i. 31. 
4 GSS, vi. 14035-1424. ` 
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wood-apple respectively, then 


9х + Ty = 107, 
7х + 9y = топ. 
Or, in general, ax + by = m, 
` bx + ay = n. 


Solution. “From the larger amount of price multiplied 
by the (corresponding) bigger number of things sub- 
tract the smaller amount of price multiplied by the 
(corresponding) smaller number of things. (The re- 
mainder) divided by the difference of the squares of the 
numbers of things will be the price of each of the bigger 
number of things. The price of the other will be 
obtained by reversing the multipliers.” 


ат — bn an — bm 
Thus es олла ст 


Example. “A wizard having powers of mystic 
incantations and magical medicines seeing a cock-fight 
going on, spoke privately to both the owners of the 
cocks. To one he said, ‘If your bird wins, then you give 
me your stake-money, but if you do not win, I shall give 
you two-thirds of that. Going to the other, he promised 
in the same way to give three-fourths. From both of 
them his gain would be only 12 gold pieces. Tell me, 
O ornament of the first-rate mathematicians, the stake- 
money of each of the cock-owners."? 


Les xX—$y-—12, yr $x — 12. 
Or, in general, 


C 
x= =P JER 


1 GSS, vi. 1394. 2 GSS, vi. 270-24. 
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Solution: j 
SUUM. а NR 
*= Cp db ру 
а а + b) 
С un (а + Р)4 — (od aya? 

The following example with its solution is taken 
from the Biaganita of Bhaskara П: 

Example. “Опе says, ‘Give me a hundred, friend, І 
shall then become twice as rich as you.’ The other 
replies, ‘If you give me ten, I shall be six times as rich 
as you.” Tell me what is the amount of their (res- 
pective) capitals ?"'? 

The equations ate 

X + 100 = 2( y — 100), (1) 
y+ 10 = 6(х — 10). (2) 

Bháskara П indicates two methods of solving these 
equations. They are substantially as follows: 

First Method? Assume 


X = 2% — 100, у = $ + 100, 


so that equation (1) is identically satisfied. Substituting 
these values in the other equation, we get 


g + 110 = 12x — 660; 
whence y= 7o. Therefore, x = 40, у == 170. 
Second Method.4 From equation (т), we get 
x = zy — 300, 
and from equation (2) 
x= v + 70). 


1 GSS, vi. 2683-93. ? BBi, p. 41. 
з BB, p. 46. 4 BBi, pp. 78f. 


LINEAR EQUATIONS WITH SEVERAL UNKNOWNS 47 


Equating these two values of x, we have 
2y — 300 = ¢(y + 70), 
of 12y — 1800 = y + 76; 


whence y=170. Substituting this value of y in any of 
the two expressions for x, we get x = 4o. 


It is noteworthy that the second method of solution 
of the problem under consideration is described by: 
Bháskara II in the section of his algebra dealing with 
“linear equations with several unknowns,” while the 
first method in that dealing with “linear equations in one 
unknown.” In this latter connection he has observed 
that the solution of a problem containing two unknowns 
van sometimes be made by ingenious artifices to depend 
upon the solution of a simple linear equation. 


9. LINEAR EQUATIONS WITH SEVERAL UNKNOWNS 


- A Type of Linear Equations. The earliest 

Hindu treatment of systems of linear equations involving ' 
several unknowns is found in the Bakhshili treatise. 

One problem in it runs as follows : 


“[Three persons possess a certain amount of riches 
each.] The riches ot the first and the second taken 
together amount to 13; the riches of the second and 
the third taken together are 14; and the riches of the 
first and the third mixed are known to be 15. Tell me 
the riches of each." : 


If ху, Xo, ху be the wealths of the three merchants 
respectively, then 

xit xa = 13, Net Хз == 14, Xgd- xq — 15. (1) 
Another problem is 


1 BMs, Folio 29, recto. The portions within [ ] in this and 
the following illustration have been restored. 
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“[Five persons possess a cettain amount of riches 
each. The riches of the first] and the second mixed 
together amount to 16°; the riches of the second and the 
third taken together are known to be 17; the riches 
of the third and the fourth taken together are known to 
be 18; the riches of the fourth and the fifth mixed 
together are 19; and the riches of the first and the fifth 
together amount to 20. Tell me what is the amount 
of each.’ 


20. xit Xa = 16, XQ + x3 = 17, X3 + X4 = 18, 
X, X == 19, x5 + x, = 20. (2) 
There are in the work a few other similar pro- 


blems.? Every one of them belongs to a system of 
linear equations of the type 


ху F хе = а, Xp X. == 4» ..., Xa F ху == а, (Т) 
n being odd. $ 

Solution by False Position. A system of 
linear equations of this type is solved in the Bakhshâlî 
treatise substantially as follows : 


Assume an arbitrary value p for x, and then 
calculate the values of x, X3, ... corresponding to it. 
Finally let the calculated value of x, + ху be equal to Р 
(say). Then the true value of x, is obtained by the 
formula 

x, — p + 34, — 0). 

In the particular case (1) the author? assumes the 
arbitrary value 5 for х,; then are successively calculated 
the values x’, = 8, x’ = 6 and x’ + x’;= 11. The 
correct values are, therefore, 


xy 5 + (15 — 10/2 = 7, Хә = 6, ха = 8. 


1 BMs, Folios 27 and 29, verso. 
2 BMs, Folio зо, recto ; also see Kaye's Introduction, p. до. 
3 BMs, Folio, 29, recto. 
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Rationale. By the process of elimination we get from 
equations (Т) 
(ayz—a j+ (44—43)2-- - - - d- (244 .3—4,-2)4- 2, = а,. 
Assume x=; so that 
(49—244)4-(44—243)4-. .... +(@,1—4,-2)+ 2p = b, say. 

Subtracting 2(x, — p) = a, — ё. 

Therefore ху == p + %(а„— b). 

Second Type. A particular case of the type of 

equations (T) for which # = 3, may also be looked up- 
on as belonging to a different type of systems of linear 
equations, viZ., 
БХ X= ay, EX — Хә = dg. ., SX — X, = a,, (П) 
where zx stands for х + х +... |х, But it 
will not be proper to say that equations of this type 
have been treated in the Bakhsháli treatise.! They have, 
however, been solved by Aryabhata (499) and Mahavira 
(850). 'The former says: 

“The (given) sums of certain (unknown) numbers, 
leaving out one number in succession, are added to- 
gether separately and divided by the number of terms 
less one; that (quotient) will be the value of the 
whole.” 


4.0.5 5х = 5 a,[(n — 1). 
r=1 


Mahavira states the solution thus: 
“The stated amounts of-the commodities added to- 
gether should be divided by the number of men less 


1 The example cited by Kaye (BM, Introd., p. до, Ex. vi) 
which conforms to this type of equations is based upon a mis- 
apprehension of the text. 

2A, ii. 29. 


4 
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one. The quotient will be the total value (of all the com- 
modities). Each of the stated amounts being subtract- 
ed from that, (the value) in the hands (of each will be 
found).”+ 

In formulating his rule Mahavira had in view the 
following example: 

“Four merchants were each asked separately by 
the customs officer about the total value of their com- 
modities. The first merchant, leaving out his own invest- 
ment, stated it to be 22; the second stated it to be 23, 
the third 24 and the fourth 27; each of them deducted 
his own amount in the investment. O friend, tell me 
separately the value of (the share of) the commodity 


owned by each."? 

Here э at pon = EBERT AT y, 

Therefore x,= 10, х= 9, xg—8, oy = 5. 
Narayana says: 

“The sum of the depleted amounts divided by the 
number of persons less one, is the total amount. On 
subtracting from it the stated amounts severally will be 
found the different amounts.’ 

The above type of equations is supposed by some 
modern historians of mathematics! to be a modification 
of the type considered by the Greek Thymaridas and 
solved by his well known rule Epanthema, namely,’ 


Nob xt Met ee tM SS, 


х Tx; = 015 x + No = do,» sag N + Xal = й 6-1 


1 GSS, vi. 159. 2 GSS, vi. 160-2. 

3 GK, ii. 28. 

4 Cantor, Vorlesungen über Geschichte der Mathematik (referred 
to hereafter as o Geschichte), J, p. 624; Kaye, Ind. Math., p. 15; 
JASB, 1908, p. 

5 Heath, Creek "Math. I, p. 94. 
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The solution given is 


xs a S) — 5 
n— 2 


But that supposition has been disputed by others! 
Sarada Kanta Ganguly has shown that it is based upon 
a misapprehension. It will be noticed that in the Thy- 
maridas type of linear equations, the value of the sum 
of the unknowns is given whereas in the Aryabhata 
type it is not known. In fact, Aryabhata determines 
only that value. 


Third Type. A more generalised system of linear 
equations will be 


DEX — AXi = ay, Dg X — (ха = 4о,...., 
рх — ЕХ, = ал. (1) 
= EG) 
Therefore 2х = 5 Cress 
= ZUD а, 
Hence ы е. süjj—i 2,’ (1) 


Fo Ty 25 350005 Me 


A particular case of this type is furnished by the 
following example of Mahavira: 


“Three merchants begged money mutually from 
one another. The first on begging 4 from the second 
and 5 from the third became twice as rich as the others. 
The second on having 4 from the first and 6 from the 
third became thrice as rich. The third man on begging 
$ from the first and 6 from the second became five times 
as rich as the others. O mathematician, if jou know 


lRodet, Leçons de Calcul d’ Aryabhata, JA, XII (у), 1878; 
Sarada Kanta Ganguly, “Notes on Aryabhata,” Jour. Bihar and 
Orissa Research Soc., XII, 1926, pp. 88ff. 
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the citra-kuttaka-misra, tell me quickly what was the 
amount in the hand of each."? 


That is, we get the equations 
Xt 4+ 5 = 207 +2%-4— 5) 
Jc 4+ 6=5@+х—4— 6), 
z+ 5 65x y—5;— 6); 
Or 2(x + y + %) — 3х = 27, 
a(x + + RX) — 4) = 40; 
s(x +y +2) — 6x = 66; 
a particular case of the system (ПІ). Substituting in 
(1), we get 
X= 7. J—8, 9 = 9. 
In general, suppose 4,1, 4,5.... 4, 3, йм... 
4,, to be the amounts begged by the rth merchant 
from the others; and x, the amount that he had 
initially, ‘Then 
ху- Say = A(Xx-—x-—2'as 
хә +E dom = P(E x — Xg — E’ dom) 
Xn Tz anm т, ue X—X,— X 'а т) 
where z/2,,, denotes summation from z = 1 to 7 = й 
excluding 7 =r. Therefore 
Bx + Oy + E amn = (hd 1) (zx — ху), 
2х + (ba + 1) "dam = (bg + 1) (zx — ху), 
хх + (0, + 1)®'а„„== (0, H 13) (zx— x). 
Let &,— (b, + DE Gms T= 13, 2, 3e. Me 
` 1 This is the name given by Mahávira to problems involving 


equations of type (III). 
а GSS, vi. 2533-53. 
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Then dividing the foregoing equations by 244-1, 
ba + 1, ...., respectively, and adding together, we get 


I I ; I 
жх(т- SE E PEUT ux) 


adit nth eg És )= 6 вә 


z*—(p;li tede д 2) 


TG 7 thtt- 1). 


Whence 
k++ b , E, + b es & 0,6,1. 
Am | бу-Е1 г Pg + 1 pair bac x 
k, + be, ‚5 + 2,4, oh 
WEE EN 
ш baud t ix FE 4T d d) 


= + Dt tA Ie FU e a 


Mahávira describes the solution thus: \ 


“The sum of the amounts begged by each person is 
multiplied by the multiple number relating to him as 
increased by unity. With these (products), the amounts 
at hand ate determined according to the rule Isfaguna- 
Ула etc.! They are reduced to a common denominator, 
and then divided by the sum diminished by unity of the 
multiple numbers divided by themselves as increased , 
by unity. (The quoticnts) should be known to be the 
amounts in the hands of the persons."? 


Problems of the above kind have been treated also 
by Narayana (1357). Не Dn 


1'T'he АГ is to rule vi. 241. 
2 GSS, vi. 2514-2524. 
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“Multiply the sum of the monies received by each 
person by his multiple number plus unity. Then pro- 
ceed as in the method for “the purse of discord.” Divide 
the multiple number related to each by the same as 
increased by unity. By the sum diminished by unity 
of these quotients, divide the results just obtained. 
The quotients will be the several amounts in their pos- 
session." 

One particular case, where by = bg = .... b, — 1 
and c, = £& ==... = C, == с, was treated by Brahmagupta 
(628). He gave the rule: 

“The total value (of the unknown quantities) 
plus or minus the individual values (of the unknowns) 
multiplied by an optional number being severally 
(given), the sum (of the given quantities) divided by the 
number of unknowns increased or decreased by the mul- 
tiplier will be the total value; thence the rest (can be 
determined).’”? 


5х A 6x, = a, SX £ ON: = Mg)... 6, EXE OX, = a, 
a a 5% 
Therefore soc = AEI t e 4s 
ate 
I a+ ast... FH a 
Hence x= — a FATIT o Torny 
imela F "EN y 


and so on. 

Brahmagupta's Rule. Brahmagupta (628) states 
the following rule for solving linear equations involving 
severa] unknowns: 

*Removing the other unknowns from (the side of) 
the first unknown and dividing by the coefficient of the 
first unknown, the value of the first unknown (is obtain- 
ed). In the case of more (values of the first unknown), 


1GK, ii. 336. 2 BrSpSi, xiii. 47. 
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two and two (of them) should be considered after re- 
ducing them to common denominators. And (so on) 
repeatedly. If more unknowns remain (in the final 
equation), the method of the pulveriser (should be 
employed). (Then proceeding) reversely (the values 
of other unknowns can be found)" 


Prthüdakasvámi (860) has explained it thus:' 


"In an example in which there are two or more 
unknown quantities, colours such as yévat-tavat, etc., 
should be assumed for their values. Upon them should 
be performed all operations conformably to the state- 
ment of the example and thus should be carefully framed 
"wo or more sides and also equations. Equi-clearance 
should be made first between two and two of them and 
so on to the last: from one side one unknown should be 
cleared, other unknowns reduced to a common denomi- 
nator and also the absolute numbers should be cleared 
from the side opposite. The residue of other unknowns 
being divided by the residual coefficient of the first un- 
known will give the value of the first unknown. If 
there be obtained several such values, then with two and 
two of them, equations should be formed after reduction 
to common denominators. Proceeding in this way 
to the end find out the value of one unknown. If 
that value be (in terms of) another unknown then the 
coefficients of those two will be reciprocally the values 
of the two unknowns. If, however, there be present 
more unknowns in that value, the method of the 
pulveriser should be employed. Arbitrary values may 
then be assumed for some of the unknowns.” 


It will be noted that the above rule embraces the 
indeterminate as well as the determinate equations. In 
fact, all the examples given by Brahmagupta in illustra- 


1 BrSpSi, xviii. 51. 
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tion of the rule are of indeterminate character. We 
shall mention some of them subsequently at their proper 
places. So far as the determinate simultaneous equations 
are concerned, Brahmagupta’s method for solving them 
will be easily recognised to be the same as our present 
one. 

Mahávira's Rules. Certain interest problems 
treated by Mahávira lead to simple simultaneous equa- 
tions involving several unknowns. In these problems. 
certain capital amounts (v, б, с...) are stated to 
have been lent out at the same rate of interest (7) for 
different periods of time (/, 4, 4...) If (A, 4, 
13...) be the interests accrued on the several capitals, 


M" riva dum foto i AEE [n 
тоо ? '? тоо? 3 тоо? 
0 If at+atat....=J, ¢ and 7, be known 


(for r—'1, 2,...), we have 
"mi IGUI 

(00 4644 + bate + eu Foo? 

with similar values for 45, /4,... 

(i) Or, i£ c + ea +e, 4- ... — C, і, and 7, be known 

(for r = 1, 2,...), we have 


u Ci, ЈА 
~ ilat ilat 
and so on. 
(ш) Or, if we are given the sum of the periods 7, + 7; 
+... = T, с, and 7, then 
Poe Ti, [с 
17 fd toftg ti... 1 


with similar values for f}, 4... 
Mahavira has given separate rules for the. solution 
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of problems of each of the above three kinds.! 

Bháskara's Rule. Bhaskara II has given practically 
the same rule as that of Brahmagupta for the solution 
of simultaneous linear equations involving several un- 
knowns. We take the following illustrations from his 
works. 

Example i. “Eight rubies, ten emeralds and a 
hundred pearls which are in thy ear-ring were purchased 
by me for thee at an equal amount; the sum of the price 
rates of the three sorts of gems is three less than the half 
ofa hundred. ‘Tell me, O dear auspicious lady, if thou 
be skilled in mathematics, the price of each."? 

If x, y, € be the prices of a ruby, emerald and pearl 
respectively, then 

8x = тоў = 1002, 
хта 

Assuming the equal amount to Бе 2, says Bhaskara 
П, we shall get К 
x ==»[8, y= wio, ф = mw[1oo. 

Substituting in the remaining equation, we easily 
get w = 200. Therefore 

x = 25, J = 20, у=2. 

Example 2. “Tell the three numbers which become 
equal when added with their half, one-fifth and one- 
ninth parts, and each of which, when diminished by 
those parts of the other two, leaves sixty as remainder.’ 


Here we have the equations 


x -H x[2 == у + у] = 1 xo. (1) 
ERES ИНЕ. SEIS UNE DE ENT cs a ше 
RN SEE sf a e o. (2) 
1 СУЎ, vi. 37, 39, 42. ? BB, p. 47. 


3 BBi, p. 52. 
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The geometrical solution of the simple quadratic 
equation 
402 — 4d) = — c 
is found in the early canonical works of the Jainas (5oo- 
зоо B. C.) and also in the Taztvértbádbzsama-sfitra of 
Umásváti (c. 150 B. C), as 


h= VETA). 


Bakhshâlî Treatise. The solution of the quadratic 
equation was certainly known to the author of the Bakh- 
shali treatise (v. 200). In this work there are some 
problems of the following type: A certain person 
travels 5 yojana on the first day and P yojana more on 
each successive day. Another who travels at the 
uniform rate of S yojana per day, has a start of ¢ days. 
When will the first man overtake the second ? 


If x be the number of days after which the first 
overtakes the second, then we shall have 


Sp x) = xf (= у>}, 


2 
or bx? — (2($ — 5) + b}x = 228. 
Therefore 
e VLC- JFF + 85У + {28 ~ 5) + 0) 
P 2b Š 


which agrees exactly with the solution as stated in the 
Bakhshali treatise. 

“The daily travel [S] diminished by the march of the 
first day [s] is doubled; this is increased by the commun 
increment [5]. That (sum) multiplied by itself is desig- 
nated {as the &sepa quantity}. The product of the daily 


1 Datta, “Geometry in the Jaina Cosmography," Quellen und 
Studien Zur Ges. d. Math., Ab. B, Bd. 1 (1931), pp. 245-254. 
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travel and the start [7] being multiplied by eight times 
the common increment, the ера quantity is added. 
The square-root of this (is increased by the &sepa quan- 
tity; the sum divided by twice the common increment 
will give the required number of days) .?! 

Nearly the whole of the detailed working of the 
particular example in which $ = 5, / = 6, s = 3 and 
b = 4, is preserved.? It is substantially as follows: 

St=30; S—~s=j5—3=2; 2($—s)+b=8; 
{2(S —s) is = 64; 857 = 240; 87b = 960; (2($— 5) 
+ bj? 4 &$7b = 1024; | V 1024 = 323; 32+ 8 = 40; 
403-825 =x. 

For another problem? 5 = 7, 7 — 5, S= 5, b= 3; 
then x= кун . 

The formula for determining the number of terms 
(л) of an A.P. whose first term (2), common difference 
(P) and sum (s) ate known, is stated in the form 


|. V 85s 4 (2a — Ё) — (2a — P) 
2b ' 
The working of the particular example in which s = 6o. 
a = 1, b = x is preserved substantially as follows :* 
8р5 = 480; 24 = 2; 2a — b = 1; (24 — D = 1; 
825 + (22 — by = 481; n= 4( — 1 + V 480), etc. 
Áryabhatal. To find the number of terms of an 
A.P., Aryabhata I (499) gives the following rule: 


1 BMs, Folio 5, recto. 

ed Folio 5, verso; Compare also Kaye’s Introduction, 
РР. 37, 45- 
3 BM, Folio 6, recto and verso. 

4 BMs, Folio 65 verso. Working of this example has been 
continued on folios 56, verso and recto, and 64, recto. 
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“The sum of the series multiplied by eight times 
the common difference is added by the square of the 
difference between twice the first term and the common 
difference; the square-root (of the result) is diminished 
by twice the first term and (then) divided by the common 
difference: half of this quotient plus unity is the number 
of terms.’’! 

That is to say, 

— Ву 
{узе T e b)? — 2а +2), 
The solution of a certain interest problem involves the 
solution of the quadratic 
ix? + px — Ap =o. 
Aryabhata gives the value of x in the form? 


x= VEE OTP ра. 


п = } 


Though Aryabhata I has nowhere indicated any method 
of solving the quadratic, it appears from the above two 
forms that he followed two different methods in order 
tc make the unknown side of the equation ах? + bx = с, 
a perfect square. In one case he multiplied both the 
sides of the equation by да and in the other simply by a. 


Brahmagupta's Rules. Brahmagupta (628) has 
given two specific rules for the solution of the quadratic. 
His first tule is as follows : 

“The quadratic: the absolute quantities multiplied 
by four times the coefficient of the square of the un- 
known are increased by the square of the coefficient 
of the middle (7c, unknown); the square-root of the 
result being diminished by the coefficient of the middle 


1A, ii. 20. 
2 A, ii. 25; vide Part I, pp. z19f. 
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and divided by twice the coefficient of the square of the 
unknown, is (the value of) the middle! 


1.0., i V4ac Y P — b 
24 


The second rule runs as: 

“The absolute term multiplied by the coefficient of 
the square of the unknown is increased by the square 
of half the coefficient of the unknown; the square-root 
of the result diminished by half the coefficient of the 
unknown and divided by the coefficient of the square 
of the unknown is the unknown."? 

'232 

ie., x= Ма + (1 nU. 

The above two method: of Brahmagupta are 
identical with those employed before him by Arya- 
bhata I (499). The root, of the quadratic equation for 
the number of terms of an A.P. is given by Brahma- 
gupta in the first form:? ` 


mE V8bs + (2а — b} — Qa— b) 


2b 


For the solution of the quadratic Brahmagupta uses 
also a third formula which is similar to the one now 
commonly used. 'Though it has not been expressly des- 
cribed in any rule, we find its application in a few 


1 BrSpSi, xviii. 44. It will be noted that in this rule Brahma- 
gupta has employed the term madbya (middle) to imply the 
simple unknown as well as its coefficient. The original of the 
term is doubtless connected with the mode of writing the quadratic 
equation in the form 

ax? + bx | o = ox? + ox 4- с, 
so that there are three terms on each side of the equation. 
? BrSpSi, xviii. 45. 3 Br $557, xii. 18. 
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instances. One of them is an interest problem: A certain 
sum (p) is lent out for a period (4); the interest accrued 
(x) is lent out again at this rate of interest for another 
period (4) and the total amount is 4. Find x. 


The equation for determining x is 


Ph 
Hence, we have 


Z phy Ад PA, 
х= NUR) qure 
which is exactly the form in which Brahmagupta states 
the result.! 


'There is a certain astronomical problem which in- 
volves the quadratic equation? 


(72 + ‹#)х® F 24apx = 144( E =p) 


where a = agrá (the sine of the amplitude of the sun), 
b = palabhé (the equinoctial shadow of a gnomon 12 
afiguli long), R = radius, and х = kopasanku (the sine of 
the altitude of the sun when his altitude is 45°). 
Dividing out by (72 + 4?), we have 
х? F 2mx =n, 

where 

P CU NE 144(R?/2 — р?) 

MN pte ` 
Therefore, we have 

x= үу n4 т, 

as stated by Brahmagupta. This result is given also in 
· the SZryasiddhánta? (с. зоо) and by Sripati (1039).4 


1 BrSpSi, xii. 15. Vide Part I, p. 220. 
2 BrSpSi, iii. 54-55. 3 $757, iii. 30-1. 
4 SiSe, iv. 74. 
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Stidhara’s Rule. Sridhara (v. 750) expressly 
indicates his method of solving the quadratic equation. 
His treatise on algebra is now lost. But the relevant 
portion of it is preserved in quotations by Bháskara II? 
and others.? Sridhara's method is : 


“Multiply both the sides (of an equation) by a 
known quantity equal to four times the coefficient of the 
square of the unknown; add to both sides a known 
quantity equal to the square of the (original) coefficient 
of the unknown: then (extract) the root."? 


That is, to solve ах? -+ bx = е,‘ 


we have 4a*x? +. дарх = дас, 
ot | (2ax + Б)? = aac + D. 
Therefore 24x + b =V qar + Й. 
2d 5 


An application of this rule is found in Sridhara's 
Trisatikd, in connection with finding the number of 
terms of an A.P.4 


| V 8bs +- (za — Б#— 2a + b 
;.e., пае арас 
1 BBs, p. 61. 
2 Jüánarája (1503) in his B/jagati/a and Süryadása (1541) і his 
commentary on Bháskara's Bijaganita. 

3 “Caturahatavargasamai rüpaih paksadvayarh gunayet, 

Avyaktavargaripairyuktau paksau tato mülam." 
This is the reading of Sridhara's rule as stated by Jfánarája and 
Süryadása and accepted also by Sudhakara Dvivedi. But according 
to the reading of Krsna (г. 1580) and Ramakrsna (¢. 1648), which 
has been accepted by Colebrooke, the second line of the verse 
should be 
“Purvavyaktasya krteh samarüpáni ksipet tayoreva" 

or "add to them known quantities equal to the square of the 
original coefficient of the unknown." 

1 Tris, R. 41. 
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where a is the first term, 2 the common difference and 
s the sum of # terms. 

Mahávira, The only work of Mahavira (850) 
which is available now is the Gagi/a-sára-samgraba. As 
it is admittedly devoted to arithmetic we cannot 
expect to find in ita rule for solving the quadratic. 
But there ate in it several problems whose solutions 
presuppose a knowledge of the roots of the quadratic. 
One problem is as follows: 

*One-fourth of a herd of camels was seen in the 
forest; twice the square-root of the herd had gone to the 
mountain-slopes; three times five camels were on the bank 
of the river. What was the number of those camels ?”1 


If x be the number of camels in the herd, then 
4x + 2Vx + 15 = x. 


Or, in general, the equation to be solved is 


кеу й х 


ог (1— $)«— ex — d 


Mahávíra gives the following rule for the solution of 
this equation: 

“Half the coefficient of the root (of the unknown) 
and the absolute term should be divided by unity 
minus the fraction (2.2., the coefficient of the unknown). 
The squate-root of the sum of the square of the coeffi- 
cient of the root (of the unknown) and the absolute 
term (treated as before) is added to the coefficient 
of the root (of the unknown treated as before). The 
sum squared is the (unknown) quantity in this méla 
type of problems.’ 


1 GSS, iv. 34. 2 GSS, iv. 33. 


` 
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a roe Ne al 


which shows that Mahavira employed the modern rule 
for finding the root of a quadratic. His solution for the 
interest problem treated by Brahmagupta is exactly the 
same as that of the latter! We shall presently show 
that he knew that the quadratic has two roots, 


Aryabhata II. The formula for the number 
of terms (л) of an A.P. whose first term (а), common 
difference (7) and sum (s) are known is given by 


Aryabhata 1I (v. 950) as follows :2 
um V 2bs + (a — b[2? — a + {> 
ЕЯ 7 А 


which shows that for solving the quadratic he followed 
the second method of Aryabhata I and Brahmagupta. . 


Stipati’s Rules. Sripati (1039) indicates two 
methods of solving the quadratic. There is a lacuna 
in our manuscript in the rule describing the first method, 
but it can be easily recognised to be the same as that 
of Sridhara. 

“Multiply by four times the coefficient of the square 
of the unknown and add the square of the coefficient 
of the unknown; (then extract) the square-root......... 
civided by twice the coefficient of the square of the 
unknown, is said to be (the value of) the unknown." 


"Or multiplying by the coefficient of the square of 
the unknown and adding the square of half the coeffi- 
cient of the unknown, (extract) the square-root. Then 
(proceeding) as before, it is diminished by half the 
coefficient of the unknown and divided by the coefficient 


1 GSS, vi. 44. ? MSi, xv. 50. 
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of the square of the unknown. This (quotient) is said to 
be (the value of) the unknown." 

ie., , ах? + bx = c, 
or ax? + abx + (b[2)? = ac + (b[2y*. 
Therefore ах -+ bf2 a= V ae + (b/2)?. 
„— Væ + Qa — bla 
. —— DOR C EE 


Hence 


Bháskara Is Rules. Bháskara II (1150) says: 


“When the square of the unknown, etc., remain, 
then, multiplying the two sides (of the equation) by 
some suitable quantities, other suitable quantities should 
be added to them so that the side containing the unknown 
becomes capable of yielding a root (pada-prada), The 
equation should then be formed again with the root of 
this side and the root of the known side. Thus the 
value of the unknown is obtained from that equation"? 

This rule has been further elucidated by the author 
in his gloss as follows: . 

“When after perfect clearance of the two sides, 
there remain on one side the square, etc., of the un- 
known and on the other side the absolute term only, 
then, both the sides should be multiplied or divided by 
‘some suitable optional quantity; some equal quantities 
should further be added to or subtracted from ‘both 
the sides so that the unknown side will become capable 
of yielding a root. The root of that side must be equal 
to the root of the absolute terms on the other sidé. 
For, by simultaneous equal additions, etc., to the two 
equal sides the equality remains. So forming an equa- 
tion again with these roots the value of the unknown is 
found."? 


1 SiSe, xiv. 17-8, 19. 2 BBi, p. 59. 
3 BBi, p. 61. 
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Jt may be noted that in his treatise on arithmetic 
Bháskara II has always followed the modern method of’ 
dividing by the coefficient of the square of the un- 
known. 

jüánarája (1503) and Ganega (1545) describe the 
same general methods for solving the quadratic as 
Bháskara II. ` 

Elimination of the Middle Term. The method 
of solving the quadratic was known amongst the Hindu 
algebraists by the technical designation | zadbyamá- 
harana ot “The Elimination of the Middle" (from 
madhyama = middle and dharana = removal, or destroy- 
ing, that is, elimination). The origin of the name 
will be easily found in the principle underlying the 
method. By it a quadratic equation which, in its 
zeneral form, contains three terms and so has a middle 
term, is reduced to a pure quadratic equation or a simple 
equation involving only two. terms and so having no 
middle term. Thus the middle term of the original 
quadratic is eliminated by the method generally adopted 
for its solution. Апа hence the name. Bhaskara II has 
observed, “It is also specially designated by the learned 
teachers as the madhyamdbarana. For by it, the removal 
of one of the two? terms of the quadratic, the middle 
one, (takes place)."3 The name is, however, employed 
also in an extended sense so as to embrace the methods 
for solving the cubic and the biquadratic, where also 


1L, pp. туй. 

? Referring to the two terms on the unknown side of the com- 
plete quadratic. Or the text varga-ráférekasya may be rendered as 
“of one out of the unknown quantity and its square." According 
to the commentators Süryadása (1541) and Krsna (1580), it implies 
“of one between the two square terms," viz., the square of the 
unknown and the square of the absolute number. 

3 BBi, p. 59. 
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certain terms are eliminated. It occurs as early as the 
works of Brahmagupta (628).! 


Two Roots of the Quadratic. The Hindus recog- 
nised early that the quadratic has generally two roots. 
In this connection Bhâskara II has quoted the following 
rule from an ancient writer of the name of Padmanâbha 
whose treatise on algebra is not available now: 


“If (after extracting roots) the square-root of the 
absolute side (of the quadratic) be less than the negative 
absolute term on the other side, then taking it negative 
as well as positive, two values (of the unknown) are 
found.”? 


Bhâskara points out with the help of a few specific 
illustrations that though these double roots of the 
quadratic are theoretically correct, they sometimes lead 
to incongruity and hence should not always be accepted. 
So he modifies the rule as follows: 


“If the square-root of the known side (of the 
quadratic) be less than the negative absolute term 
occurring in the square-root of the unknown side, then 
making it negative as well as positive, two values of 
the unknown should be determined. This is (to -be 
done) occasionally.’ 


Example 1. “The eighth part of a troop of monkeys, 
squared, was skipping inside the forest, being delight- 
fully attached to it. Twelve were seen on the hill 
delighting in screaming and rescreaming. How many 
were they ?"4 


1 Br $557, xviii. 2. 
? *Vyaktapaksasya cenmülamanyapaksarnatüpatah 
Alpam dhanarnagath krtvà dvividhotpadyate mitih"—BBi, 
p. 67 


3 BBi, p. 59; also compare the author's gloss on the same 


А 1). 
4 BBi, p. 65. 
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Solution. “Here the troop of monkeys is x. The 
square of the eighth part of this together with 12, is 
equal to the troop. So the two sides are! 


5х? + ox + 12 = ox? - x 4- o. 
Reducing these to a common denominator and then 


deleting the denominator, and also making clearance, 
the two sides become 


x? — 64x + o = ox? + ox — 768. 


Adding the square of 32 to both sides and (extracting) 
square-roots, we get 


X — 32 = + (ox + 16). 
In this instance the absolute term on the known side is 
smaller than the negative absolute term on the side of 


the unknown; hence it is taken positive as well as 
negative; the two values of x are found to be 48, 16.” 


Example 2. “The fifth part of a troop of monkeys, 
leaving out three, squared, has entered a cave; one is 
seen to have climbed on the branch of a tree. Tell how 
many are they ?”? 


Solution. “In this the value of the troop is x; its 
fifth part less three is } x — 5; squared, gy x? — $x + 9; 
this added with the visible (number of monkeys), 
xy x? — $x + то, is equal to the troop. Reducing to 
a common denominator, then deleting the denominator 
and making clearance, the two sides become 


x? — 55x + o = ox? + ox — 256. 
Multiplying these by 4, adding the square of 55, and 


1 We have here followed the modern practice of writing the 
two sides of an equation in a line with the sign of equality inter- 
posed, at the same time, preserving the other salient feature of the 
Hindu method of indicating the absent terms, if any, by putting 
zeros as their coefficients. 

? ВВ;, pp. 65ff. 
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extracting roots, we get 

ax — 55 = + (ox + 45). 
In this case also, as in the previous, two values are 
obtained: 50,5. But, in this case, the second (value) 
should not be accepted as it is inapplicable. People have 
no faith in the Rnown becoming negative.” 

The implied significance of this last observation is 
this: If the troop consists of only 5 monkeys, its 
fifth part will be 1 monkey. How can we then leave 
out 3 monkeys ? Again, how can the remainder be said 
to have entered the cave? It seems to have also a 
wider significance. 

Example з. “The shadow of a gnomon of twelve 
fingers being diminished by a third part of the 
hypotenuse, becomes equal to fourteen fingers. O 
mathematician, tell it quickly.’ 

Solution. “Here the shadow is (taken to be) x. 
This being diminished by a third part of the hypotenuse 
becomes equal to fourteen fingers. Hence conversely, 
fourteen. being subtracted from it, the remainder, a 
third of the hypotenuse, is x — 14. Thrice this, which 
is the hypotenuse, is 3x — 42. The square of it, 
.9x* — 252x + 1764, is equal to the square of the 
hypotenuse, x? + 144. On making equi-clearance, the 
two sides become 


8x? — 252x + o = ox? + ox — 1620. 


Multiplying both these sides by 2 and adding the square 
of 63, the roots ate 


4x — 63 = + (ох + 27). 
On forming an equation with these sides again, and 
(proceeding) as before, the values of x are 45/2, 9. 


1 BBi, pp. 668. 
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(Thus) the value of the shadow is 45/2 or 9. The second 
value of the shadow is less than 14, so, on account of 
impracticability, it should not be accepted. Hence it has 
been said ‘twofold values occasionally? This will be an 
exception to what has been stated in the algebra of 
Padmanábha, vig...” 


Known to Mahavira. It has been stated before 
that Mahavira (850) knew that the quadratic has two 
roots. We shall now substantiate it by the following 
rules and illustrations from his work. 

“One-sixteenth of a collection of peacocks multi- 
plied by itself, was on the mango tree ; } of the remainder 
multiplied by itself together with 14 were on the 
ѓатӣ/а tree. How many were they ?"1 

If x be the number of peacocks in the collection, the 
problem leads to the quadratic equation 

15x 15x 
16x 9^ 16X9 
This is a particular case of the type of equations con- 
templated by the author 
lxx 4 с = о. 


b 
The following rule has been given for its solution. 

“The quotient of its denominator divided by its 
numeratot, less four times the remainder, is multiplied 
by that denominator (as divided by the numerator). 
The square-root of this should. be added to and subtracted 
from that denominator (as divided by the numerator) ; 
half that is the total quantity."? _ 

tis Hes УР D 


2 


x x 
3e a6 + 14 = х, 


1 GSS, iv. 59. 2 GSS, iv. 57. 
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11. EQUATIONS OF HIGHER DEGREES 


Cubic and Biquadratic. The Hindus did not 
achieve much in the solution of the cubic and biquad- 
ratic equations. Bháskara II (rr5o) attempted the 
application of the method of the madbyamdharana (eli- 
mination of the middle) to those equations also so as 
to reduce them by means of advantageous transforma- 
tions and intreduction of auxiliary quantities to simple 
and quadratic equations respectively. He thus antici- 
pated one of the modern methods of solving the biquad- 
ratic. “If, however," observes Bháskara II, “due to 
the presence of the cube, biquadrate, etc., the work (of 
reduction) cannot proceed any further, after the perfor- 
mance of such operations, for want of a root of the 
unknown side (of an equation), then the value of the 
unknown must be obtained by the ingenuity (of the 
mathematiclan)"! He has given two examples, one 
of the cubic and the other ae the biquadratic, in which 
such reduction is possible. 

Example 1. ‘What is that number, О learned man, 
which being multiplied by twelve and increased by the 
cube of the number, is equal to six times the square of 
the number added with thirty-five. 

Solution. “Here the number is x. This multiplied 
by twelve and increased by the cube of the number be- 
comes х? + 12x. It is equal to бх? -- 35. On making 
clearance, there appears on the first side x? — 6x? 
+ 12x; оп the other side 35. , Adding negative eight 
to both the sides and extracting cube-roots, we get 


x— 20x 3. 
And from this equation the number is found to Бе 5.” 
Example 2. “What is that number which being 


1 BBi, р. бт. 2 ВВ} p. 64. 
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multiplied by 200 and added to the square of the number, 
and then multiplied by 2 and subtracted from the 
fourth power of the number will become one myriad less 
unity? Tell that number if thou be conversant with the 
operations of analysis. 

Solution. “Here the number is x; multiplied by 
200 it becomes гоох ; added to the square of the number, 
becomes х? + 200x; this being multiplied by two, 
2x? + доох ; by this being diminished the fourth power 
of the number, namely, this х“, becomes x*— 2x? 
— 4оох. This ‘is equal to a myriad less unity. Equi- 
clearance having been made, the two sides will, be 

x* — 2x? — 400x = ox? + ох? + ox + 9999. 
Here on adding four hundred x plus unity to the first 
side, the root can be extracted, but on adding the same 
to the other side, there will be no root of it. Thus the 
work (of reduction) does not proceed. Hence here 
. ingenuity (is called for). Here adding to both the sides 
four times the square of x, four: hundred x and unity 
and then extracting roots, we get 

x? + ox + 1 = ox? + 2x + тоо. 

Again, forming equation with these and proceeding as 
before, the value of x is obtained as 11. In similar 
instances the value of the unknown must be determined 
by the ingenuity of the mathematician."l 

Higher Equations. Mahávira considered certain 
simple equations of higher degrees in connection with 
the treatment of the geometric series. They are of the 
type 


G) ax" = 4, 
X" — I 
(7) а =a ==}; 


1 BBi, pp. 64f. 
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where a is the first term of a G. P., q its ganadhana, i.e., 
(n+-1)th term, p its sum and x the unknown common 
ratio. 

To solve equation (7) Mahavira says, “That which 
on multiplication by itself as many times as the number 
of terms becomes equal to the gunadhana divided by the 
first term, is the common ratio." 

7.8.5 x — V qip. 

In other words x is the #th root of g/p. But how to 
find such a root he does not attempt to indicate. His 
rule for solving an equation of the type (7) is as follows : 

“That by which the sum divided by the first term 
is divisible again and again, subtracting unity every 
time, is the common ratio."? 

The method will be better understood from the 
solution of the following example : 

"(Of a certain series in С. P.) the first term is 3, 
number of terms 6 and sum 4095. What is the common 
ratio ?"3 


I 
Thus T = 4995, 
Of 3(x5 + xP x3 Hp ox? E x + т) = 4095, 


a quintic equation. Here dividing 4095 by 3 we get 
1365. Now let us try with the divisor 4; we have 
(1365 — 1)/4 = 341; (341 — 1)/4 = 85; (85 — 1)/4 = 21; 
(zr — 1)/4 = 55 (5 — 1)/4 = 1; (1— 1)/4 = o. Sothe 
number 1365 is exhausted on 6 successive divisions by 4, 
in the way indicated in the rule. Hence x = 4. What 
suggested the method is clearly this : 


X"—I. Aa” — I, ан: Nice T 
a —— 4а = ——-; 1 = х( y 
X — 1 X—1' x—1 X —I 
1GSS, ii. 97. 2 GSS, ii. тот. 


3 GSS, ii. 102; compare also Rangacarya's note thereto. 
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which is divisible by x. However, the solution is 


obtained in every case by trial only. 


Mahavira has treated some equations of the fol- 
lowing general type : 


a Vax + as бх — a V bx) 
+ &N [bal = a V b,x) — ag V by(x — a, V Ax) 
+.. БЕ = А; 

or (x — a V bX) — Ух — a b,x) 
= а\ [Isle — a V hy) — aV hor — ауу) 


—... = К. 

If there ber terms on the left hand side, then on 
rationalisation, we shall have an equation of 27th degree 
in x. By proper substitutions, the equation will be 
ultimately reduced to a quadratic equation of the form 

X— AVBX =R, 


whose solution is given by Mahavira as 


xef VELER B. 


2 


This result has been termed by him, the *essence" 
(sára) of the general equation.! Mahavira gives two 
problems involving equations of the above type. 

(т) “(ОҒ a herd of elephants) nine times the square- 
root of the two-thirds plus-six times the square-root 
of the three-fifths of the remainder (entered the deep 
forest); (the remaining) 24 elephants with their round 
temples wet with the stream of exuding ichor, were seen 
by me ina forest. How many were the elephants (in 


1GSS, iv. 51, 52. 
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the herd) ?"1 
If x be the number of elephants in the herd, then by 
the statement of the problem 


МЕ 6\/ (593/2) 


Put у= х 93/25 then the equation becomes 


y — 6V 39/5 = 24. 


Therefore у = бо or 48, 
Hence х — 9 NIS = 60, 
whence X == 150, 24. 

Again х — 9 NES = 48, 
whence x = $(61 + 3 V 385). 


Of the four values of x obtained above, only the value 
X — 150 can satisfy all the conditions of the problem; 
others are inapplicable. That will explain why Mahá- 
vira has retained in his solution only the positive sign 
of the radical. 


(2) "Four times the square-root of the half of a col- 
lection of boars went into a forest where tigers were at 
play; twice the square-root of the tenth part of the 
remainder multiplied by 4 wentto a mountain; 9 times 
the square-root of half the remainder went to the bank 
of a river; boars numbering seven times eight were seen 
in the forest. Tell their number."? 


! GSS, iv. 54-5. | 2 GSS, iv. 56. 
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If x be the total number of boars in the collection, 
4V x[2 + 8V у(х — 4V xj) 
+ 9\ [H = 4V%]2) — 8V dax — 4V x13) 
+ 56 = х. 
Put y—x—4Vx[z; then 
J — 8V у[хо — 9V U — 8V у[то)/2 = 56. 
Again put vg —y— 8V_y/10; then 
z— 9Vxj2 = 56. 


ангор рае 
Therefore «= (2 VPE 236) X 4 = 128. 


Then у — 8V y[1o = 128; EE 
8 +1/64 + 10.4.1284? u 
past et E) Xs 


whence y= ( 
Again x — 4 V xja = 160; 


ya A. T n2 
hence x= (419+ 42160) х i = 200. 


Note that according to the problem the positive 
value of the radical has always to be taken. 
124 SIMULTANEOUS QUADRATIC EQUATIONS 


Common Forms. Various problems involving 
-imultaneous quadratic equations of the following forms 
have been treated by Hindu writers : 


Е si а о 


ху = b ху = 
* z шз ves 2 2 — С B 
X T3 ipe) О) 
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For the solution of (/) Aryabhata I (499) states the 
following rule : 

“The squate-root of four times the product (of 
two quantities) added with the square of their difference, 
being added and diminished bv their difference and 
halved gives the two multiplicands."! 


ie, х= Ку + 4 + 0), y = қуа + ар — d). 

Brahmagupta (628) says : 

“The square-root of the sum of the square of the 
difference of the residues and two squared times tke 
product of the residues, being added and subtracted 
by the difference of the residues, and halved (gives) 
the desired residues severally."? 


Náráyana (1557) writes : 
“The square-root of the square of the difference of 


two quantities plus four times their product is their 
sum,” 


“The square of the difference of the quantities to- 
gether with twice their product is equal to the sum of 
their squares. The square-root of this result plus twice 
the product is the sum.’ 

For the solution of (7) the following rule is given 
by Mahavira (850) : 

“Subtract four times the area (of a rectangle) from 
the square of the semi-perimeter; then by saskramana® 
between the square-root of that (remainder) and the 
semi-perimeter, the base and the upright are obtained.’’® 


14, ii. 24. 2 BrSpSi, xviii. 99. 
3 GK, i. 35. 4GK, i. 36. 
5 Given 2 and 5, the process of sarikramana is the finding of 


half their sum and difference, j.e., = and = (see pp. 438). 
3 GSS, vii. 1295. 
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DN = Ma + Vat — ap), y = Ma — Va — ар). 

Narayana says : 

“The square-root of the squate of the sum minus 
four times the .product is the difference.”’! 

For (7) Mahavira gives the rule : 

* Add to and subtract twice the area (of a rectangle) 
from the square of the diagonal and extract the square- 
roots. By sañkramana between the greater and lesser 
of these (roots), the side and upright (are found)."? 

i.e, x= 4(Ve+ 2b + Ve— 2b), 

y=} (Ve + 2b — Ус ab). 
For equations (/») Áryabhata I writes : 
“From the square of the sum (of two quantities) 


subtract the sum of their squares. Half of the remain- 
der is their product."? 


The remaining operations will be similar to those 
for the equations (77); so that 

x = b(a +V 2с — a), у= bla — V zc — a3). 

Brahmagupta says : 

“Subtract the square of the sum from twice the 
sum of the squares ; the square-root of the remainder 


being added to and subtracted frorn the sum and halved, 
(gives) the desired residues."4 


Mahávira, Bháskara 18% and Narayana? have also 
treated these equations. 


Narayana has given two other forms of simul- 


t GK, 1. 35.- 2 GSS, vii. 1271. 
3 A, ii. 23. 4 BrS$557, xviii. 98. 
5 GSS, vii. 1254. * L, p. 39. 


7 GK, i. 37. 
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taneous quadratic equations, namely, 


x? ру? = с х? — y? == жш А 
и (9) =) pee (vi) 


For the solution of (v) he gives the rule : 
“The square-root of twice the sum of the squares 


decreased by the square of the difference is equal to the 
sum.” 


2. x y =V 20 — 4. 
Therefore 
х= (М2 4 + 4), y = У ze — 4 — d). 
For (vi) Narayana writes : м 
“Suppose the square of the product as the product 
(of two quantities) and the difference of the squares as 
their difference. From them by ға лата will be 
obtained the (square) quantities. Their square-roots 
severally will give the quantities (required).’* 
We have : 
x? — y? = т 
х?у® = pu 
These are of the form (7). Therefore 
x? == (У? 4 4b? +m, у == (У? + 42 — т). 
Whence we get the values of x and y. 
Rule of Dissimilar Operations. The process 
of solving the following two particular cases of simul- 
taneous quadratic equations was distinguished by most 


Hindu mathematicians by the special designation wisama- 
karma (dissimilar operation) : 


1GK, i. 33. 2 GK, i. 34. 

3'The name tisama-karma originated obviously in contra- 
distinction to the name sazErazata. ‘This is evident from the term 
tisama-satikramana used by Mahavira for visama-karma, 
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х® — у =m So Na ee» ese i 
р d е (7) 2 n ce HL) 
X—y—H N+y =p 
These equations are found to have been regarded by 
them as of fundamental importance. The solutions 
given are: 
А n т 
for (2) х = } Aa) у= 2 н 5 


" 


for G) х= t) x == 


Thus Brahmagupta says: 

“The difference of the squates (of the unknowns) 
. is divided by the difference (of the unknowns) and the 
quotient is increased and diminished by the difference 
and divided by two; (the results will be the two 
unknown quantities); (this is) dissimilar operation"! 

The same rule is restated by him on a different 
occasion in the course of solving a problem. 

“Tf then the difference of their squares, also the 
difference of them (are given): the diflerence of the 
squares 1s divided by the difference of them, and this 
(latter) is added to and subtracted from the quotient 
and then divided by two; (the results are) the residues; 
whence the number of elapsed days (can be found)."? 

Mahavira states: 

“The sañkramapa of the divisor and the quotient 
of the two quantities is dissimilat (operation); so it is 
called by those who have reached the end of the ocean 
of mathematics.” 

Similar rules are given also by other writers.4 

1 BrSpSi, xviii. 36. 2 BrSpSi, xviii. 97. 


3 GSS, vi. 2. 
4 MSi, xv. 22; Ci 5 GK, i. 32. 
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Mahávira's Rules. Mahávira (850) has treated 
certain. problems involving the simultaneous quadratic 
equations : 

н х = а, arw == ах, 
u+ у= 0. яғ == о у. 


r x а — й 


Неге ; у = 
Therefore и = pu | 
r—s 
zu ED 
Hence x =(=) =(— 0), w (57) 


In the above equations х, у are the interests accrued 
on the principal # in the periods r, $ respectively and 
» is the rate of interest per a. 


Mahavira states the result thus : 

“The difference of the mixed sums [а, 2] multiplied 
by each other's periods [r, ;], being divided by the 
difference of the periods, the quotient is known as the 
principal [z]. 

Again, there are problems involving the equations: 

u+ x == р, Hx) = am, 
a+) = 9. uyw = an. 
Where x, y are the periods for which the principal # 


is lent out at the rate of interest w per a and z, z are the 
respective interests. 


Here ЕСА л д 
п у dq—u 
Therefore PER op 
т н 
1 GSS, vi 4 2 GK, i. 


' palagi originated obvi. 
name satikramana. This is evid.av 1. 
una used by Mahávira for visama-karma. 
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Hence x= (22) т, y= (24), 


ат — п)? 
(р — arg — mp)” 
Mahavira gives the rule : 
"On the difference of the mixed sums multiplied 
by each other's interests, being divided by the difference 


of the interests, the quotient, the wise men say, is the 
principal. 


E wW 


13. INDETERMINATE EQUATIONS OF THE FIRST 
DEGREE 


General Survey. The earliest Hindu algebraist 
to give a treatment of the indeterminate equation of the 
first degree is Aryabhata I (born 476). He gave a method 
for finding the general solution in positive integers 
of the simple indeterminate equation 

by — ax =e 
for integral values of a, b, c and further indicated how to 
extend it to get positive integral solutions of simultan- 
eous indeterminate equations of the first degree. His 
disciple, Bháskara 1 (522) showed that the same 
method might be applied to solve by — ax = — ¢ and 
further that the solution of this equation would follow 
from that of by — ах = — 1. Brahmagupta and others 
simply adopted the methods of Aryabhata I and Bhás- 
kara J. About the middle of the tenth century of the 
Christian Era, Aryabhata II improved them by point- 
ing out how the operations can in certain cases be 
abridged .considerably. He also noticed the cases of 
failure of the methods for an equation of the form 


1 GSS, vi. 51. 
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by — ax == 4- c. These results reappear in the works of 
later writers.t 

Its Importance. It has been observed before that 
the subject of indeterminate analysis of the first degree 
was considered so important by the ancient Hindu 
algebraists that the whole science of algebra was once 
named after it. That high estimation of the subject 
continued undiminished amongst the later Hindu mathe- 
maticians. Aryabhata II enumerates it distinctively 
along with the sciences of arithmetic, algebra, and 
astronomy.? So did Bhaskara II and others. - As has 
been remarked by Сапеќа,3 the separate mention of the 
subject of indeterminate analysis of the first degree is 
designed to emphasize its difficulty and importance. 
On account of its special importance, the treatment- 
of this subject has been included by Bháskara II in his 
treatise of arithmetic also, though it belongs parti- 
cularly to algebra.* It is also noteworthy that there is 
a work exclusively devoted to the treatment of this 
subject. Such a special treatise is a very rare thing in 
the mathematical literature of the ancient Hindus. This 
work, entitled Kuttékdra-Siromani,® is by one Devarája, 
a commentator of Aryabhata I. 


lFor “India’s Contribution to the Theory of Indeterminate 
Equations of the First Degree," see the comprehensive article of 
Professor Sarada Kanta Ganguly in Journ. Ind. Marb. Soc., XIX, 
1931, Notes and Questions, pp. 110-120, 129-142; sce also XX, 
1932, Notes and Questions. Compare also the Dissertation of 
D. M. Mehta on “Theory of simple continued tactions (with 
special reference to the history of Indian Mathematics). ~ 

? MSi, i. т. 

* ? Vide his commentaty on the Li/éra/? of Bháskara IT | 

4 Bháskara's treatment of the pulveriser in his DBéiyaganita is 
repeated nearly word for word in his LíZérar;. : 

5 There are four manuscript copies of this work in the Oriental 
Library, Mysore. 
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Three Varieties of Problems. Problems whose 
solutions led the ancient Hindus to the investigation 
of the simple indeterminate equation of the first degree 
were distinguished broadly into three varieties. The 
problem of one variety, is to find a number (N) which 
being divided by two given numbers (a, b) will leave 
two given remainders (Кү, К). Thus we have 


N = ax + К, = by + Ro 


Hence by — ax = К, — Rg. 
Putting c= R ~ Rs, 
we get by — ax = +e 


the upper or lower sign being taken according as R, 
> ог < HR, In a problem of the second kind we are 
required to find a number (x) such that its product with 
a given number (a) being increased or decreased by 
another given number (ү) and then divided by a third 
given number (В) will leave no remainder. In other 
words we shall have to solve 

ax Y 

P т 

in positive integers. The third variety of problems 
similarly leads to equations of the form 


by + ax = - с. 

Terminology. The subject of indeterminate 
analysis of the first degree is generally called by the 
]Bindus Слаба, kuttakdra, kuttikdra or simply иа. 
The names kutfdkdra and Аиа occur as early as the 
Mabá-Dhás&arfya of Bhaskara 1(522)! In the commen- 
tary of the Aryabbatiya by this writer we find the terms 
kuttaka and kuttékéra. Brahmagupta has used лаа, 2 
kuttékdra,® and kutta% Mahavira, it appears, had a 


1 MBA, i. 41, 49. ? BrSpSi, xviii. 2, ІТ, ete. 
3 BrSpSi, xviii. 6, 154 etc. - 4 BrSpSi, xviii. 20, 25, etc. 
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preferential liking for the name Awttikdra 


In a problem of the first variety the quantities 
(а, 0) are called “divisors” (bhdgahdra, bhdéjak, cheda, 
etc.) and (Ку, Rg) “remainders”? (agra, sesa, etc.), while 
in a problem of the second variety, В is ordinarily 
called the “divisor” and v the “interpolator” (repa, 
&sebaKa, etc.); here a is called the “dividend” (Ауа), 
the unknown quantity to be found (х) the “multiplier’’ 
(gunaka, gunakdra, etc.) and у the quotient (phala). The 
unknown (х) has been sometimes called by Mahávira as 
ráíi (number) implying “ап unknown number." 


Origin of the name. The Sanskrit words Ayia, 
kuttaka, &uttákára and kuttikdra ate all derived from the 
root #д1/ “to crush", “to grind," “то pulverise" and 
hence etymologically they mean the act or process of 
“breaking”, "grinding", “‘pulverising” as well as an 
instrument for that, that is, “grinder”, “pulveriser’’. 
Why the subject of the indeterminate analysis of the 
first degree came to be designated by the term kuttaka 
is a question which will be naturally asked. Ganesa 
(1545) says: “Katfaka is a term for the multiplier, for 
multiplication is admittedly called by words import- 
ing ‘injuring,’ ‘killing? A certain given number being 
multiplied by another (unknown quantity), added or 
subtracted by a given interpolator and then divided by a 
given divisor leaves no remainder; that multiplier is the 
kuttaka: so it has been said by the ancients. This is a 
special technical term."3 The same explanation as to the 
origin of the name &x//a&a has been offered by Sürya- 
dasa (1538), Krsna (v. 1580) and Ranganátha (1602). 


1 GSS, vi. 794, etc. 2 GSS, vi. 1154ff. 

3 Vide his commentary on the Г.а? of Bháskara II. 

1 Vide the commentaries of Süryadása оп Г рај? апа Bija- 
ganita, of Krsna on Bíjagatia, and of Ranganatha on Siddbénta- 
Siromani. 
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But it is one-sided inasmuch as it has admittedly in 
view a problem of the second variety where we have 
indeed to find an unknown multiplier. But the rules of 
the earlier .algebraists such as Aryabhata І and Brahma- 
gupta were formulated with a view to the solution of a 
problem of the first variety. So the considerations 
which led those early writers to adopt the пате Axttaka 
must have been different. Mahavira has once stated 
that, according to the learned, &v/Z/&ára is another name 
for “the operation of praksepaka” (lit., throwing, scatter- 
ing, implying division into parts) In fact, his writ- 
ing led his translator to interpret &w///&dra as “propor- 
tionate division", “а special kind of division or distribu- 
tion."? Bháskara I, who had in view a problem of the 
second variety, once remarked, ‘the number is obtained 
by the operation of pulverising (Awttana), when it is 
desired to get the multiplier (guzaeára). ..."9 It will 
be presently shown that the Hindu method of solving the 

equation by — ax == + cis essentially based on a process 
of deriving from it successively other similar equations 
in which the values of the coefficients (a, b) become 
smaller and smaller.4 Thus the process is indeed the 
same as that of breaking a whole thing into smaller 
pieces. In our opinion, it is this that led the ancient 
mathematicians to adopt the name &x//z€a for the opera- 
tion. 


Preliminaty Operations. It has been remarked 
by most of the writers that in order that an equation 


1 *"Praksepaka-karanamidarn.. ... kuttikáro budhaissamuddis- 
tam"— GSS, vi. 794. 
? Vide GSS (English translation), pp. 117, 300. 
3 “K rta-kuttana-labdha-rásimesám 
Gunakáram samuéanti...... МВР, i. 48. 
4Tt has been expressly stated by Süryadeva Yajvá that the 
process must be continued “ydvaddharabhajyayoralpata.” 
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of the form 
by— ax = 4-с or бу | ах = јс 

may be solvable, the two numbers a and J must not have 
a common divisor; for, otherwise, the equation would 
be absurd, unless the number; had the same common 
divisor. So before the rules adumbrated hereafter 
can be applied, the numbers a, b, ¢ must be made prime 
(алара = firm, niccheda = having no divisor, urapa- 
varta = irreducible) to each other. 

Thus Bhâskara I observes: 

“The dividend and divisor will become prime to 
each other on being divided by the residue of their 
mutual division. The operation of the petes 
should be considered in relation to them." — 

Brahmagupta says: 

*Divide the multiplier and the divisor mutually 
and find the last residue; those quantitics being divided 
by the residue will be prime to each other."? 

Aryabhata П has made the preliminary operations 
in successive stages. These will be described later on.3 

Sripati states: 

*"The dividend, divisor and interpolator should 
be divided by their common divisor, if any, so that it 
may be possible to apply the method to be described."'* 

“If the dividend and divisor have a common 
divisor, which is not a divisor of the interpolator then 
the problem would be absurd."'$ 


Bhaskara II writes: 
“As preparatory to the method of the pulveriser, 


1 MBB, i. 41. 2 BrSpSi, xviii, 9. 
3 Vide infra, p. 104. 2 Sife, xiv. 22. 
5 SiSe, xiv. 26. 
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„the dividend, divisor and interpolator must be 
divided by a common divisor, if possible. If the 
number by which the dividend and divisor are divisible, 
does not divide the interpolator then the problem 
is absurd. The last residue of the mutual divi- 
sion of two numbers is their common divisor. The 
dividend and divisor, being divided by their common 
divisor, become prime to each other." 

Rules similar to these have been given also by 
Nàràyana,? Jňânarâja and Kamalákara? So in our 
subsequent treatment of the Hindu methods for the 
solution in positive integers of the equation by + ax 
== | с, we shall always take, unless otherwise stated, 
a, b prime to each other. 


Solution of by — ax = +e 


Aryabhata I's Rule. The rule of Aryabhata I (499)! 
is rather obscure inasmuch as all the operations intend- 
ed to be carried out have not been described fully and 
clearly. So it has been misunderstood by many writers.? 
Following the interpretation of the rule by Bháskara 
I (525), a direct disciple of Aryabhata 1, Bibhutibhusan 
Datta has recently given the following translation:? 


1L, p. 76; BB, pp. 24f. 2 NBi, І, R. 53-4. 

? SIT Vi, xiii. 179ff. 4A, ii. 32-3. 

5L. Rodet, “Leçons de calcul d'Áryabhatta," JA, XIII, 
1878, pp. 303ff С. К. Kaye, “Notes on Indian Mathematics. 
No. 2—Aryabhata,” | ASB, IV, 1908, pp. 1116; BCALS, IV, p. 55; 
N. K. Mazumdar, “Atyyabhatta’ s rule in relation to Indeterminate 
Equations of the First Degree,” BCMS, ПІ, pp 11-9; P. C. Sen 
Gupta, “Aryabhatiyam,” Jour. Dept. Let. Cal. Univ., XVI, 1927; 
reprint, p. 273 S. K. Ganguly, BCMS, XIX, 1928, рр. 1706; 
W. E. Clark, рле tyaof Aryabhata, Chicago, 1930, pp. 42ff. 

в Bibhutibhusan Datta, “Elder Aryabhata’s rule for the 
solution of indeterminate equations of the first degree,” BCMS, 
XXIV, 1932, pp. 35-53. 
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“Divide the divisor corresponding to the greater 
remainder by the divisor corresponding to the smaller 
remainder. The residue (and the divisor corresponding 
to the smaller remainder) being mutually divided, 
the last residue should be multiplied by such an optional 
integer that the product being added (in case the number 
of quotients of the mutual division is even) or subtracted 
(in case the number of quotients is odd) by the difference 
of the remainders (will be exactly divisible by the last 
but one remainder. Place the quotients of the mutual 
division successively one below the other in a column; 
below them the optional multiplier and underneath it 
the quotient just obtained). Any number below (/e., 
the penultimate) is multiplied by the one just above it 
and then added by that just below it. Divide the last 
number (obtained by doing so repeatedly!) by the divisor 
corresponding to the smaller remainder; then multiply 
the residue by the divisor corresponding to the greater 
remainder and add the greater remainder. (The result 
will be) the number corresponding to the two divisors.” 


He has further shown that it can be rendered also 
as follows: 


“Divide the divisor corresponding to the greater 
remainder by the divisor corresponding to the smaller 
remainder. The residue (and the divisor corresponding 
to the smaller remainder) being mutually divided 
(until the remainder becomes zero), the last quotient 
should be multiplied by an optional integer and then 
added (in case the number of quotients of the mutual 
division is even) or subtracted (in case the number of 
quotients is odd) by the difference of the remainders. 
(Place the other quotients of the mutual division succes- 


1 The process implied here is shown in detail in the working 
of the example on pages 113f. 
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sively one below the other in a column; below them the 
result just obtained and underneàth it the optional in- 
teger). Any number below (Ze, the penultimate) 
is multiplied by the one just above it and then added 
by that just below it. Divide the last number (obtained 
by doing so repeatedly) by the divisor corresponding 
to the smaller remainder; then multiply the residue 
by the divisor corresponding to the greater remainder 
and add the greater remainder. (The result will be) 
the number corresponding to the two divisors.” 


Aryabhata’s problem is : То find a number (N) 
which being divided by two given numbers (a, й) will 
leave two given remainders (R, Rj).! This gives: 

М = ax R = у + R,. 
Denoting as before by ¢ the difference between R, and 
R, we get 

(2) by=ax-+e, if R >R, 

or (2) ax = у + с, if R >R, 
the equation being so written as to keep c always posi- 
tive. Hence the problem now reduces to making either 


ax с às by + с 
b a 

according as R, > К, or R, > R, a positive integer. 
So Aryabhata says: “Divide the divisor corresponding 
to the greater remainder etc." 


11t has already been stated (p. 90) that in a problem of the 
first variety which gives an equation of the above form (and in 
which R, > R,). 
a = divisor corresponding to greater remainder, 
b == divisor corresponding to lesser remainder, 
R, — greater remainder, 
К» = lesser remainder. 
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Suppose R, > R,; then the equation to be solved 
will be 


ax + ¢ = by (Т) 
a, b being prime to each other. 
Let 
bya (q 
bq 
rnb (4 
19а. 
rT: (d, 
Tafa 
7з 
Las) Tm- (4-1 
nm 
Tm) m-i (Fm 
mim __ 
EE 
Then, we get! 
а= bq d ny 
b = rud. F гь 


| 
ri = 793 г #3, 
Ta гадз F Pa 


Lm mx f n-1dm-i + Pino 
ma Tne Flt 
Now, substituting the value of 4 in the given equa- 
tion (D, we get ў ; 
— Zi)X -T €. 
Therefore DOT 
I == qx dy 


1 When a < b, we shall have 4 = o, 7, = a. 
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where by = rete. 
In other words, since a = bg + r,, on putting 
| у= qx + (x) 
the given equation (1) reduces to 
by, == rx d- e. (T. 1) 


Again, since b = r,q, -F 7a 
putting similarly x = q, + ^ 
the equation (l. 1) can be further reduced to 
Ху tao 6 (1. 2) 
апа $о оп. 
Writing down the successive values and reduced 
equations in columns, we have 


(1) — 79 qx by, = ух + с, (1. 1) 

(2) X = AI dx, үү == аў 6 (1. 2) 

(э) Ji = gi F Os тә» =r +6 (I. 3) 

(4) Ху = Yaa H Xe TeX, = Ра Ya — €, (d. 4) 

(5) Se = aXe Ув TaJ' == rX + 6, (I. 5 

(6) Xa == gs I3 T х3 75%3 = №6 7з — С, (1. 6) 
(24-—1) Ina = Jono n-1 + J| F'an-2)'n = Tanna +S, (Т. 21.— 1) 


(24) Xn-1 = dan-17'n F Xn» | l'anciYXn = l'an — 6, (1. 22) 
(24 + 1) Yn = danXn + Int |! Pann = аха tbe, (I. 24 +1) 

Now the mutual division can be continued either 
(7) to the finish or (77) so as to get a certain number of 
quotients and then stopped. In cither case the number 
of quotients found, neglecting the first one (4), as is 
usual with Aryabhata, may be even or odd. 

Case i. First suppose that the mutual division 
is continued until the zero remainder is obtained. Since 
a, b are prime to each other, the last but one remainder 
is unity. 

Subcase (7. 1). Let the number of quotients be 
even. We then have 


Ten — 1, Fangi © Os Yon — Jay 
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mutual division, one below the other, in the form of a 
chain. Now find by what number the last remainder 
should be multiplied, such that the product being sub- 
tracted by the (given) residue (of the revolution) will 
be exactly divisible (by the divisor corresponding to 
that remainder). Put down that optional number 
below the chain and then the (new) quotient underneath. 
Then multiply the optional number by that quantity 
which stands just above it and add to the product the 
(new) quotient (below). Proceed afterwards also in the 
same way. Divide the upper number (/.%., the multi- 
plier) obtained by this process by the divisor and 
the lower one by the dividend; the remainders will 
respectively be the desired ahargana and the revolutions.” 

The equation contemplated in this rule is? 

| ах — 6 

b 

This form of the equation seems to have been chosen 
by Bhaskara I deliberately so as to supplement the form 
of Aryabhata I in which the interpolator is always 
made positive by necessary transposition, Further P is 
taken to be greater than a, as is evident from the 
following rule, So the first quotient of mutual division 
of aby b is always zero. This has not been taken 
into consideration. Also the number of quotients in 
the chain is taken to be even. 


= а positive integer. 


1 MBB, i. 42-4. 
The above rule has been. formulated with a view to its 
application in astronomy. 
2 As already stated on p. 9o, when the equation is stated in 
this second form 
4 — dividend, 
divisor, 
interpolator, 
multiplier, 
quotient. 


€ 
x 


J 


MM 
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He further observes: 

“When the dividend is greater than the divisor, 
the operations should be made in the same way (;.e., 
according to the method of the pulveriser) after delet- 
ing the greatest multiple of the divisor (from the divi- 
dend). Multiply the (new) multiplier thus obtained by 
that multiple and add the (new) quotient; the (result 
will be the quotient here (required)."! 


That is to say, if in the equation 
ax + с == by, 
а = mb + a’, we may neglect the portion mb of the divi- 
dend and proceed at once with the solution of 


a’x + c= by. 
Let x =a, y = В bea solution of this equation. Then 
а/а -- c — В; 
i (mb + аа + e = та + В), 
ot aa + e == b(ma + p). 


Hence x = a, у = та + B is a solution of the 
given equation. ғ 


Brahmagupta’s Rules. For the solution of Агуа- 
bhata’s problem Brahmagupta (628) gives the following 
rule: 

“What remains when the divisor corresponding 
to the greater remainder is divided by the divisor corres- 
ponding to the smaller remainder—that (and the latter 
divisor) are mutually divided and the quotients are 
severally set down one below the other. The last 
residue (of the reciprocal division after an even number 
of quotients has been obtained?) is multiplied by 

1 MBA, i. 47. 
2Compare the next rule: “Such is the process when the 
quotients (of mutual division) are even etc.” 


` 
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such an optional integer that the product being added 
with the difference of the (given) remainders will be 
exactly divisible (by the divisor corresponding to that 
residue). That optional multiplier and then the (new) 
quotient just obtained should be set down (underneath 
the listed quotients). Now, proceeding from the lower- 
most number (in the column), the penultimate is 
multiplied by the number just above it and then added 
by the number just below it. The final value thus 
obtained (by repeating the above process) is divided 
by the divisor corresponding to the smaller remainder. 
The residue being multiplied by the divisor correspond- 
ing to the greater remainder and added to the greater 
remainder will be the number in view." 

He further observes: 

“Such is the process when the quotients (of mutual 
division) are even in number. But if they be odd, 
wnat has been stated before as negative should be made 
positive or as positive should ‘be made negative."? 

Regarding the direction for dividing the divisor 
corresponding to the greater remainder by the divisor 
corresponding to the smaller rergainder, Prthüdakasvámi 
(860) observes that it is not absolute, rather optional; 
so that the process may be conducted in the same way 
by starting with the division of the divisor correspond- 
ing to the smaller remainder by the divisor correspond- 
ing to the greater remainder. But in this case of inver- 
sion of the process, he continues, the difference of 
the remainders must be made negative. 


That is to say, the cquation 
by.— ах +e 
can be solved by transforming it first to the form 
ах = by — e, 


1 BrSpSi, xviii. 3-5. ? BrSpSi, xviii. 13. 
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so that we shall have to start withthe division of P by a. 


Mahávira's Rules. Mahavira (850) formulates his 
rules with a view to the solution of 


ax [4 
= = Js 


in positive integers. He says: 


“Divide the coefficient of the unknown by the 
given divisor (mutually); reject the first quotient and 
then set down the other quotients of mutual division 
one below the other. When the residue has become 
sufficiently small, multiply it by an optional number 
such that the product, being combined with the inter- 
polator, which if positive must be made negative (and 
vice versa) in case (the number of quotients retained is) 
odd, will be exactly divisible (by the divisor correspond- 
ing to that residue). Place that optional number and 
the resulting quotient in order, under the chain of quo- 
tients. Now add the lowermost number to the product 
of the next two upper numbers. The number (finally 
obtained by this process) being divided by the given 
divisor, (the remainder will be the least value of the 
unknown). : 


This method has been redescribed by Mahavira 
in a slightly modified form. Here he continues the 
mutual division until the remainder zero is obtained 
and further takes the optional multiplier to be zero, 


“With the dividend, divisor and remainder reduced 
(by their greatest common factor the operations should 
be performed). Reject the first quotient and set down the 
other quotients of mutual division (one below the other) 
and underneat.. them the zero? and the given remainder 


1 GSS, vi. 1154 (first portion). 
2 We have emended sdgra of the printed text to &Aágra. 
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(as reduced) in succession. The remainder, being multi- 
plied by positive or negative as the number of quotients is 
even or odd, should be added to the product of the next 
two upper numbers. The number (finally obtained by 
the repeated application of this process) whether posi- 
tive or negative, being divided by the divisor, the 
remainder will be (the least value of) the multiplier.’ 
Aryabhata П. The details of the process adopted 
by Aryabhata II (950) in finding the general solution of 
(ax + c)/b = y in positive integers have been described 
by him thus: f 
“Set down the dividend, interpolator and divisor 
as stated (in a problem): this is the first operation. 
“Divide them by their greatest common divisor 
so as to make them without a common factor: this is the 
second operation. 
“Divide the dividend and interpolator by their 
greatest common divisor: the ¢hird operation. 


“Divide the interpolator and divisor by their” 


gteatest common divisor: the fourth operation. 


“Divide the dividend and interpolator, then the 
interpolator (thus reduced) and divisor by their respec- 
tive different greatest common divisors: the fifth operation. 


“On forming the chain from these (reduced 
numbers), if the remainder becomes unity, then the 
object (of solving the problem) will be realised; but 
1f the remainder in it be zero, the questioner does not 
know the method of the pulveriser. 

*Divide the (reduced) dividend and divisor reci- 
procally until the remainder becomes unity. (The quo- 
tients placed one below the other successively will form) 


1 GSS, vi. 1364 (first portion). Our interpretation differs from 
those of Rangacharya and Ganguly. 
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the (auxiliary) chain. Note down whether the number 
of quotients is even or odd. Multiply by the ultimate 
the number just above it and then add unity. The chain 
formed on replacing the penultimate by this result is 
the corrected one. Multiply by the un-destroyed 
(e. corrected) penultimate the number just above 
it, then add the ultimate number; (now) destroy 
the ultimate. On proceeding thus (repeatedly) we 
shall finally obtain two numbers which are (techni- 
cally) called &wzzz. I shall speak (later on) of those 
two quantities as obtained in the case of an odd number 
of quotients. If on dividing the dividend by the divisor 
once only the residue becomes unity, then the quotient 
is known to be the upper ж/а and the remainder 
(.e., unity) the lower Ажа. 


“The upper and lower &z//z thus obtained, being 
both multiplied by the interpolator of the given equation 
and then divided respectively by its dividend and divisor, 
the residues will be the quotient and multiplier respec- 
tively. 

“In the case of the third oper:tion (having been 
performed before) multiply the upper &w//a by the inter- 
polator of the question and the lower Флий by the inter- 
polator as reduced by the greatest common divisor. The 
same should be done reversely in the case of the fourth 
operation. In the case of these two operations, the Киа 
after being multiplied as indicated should be divided 
respectively by the dividend and divisor stated by the 
questioner, the residues will be the quotient and multi- 
plier respectively. 

“In the fifth operation, multiply the upper kutta 
by the greatest common divisor of the dividend and the 
interpolator, and the lower one by the other (e., the 
greatest common divisor of the given divisor and the 
reduced interpolator), The products are the inter- 
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mediate quotient and ‘multiplier. Multiply the divisor 
of the question by the intermediate quotient and also 
its dividend by the intermediate multiplier. Difference of 
these products is the required intermediate divider. The 
intermediate quotient and multiplier are multiplied by the 
interpolator of the question and then divided by the 
intermediate divider. The quotients thus obtained being 
divided respectively by the dividend and divisor of the 
question, the residues will be the quotient and multiplier 
(required). 

“The quotient and multiplier are obtained correctly 
by the process just described in the case of a positive 
interpolator when the chain is even and in the case of a 
negative interpolator if the chain is odd. In the case of 
an even chain and negative interpolator, also of an odd 
chain and positive interpolator, the quotient and multi- 
plier thus obtained are subtracted respectively from tne 
dividend and divisor made prime to each other and the 
residues give them correctly." 


The rationale of these rules will be easily found to 
be as follows: о 
( It will be noticed that to solve 
by = ax + с, ao 
in positive integers, Áryabhata II first finds the solution 
of 


| by — ax + 1. 
If x — a, y — f bea solution of this equation, we get 
bp = аа + 1, 2 
or b(cB) == a(ca) + с. 


Therefore x = ca, y= cp is a solution of (1). 
(0) Let a = ag, c = cg; then (1) reduces to 
by’ -— ах БЕ e, 
1 MSi, xviii. x-14. 
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where у = y/g. 
Let x — a, у = В be a solution of 


by’ — ax +1, 
so that we have 

£p = аа + т. 
Непсе Ёо В = а'ог'а + cg; 
or АВ) = a(e’a) + с. 


Therefore x =a, у = ep is a solution of (1). 

(iii) Let ре о, c= gc"; then (1) reduces to 
by = ax’ ДЕ е”, 

where x’ = x/g. If x’ = a, у = В be a solution of 


b'y = ах! +1, 
we have 
В = аа +i. 
Therefore ВоВ = ag'c"a + gc", 
Of ДВ) == а(са) + с. 


Hence х = са, у = ("В is a solution of (1). 
(v) Let а= ар, с=с, b= Вр" and d = с". 
Then the given equation by = ах + c reduces to 

ру = a’x’ + с", 
where x” = х0", 9’ — y[g. Now, if x’ — a, y = В 
be a solution of 

by’ = a'x' +1, 
we shall have, multiplying both sides by £2", 

Pag" б = a'gg”a + ge^, 

or b(gB) = а(2"а) + 22, 


н) 9) 
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Since gg” = a(g"a) ~ b(gB), we get 
sf ABD рр e) | 
(арау) 7 ооло 
Therefore 


POTERE К.) s (26) 
а(2"о) ~ bo) а(5"а) ~ bap) 

is a solution of the given equation £y = ах + с. Since 
c = "gg" = e" (a(g"a) ~ b(9g8)), both these values are 
integral. 

In each of the above cases the minimum values of 
x, y satisfying the equation by = ax + ¢ are given by the 
residues left on dividing the values of x, y as calculated 
above by b and a respectively, provided the two quo- 
tients are equal. 

Let x= P, у= Q be the solution as calculated 
above ; further suppose that 


P = mb + p, Q = na + q; 
where m,n are integers such that p < b, q <a. 
If ж £ n, the minimum solution is either 
= x == (m — nb 
ше Кое. 
according as м < or > я. Now, if the interpolator с 
is positive, it can be shown that (2) is not a solution. 
For, if it were, 
bq — с 
a 


-— x, an integer, 

= (m — nb + p >b. 
But g < а, therefore, 

bq — c <b, 


a 
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which is absurd. Therefore, (1) must be the minimum 
solution in this case, not (2). 

Similarly, if the interpolator ¢ is negative, it can 
be shown that (2) is the minimum solution, not (1). 


Hence the following rule of Aryabhata 1: 


“If the quotients (7, л) obtained in the case of any 
proposed question be not equal, then the (derived) 
value for the multiplier should be accepted and that of 
the quotient rejected, if the interpolator is positive. On 
the other hand when the interpolator is negative, then 
the (derived) value for the quotient should be accepted 
and that for the multiplier rejected. How to, obtain 
the quotient from the multiplier and the multiplier from 
the quotient correctly in all cases, I shall explain now. 
Multiply the (accepted) value of the multiplier by the 
dividend of the proposed question, add its interpolator 
and then divide by the divisor of the proposed question; 
the quotient is the corrected one. The product of the 
proposed divisor and the (accepted) quotient being 
added by the reverse of the interpolator and then divided 
by the dividend of the proposed question, the quotient 
is the (correct) multiplier." 

He has further indicated how to get all positive 
integral solutions of the equation by = ax + с after 
having obtained the minimum solution. 

, “The (minimum) quotient and multiplier being 

added respectively with the dividend and divisor as stated 
in the question or as reduced, after multiplying both 
by an optional number, give various other values."? 

That is to say, if x = a, у == В be the minimum 
solution, the general solution will be 


x= by +a, y= am-- В. 


1 MSi, xviii. 15-8. 2 М9? xviii. 20. 
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Sripati’s Rule. Sripati (1039) writes: 


“Divide the dividend and divisor reciprocally 
until the residue is small. Set down the quotients 
one below the other in succession: then underneath 
them an optional number and below it the correspond- 
ing quotient, the optional number being determined. 
thus: (the number) by which the last residue must be 
multiplied such that the product being subtracted by 
the interpolator and then divided by the divisor (corres- 
ponding to that residue), leaves no remainder. It is 
to be so when the number of quotients is even; in the 
case of an odd number of quotients the interpolator, 
if negattve, must be first made positive and conversely, 
if positive, must be made negative; so it has been taught 
by the learned in this (branch of analysis). Now multi- 
ply the term above the optional number by it (the 
optional number) and then add the quotient below. 
Proceeding upwards such operatign should be per- 
formed again and again until two numbers are obtained. 
The first one being divided by the divisor, (the residue) 
will give (the least value of) the multiplier; similarly 
the second being divided by the dividend, will give 
(the least value) of the quotient." 


Bhaskara IMPs Rules. Bháskara II (1150) des- 
cribes the method of the pulveriser thus: 


“Divide mutually the dividend and divisor made 
prime to each other until unity becomes the remainder 
in the dividend. Set down the quotients one under 
the other successively; beheath them the interpolator 
and then cipher at the bottom. Multiply by the 
penultimate the number just above it and add the 


1 $/$e, xiv. 22-25. 
This rule is the same as that of Bháskara I and holds under 
the same conditions. (See pp. oof). 
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ultimate;.then reject that ultimate. Do so repeatedly 
until only. a pair of numbers is left. The upper one of 
these being divided by the reduced dividend, the remain- 
der is the quotient; and the lower one being divided 
by the reduced divisor, the remainder is the multiplier. 
Such is precisely the process when the quotients (of 
mutual division) are even in number. But when they 
are odd, the quotient and multiplier so obtained must 
be subtracted from their respective abraders and the 
residues will be the true quotient and multiplier"! 

Bháskara'II then shows how the process of solving 
a problem by the method of the pulveriser can some- 
times be abbreviated to a great extent. Не says: 

“The ‘multiplier is found by the method of the 
pulveriser after reducing the additive and dividend by 
their common divisor. Or, if the additive (previously 
reduced or not) and the divisor be so reduced, the 
multiplier found (by the method) being multiplied by 
their common measure will be the true one. 

*Such is the process of finding the multiplier and 
quotient, when the interpolator is positive. On sub- 
tracting them from their respective abraders will be 
obtained the result for the subtractive interpolator."? 

Krsna (c. 1580) gives the following rationale of these 
rules: 

We shall have to solve in positive integers 

by = ax d v. () 
(/) Suppose g is the greatest common measure of «a 
and e, so that а = a'g, с = с'р. Then 

by = agx + eg, 
or by! = a'x +’, (1.1) 
where y’ = y[g. If x = a, y= В bea solution of (т.т), 


1 ВВ, pp. 256 І, p. 77. 2 ВВ, p. 26; L, pp. 78, 79. 
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Then, forming the chain as directed in the rule, we get 
I 
I 
1 
2 
2 
I 


go 
o 

By the rule, “Multiply by the penultimate the number just 
above it etc.," the two numbers obtained finally are 2430 
and 13301 Dividing these by тоо and 63 respectively, 
the remainders are 30 and 18. Hence x = 18, y = 30. 

Second Method. Reducing the dividend and the 
additive by their greatest common divisor (10), we have 
the statement: 7 

Dividend = то ss 
Divisor = 65 Additive = 9 
Since 63) 10 (o 
о 


10) 63 (6 
бо 


3) 10 (3 
9 


1 


1 Successive operations in the application of the rule аге: 


1 1 | 1 | 1 m ! XY 2480 
1 1 | 1 1 | X 1530| 3 1530 
1 1 1 900} X 900| Y bh 
2 2 9 630| R 630; X 68% Ж 94 
2 у 270| 9 270| 9 xh | € уха) B эха 
ч оо X 90| Y BY, Y BH! Y BH; Y э 
90 эў ES EN EM EN 

8 а | 4 à à М 
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we get the chain 


OO w AD 


> 


By the rule, “Multiply by the penultimate etc.," we 
obtain finally the numbers 27 and 171. Dividing them 
respectively by ro and 65, we get the residues 7 and 45. 
Since the number of quotients of the mutual division 
is odd, subtracting 7; and 45 from the corresponding 
abraders то and 63, we get; and 18. In this case we 
neglect 3. So x = 18; whence by the given equation 
у == зо. Or, multiplying the quotient 3 as obtained 
above by the greatest common divisor ro, we get the 
same result y — 5o. 


Third Method. Reducing the divisor and the additive 
by their greatest common divisor (9), the statement is : 
Dividend = 199 Additive = 10 
ivisor — 7 


Since 
7) 100 (14 
8 
2)7 6 
6 
1 
we get the chain 
14 
3 
IO 
о 


By the rule, “Multiply by the penultimate etc.,” we 
obtain the two numbers 430 and зо. Dividing them » 
by 100 and 7 respectively, the residues are 30 and 2. 
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Multiplying the latter by the greatest common divisor 
9, We get x = 18 and у = зо. 

Fourth Method. Dividing the divisor and the addi- 
tive by their common measure (9) and again the dividend 
and the reduced additive by their common measure 
(10), we have 


Dividend = 10 


Divisor = 7 Additive = I 
Since 7) 10 (1 
1 

3) 7 (2 

6 

T 

we get the chain 

I 
2 
I 
о 


By the rule, “Multiply by the penultimate etc.," we have 
finally the numbers 3 and 2. Dividing them by ro and 
7 respectively, the residues are the same. Multiplying 
them respectively by the common measure 10 of the 
dividend and reduced additive, and 9 of the divisor and 
additive, we get as before х = 18 and у = зо. 

Adding to these minimum values (18, 30) of (x, y) 
optional multiples of the corresponding abraders 
(65, тоо), we get the general solution of тоох + 9o = 637 
in positive integers as x = 63m + 18, y = тоо -+ 30, 
where 27 is any integer. 

Rules similar to those of Bháskara II have been 
given by Náráyana, Jfianaraja and Kamalákara.? 


1 NBi, 1, R. 55-60. 2 $;T V5, xiii, 183-190. 
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Constant Pulveriser. Though the simple indeter- 
minate equation by = ax + 1 is solved exactly in the 
same way as the equation йу = ax + c and is indeed a 
particular case uf the latter, yet on account of its special 
use in astronomical calculations! it has received separate 
consideration at the hands of most of the Hindu algebra- 
ists. It may, however, be noted that the separate treat- 
ment was somewhat necessitated by the physical condi- 
tions of the problems involving the two types. In the 
case of by = ax + с the conditions are such that the value 
of either y or x, more particularly of the latter, has to be 
found and the rules for solution are formulated with 
tnat object. But in the case of the other (by = ax + 1) 
the physical conditions require the values of both y and x. 


The equation бу = ax + 1 is generally called by the 
name of sthira-kuttaka or the “constant pulveriser" (from 
sthira, meaning constant, steady) Prthadakasvami 
(860) sometimes designates it also as drdha-kuttaka (from 
drdba = firm). But that name disappeared from later 
Hindu algebras because the word drdha was employed 
by later writers? as equivalent to niccheda (having no 
divisor) or mirapavaria (irreducible). The origin of the 
name ‘‘constant pulveriser” has been explained by 
PrtkGdakasvami as being due to the fact that the inter- 
polator (+ 1) is here invariable. Gane$a? (1545) explains 
it in detail thus: In astronomical problems involving 


1 Thus Bháskara II observes, “This method of calculation is 
of great use in mathematical astronomy.” (BBs, p. 31). He 
then points out how the solutions of various astronomical 
problems can be derived from the solution of the same indeter- 
minate equation. (BB, p. 32; L, p. 81). 

2 This special technical use of the word drdba occurs befcre 
Brahmagupta (628) in the works of Bháskara I (522). 

з [ide his commentary on the L//érarf£ of Bháskara II. 
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equations of the type by — ax = +e, the physical 
conditions are such that the dividend (z) and the divisor 
(2) are constant but the interpolator (г) always varies; so 
for their solution different sets of operations will have 
to be performed if we start directly to solve them all. 
But starting with the equation by — ах = + 1, we can 
derive the necessary solutions of all our equations from 
a constant set of operations. Hence the name is very 
significant. A similar explanation has been given by 
Krsna (2. 1580). 
Bháskara I's Rule. Bhaskara I (522) writes : 


‘The method of the pulveriser is applied also after 
subtracting unity. The multiplier and quotient are 
respectively the numbers above and underneath. Multi- 
plying those quantities by the desired number, divide by 
the reduced divisor and dividend; the residues are in 
this case known to be the (elapsed) days and (residues of) 
revolutions respectively.^! 


In other words, it has been stated that the solution 
of the equation 
dX —6 


pm 
can be obtained by multiplying the solution of 
ах —1 | 
pose 


by ¢ and then abrading as before. In general, the 
solution of the equation by = ах + cin positive integers 
can be easily derived from that of by = ax +1. If 
X == а, y = f be a solution of the latter equation, we 
shall have 
bB = ca + 1. 
Then АВ) = а(са) + с. 


1 MBB, i. 45. 
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Hence x =ca, у == «f is a solution of the former. The 
minimum solution will be obtained by abrading the 
values of x and y thus computed by 7 and z respectively, 
as indicated before. 


Brahmagupta's Rule. To solve the equation 
by — ax — 1, Brahmagupta gives the following rule : 


“Divide them (4.е., the abraded coefficient of the 
multiplier and the divisor) mutually and set down the 
quotients one below the other. The last residue (of the 
reciprocal division after an even! number of quotients 
has been obtained) is multiplied by an optional integer 
such that the product being diminished by unity will 
be exactly divisible (by the divisor corresponding to 
that residue). The (optional) multiplier and then this 
quotient should be set down (underneath the listed 
quotients). Now proceeding from the lowermost term 
to the uppermost, by the penultimate multiply the term 
just above it and then add the lowermost number. (The 
uppermost number thus calculated) being divided by the 
reduced divisor, the residue (is the quantity required). 
This is the method of the constant pulveriser."? 


Bháskara IPs Rule. Bháskara II (1150) writes : 


“The multiplier and quotient determined by sup- 
posing the additive or subtractive to be unity, multiplied 
severally by the desired additive or subtractive and then 
divided by their respective abraders, (the residues) will 
be those quantities corresponding to them (7.e., desired 
interpolators)."? 


This rule has been reproduced by Náráyana.* We 
take the following illustrative example with its solution 


1 In view of the rule in BrSpJSi, xviii. 13. 
2 BrSpSi, xviii. 9-11. з ВВ, p. 31; L, p. 81. 
а МВ; I, R. 65. 
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from Bháskara П 1 
221x + 65 _ 
195 NA 
On dividing by the greatest common divisor 15, 
we get 
17X +S __ 
15 xD 
Now, by the method of the pulveriser the solution of the 
equation 
xr _, 
T 
is found to be x—7, y=8. Multiplying these values by 
5 and then abrading by 15 and 17 respectively, we get 
the required minimum solution x=5, y=6. 
Again a solution of 
I7X — 1 — 
з? 
will be found to be х=8, y=g9. Multiplying these 
quantities by 5 and abrading by 15 and 17, we get the 
solution of 


17x — 5 _ 
T J 


to be x—10, y— rr. 


Solution of by + ax = +e 


An equation of the form by + ах = +4 с was gene- 
rally transformed by Hindu algebraists into the form 
by = — ax 4- с so that it appeared asa particular case 
of by = ax +c in which a was negative. 


Brahmagupta's Rule. Such an equation seems to 


1 BB, pp. 28, 31; L, pp. 77, 81. 
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have been solved first by Brahmagupta (628). But his 
rule is rather obscure: ‘“The reversal of the negative 
and positive should be made of the multiplier and inter- 
polator.”!  Prthüdakasvámi's explanation does not 
throw much light on it. He says, “If the multiplier be 
negative, it must be made positive; and thc additive 
must be made negative: and then the method of the 
pulveriser should be employed." But he does not 
indicate how to derive the solution of the equation 


| by = —axte (1) 
from that of the equation 
by = ax — с (2) 


The method, however, seems to have been this: 

Let x = a, у = В be the minimum solution of (2). 
Then we get 

bp = са — с 
or bla — p) = — a(a — b) + с. 
Hence x = a — b, y = a — В іѕ theminimumsolution of 
(1). This has been expressly stated by Bháskara II and 
others. 

Bháskara IPs Rule. Bháskara II says : 

“Those (the multiplier and quotient) obtained for 
a positive dividend being treated in the same manner 
give the results corresponding to a negative dividend.’ 

The treatment alluded to in this rule is that of 
subtraction from the respective abraders. He has fur- 
ther elaborated it thus : 

“The multiplier and quotient should be deter- 
mined by taking the dividend, divisor and interpolator 
as positive. They will be the quantities for the 
additive interpolator. Subtracting them from their 


1 BrSpSi, xviii, 15. 2 2 BBi, p. 26. 
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respective abraders, the quantities for a negative inter- 
polator are found. If the dividend or divisor be nega- 
tive, the quotient should be stated as negative." 

Narayana. Narayana (1350) says: 

“In the case of a negative dividend find the multi- 
plier and quotient as in the case of its being positive 
and then subtract them from their respective abraders. 
One of these results, either the smaller one or the greater 
one, should be made: negative and the other positive.’ 

Illustrative Examples. Examples with solutions 
from Bháskara II :3 

Example 1. 13y = — бох + 3. 

By the method described before we find that the 
minimum solution of 

13у = бох + 3 
is x = 11, y — 51. Subtracting these values from their 
respéctive abraders, namely 13 and 60, we get 2 and 9. 
Then by the maxim. “In the case of the dividend and 
divisor being of different signs, the results from the 
operation of division should be known to be so," 
making the quotient negative we get the solution of 


13у = — бох + 3 


as x = 2, y = — 9. Subtracting these values again from 

their respective abraders (15, 60), we get the solution of 
13y = — бох — 3 

asx = II, y= — 31. 


Example 2. — 11y = 18x + то. 
Proceeding as before we find the minimum solution 


of 11y = 18x + xo 


45 


1 BBi, p. 29. 2 NB, I, В. 65. 
з BBi, рр. 29, зо. 3 
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to be x = 8, y= 14. These will also be the values 
of x and y in the case of the negative divisor but the 
quotient for the reasons stated before should be made 
negative. So the solution of 

— 11y = 18x + 10 
is x — 8, y= — 14. Subtracting these (że. their 
numerical values) from their respective abraders, we get 
the solution of 

— 1Iy = 18x — то 
as x= 3, Jy — 4. 

“Whether the divisor is positive or negative, the 
numercial values of the quotient and multiplier remain 
the same: when either the divisor or the dividend 
is negative, the quotient must always be known to be 
negative." 

The following example with its solution is from 
the algebra of Narayana :1 

ту== 50% Se Si 
The solution of 

7 = 30% + 3 
is x = 2, y — 9. Subtracting these values from the res- 
pective abraders, namely 7 and 30, and making one of 


the remainders negative, we get x = $, y = — 21 and 
x = — 5, у = 21 respectively as solutions of 
17у = — 30% 3. 


Particular Cases. The Hindus also tound special 
types of general solutions of certain particular cases of 
the equation бу + ах = с. For instance, we find in the 
Ganita-sdéra-samgraha of Mahavira (850) problems of the 
following type: 


“The verga (or colours) of two pieces of gold 
weighing 16 and то are unknown, but the mixture of 


МВ;, I, Ex. 29. 
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them has the varna 4; what is the varna of each piece 
of gold ?”1 

If x, y denote the required varya, then we shall have 

16x -+ тоу = 4 X 26; 
or in general 
ax + by = c(a + Р). 
Therefore a(x — e) = be — у); 
whence x =c + mja, y =c F mj, 
where 7 is an arbitrary integer. 

Hence the following rule of Mahavira : 

“Divide unity (severally) by the weights of the two 
ingots of gold. The resulting varna being set down at 
two places, increase or decrease it at one place and do 
reversely at the other place, by the unity divided by its 
own-quantity of gold (the results will be the corres- 
ponding varga)."? 

He has also remarked that “assuming an arbitrary 
value for one of the varna, the other can be found as 
before.’*3 

A variation of the above problem is found in the 
Lilévati? of Bháskara П: 

“On mixing up two ingots of gold of varpa 16 
and ro is produced gold of varna 12 ; tell me, O friend, 
the weights of the original ingots.’’4 

That is to say, we shall have to solve the equation 


16x + roy = 12(х + у); 


ax + by = (х + y). 
Hence x = m(e— Б), у = ma с), 
where m is an arbitrary integer. 


or in general 


1 GSS, vi. 188. 2 GSS, vi. 187. 
3 GSS, vi. 189. 1L, p. 26. 
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Hence the rule of Bháskara II: 


“Subtract the resulting zarpa from the higher 
varpa and diminish it by the lower varna; the remain- 
ders multiplied by an' optional number will be the 
weights of gold of the lower and higher verga respec- 
tively.”1 

In the above example c — b = 2, a— ce = 4. So 
that, taking # = 1, 2, or 1/2, Bhâskara II obtains the 
values of (x, y) as (2, 4), (4, 8) or (1, 2). He then 
observes that in the same way numerous other sets 
of values can be obtained. 


14. ONE LINEAR EQUATION IN MORE THAN 
TWO UNKNOWNS 


To solve a linear equation involving more than two 
unknowns the usual Hindu method is to assume arbi- 
trary values for all the unknowns except two and then 
to apply the method of the pulveriser. Thus Brahma- 
gupta remarks, “The method of the pulveriser (should 
be employed), if there be present many unknowns (in 
an equation)."? Similar directions have been given by 
Bháskara П and others.’ 


One of the astronomical problems proposed by 
Brahmagupta* leads to the equation : 
197x — 1644.) — & = 6302. 
_ 1644y + x + 6302 
197 
The commentator assumes y = 131. Then 
1644 y + 6435 


х == t — ——" 


197 


1 L, p. 25. 2 BrSpSi, xviii. 5.1. 
з ВВ, р. 76. а BrSpSi, xviü. 55. 


Hence 
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hence by the method of the pulveriser 
X= 41, Y=. 

The following example with its solution is from 
the algebra of Bhaskara II: 

“The numbers of flawless rubies, sapphires, and 
pearls with one person are respectively 5, 8 and 7 ; and 
O friend, another has 7, 9 and 6 respectively of the same 
gems. In addition they have coins to the extent of 9o 
and 62. ‘They are thus equally rich. Tell quickly, O 
intelligent algebraist, the price of each gem." 

If x, y, % represent the prices of a ruby, sapphire 
and pearl respectively, then by the question 


sx + 8y + 75 + 90 = 7х + 9y + 6 + 62. 
Therefore x= CERES 


Assume z--1; then 


шы WU m d. 
2 


whence by the method of the pulveriser, we get 

xX = I4 — Mm, у= 27 | т, 
where is an arbitrary integer. Putting у = о, I, 2, 5,... 
we get the values of (x, y, x) as (14, 1, т), (1353, 1), 
(12, 5, 1), (тт, 7, 1), etc. Bháóskara II then observes, 
"By virtue of a variety of assumptions multiplicity of 
values may thus be obtained." 

Sometimes the values of most of the unknowns 
present in an equation are assumed arbitrarily or in terms 
of any one of them, so as to reduce the equation to a 
simple determinate one. Thus Bháskara II says : 

“In case of two or more unknowns, x multiplied 
by 2 etc. (4.¢., by arbitrary known numbers), or divided, 


1 BBi, p. 77. 
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increased or decreased by them, or in some cases 
(simply) any known values may be assumed for 
the other unknowns according to one’s own sagacity. 
Knowing these (the rest is an equation in one un- 
known).”? 

The above example has been solved again by 
Bháskara II in accordance with this rule thus :? 

(т) Assume x = 3g, y = 2x. Then the equation 
reduces to 

38% + 90 = 45% + 62. 

Therefore y= 4. Hence x = 12, y= 8. 


(2) Orassume y= 5, & = 3. Then the equation. 
becomes 
sx fist = 7x + 125. 7 
Whence x= 13. 


15. SIMULTANEOUS INDETERMINATE EQUATIONS 
OF. THE FIRST DEGREE 


Sripati’s Rule. We have described before the rule 
of Brahmagupta for the solution of simultaneous equa- 
tions of the first degree? In the latter portion of that 
rule there are hints for the solution of simultaneous 
indeterminate equations by the application of the method 
of the pulveriser. Similar rules have been given by 
later Hindu algebraists. Thus Sripati (1039) says : 

“Remove the first unknown from any one side of an 
equation leaving the rest, and remove the rest from the 
other side. Then find the value of the first by dividing 
the other side by its coefficient. If there be found thus 
several values (of the first unknown), the same (opera- 


1 BBs, p. 44. 2 BBs, p. 46. 
з See pp. 54f. 
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tions) should be made again (by equating two and two 
of those values) after reducing them to a common deno- 
minator. (Proceed thus repeatedly) until there results 
a single value for an unknown. Now apply the method 
of the pulveriser; and from the values (determined in 
this way) the other unknowns will be found by pro- 
ceeding backwards. In the pulveriser the multiplier 
will be the value of the unknown associated with the 
dividend and the quotient, of that with the divisor." 


Bháskara IPs Rule. Bháskara II (1150) writes: 


* Remove the first unknown from the second side 
of an equation and the others as well as the absolute 
number from the first side. Then on dividing the 
second side by the cocfficient of the first unknown, its 
value will be obtained. If there be found in this way 
several values of the same unknown, from them, after 
reduction to a common denominator and then droppin 
it, values of another unknown should be determined. 
In the final stage of this process, the multiplier and 
quotient obtained by the method of the pulveriser 
will be the values of the unknowns associated with the 
dividend and the divisor (respectively). If there be 
several unknowns in the dividend, their values should be 
determined after assuming values of all but one arbitrari- 
ly. Substituting these values and proceeding reversely, 
the values of the other unknowns can be obtained. If on 
so doing there results a fractional value (at any stage), 
the method of the pulveriser should be employed again. 
Then determining the (integral) values of the latter 
unknowns accordingly and substituting them, the values 
of the former unknowns should be found proceeding 
reversely again." 


A similar rule has been given by Jüánarája. 


1 SiSe, xiv. 15-6. 2 ВВ;, p. 76. 
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Example from Bháskara II: 


** (Four merchants), who have horses 5, 5, 6 and 8 
respectively ; camels 2, 7, 4 and 1; whose mules are 8, 
2, т and з; and oxen 7, 1, 2 and x in number; are all 
owners of equal wealth. Tell me instantly the price of 
a horse, etc." 

If x, y, %, w denote respectively the prices of a 
horse, a camel, a mule and an ox, and W be the total 
wealth of each merchant, we have 


jx + zy-F 8 + у” = И (1) 
зх + ту + 2x do — WO (2) 
бх + 4y + & + 2w = W (3) 
8x Hy + 32+ mW (4) 
Then x = 4(5y — 6% — 6w), from (1) and (2) 


= (3y + %—), from (2) and (3) 
= My — 27 +»), from (3) and (4) 
From the first and second values of x, we'get 
J = yox + 162); 
and from the second and third values, we have 
J = (8z — 5»). 
Equating these two values of y and simplifying, 
207 + 16m = 247 — 15w. 


Therefore ф == x Я 


Take w= 41; then 
s z = 314, y= 764 x -—85í. 
Special Rules.  Bháskara II observes that the 


physical conditions of problems may sometimes be such 
that the ordinary method of solving simultaneous in- 


1 ВВ, p. 79. 
9 
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determinate equations of the first degree, which has 
been just explained, will fail to give the desired result. 
One:such problem has been described by him as 
follows : 

“Tell quickly, O algebraist, what number is that 
which multiplied by 23 and severally divided by 6o 
and 80 leaves remainders whose sum is 100.1 

Let the number be denoted by x; the quotients by 
u, v; and the remainders by s, 7. Then we have 

23X — ico» 23x — Р 
бо ^ 80 
also s + f= тоо. 
| bou+ s __ 80” 4- f 
BEES 23 
bou + 8o» 4- s -- 7 
«=—=————————— 
46 
"m зой -]- 40р -+ jo 
23 

For the solution of the above he observes : 

“Here, (although) there is more than one quotient 
(#, v) in the dividend, the value of any should not be 
arbitrarily assumed ; for on so doing the process will 
fail"? “In a case like this," continues he, "the (given) 
sum of the remainders should be so broken up that 
each remainder will be less than the divisor corres- 
ponding to it and further that impossibility will not 
arise ; then must be applied the usual method.” 

In the present example we thus suppose s = 40, 
#== бо. Hence we have 

{бош + до = 8ор + бо 


=r} 


Therefore x 
Hence 


s 


or 


1 BE, p. өт. з BBi, p. orf. 
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E Р: лаа ИЕ акл 
бо 3 


whence by the method of the pulveriser, we get 
0 = 3w -+ 2, и = 40 + 3. 
__ 240% + 220 
== EET 
Again, applying the method of the pulveriser in order to 
obtain an integral value of x, we have 
W = 23H 4-1, x = 2400 + 20, 

If we take s = 30, / = 70, we shall find, by proceed- 
ing in the same way, another value of x as 240m + 9o. 

General Problem of Remainders. One type of 
simultaneous indeterminate equations of the first degree 
is furnished by the general problem of remainders, 
vig., to find a number N which being severally divided 
by 44, 45, dg, ..., а, leaves as remainders 7r, 75, 73, ..., Tn 
respectively. 

In this case, we have the equations 

N = ayx, + Pam agg + Ty = азХа + Уу = o 

= A, Xn tly: 

The method of solution of these equations was 
known to Aryabhata I (499). For this purpose the 
term dvicchedégram occurring in‘ his rule for the pulveriser 
must be explained in a different way so that the last line 
of the translations given before (pp. 94-5) will have to be 
replaced by the following: “(The result will be) the 
remainder corresponding to the product of the two 
divisors.”1 This explanation is, in fact, given by 
Bháskara I, the direct disciple and earliest commentator 
of Aryabhata I. Such a rule is expressly stated by 


Therefore x 


1 See Bibhutibhusan Datta, BCMS, XXIV, 1952. 
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Brahmagupta.? 


The rationale of this method is simple: Starting 
with the consideration of the first two divisors, we have 


N = аху + ту = а,Х» + rs. 

Ву the-method described before we can find the 
minimum value a of x, satisfying this equation. Then 
the minimum value of N will be ао 4- 7. Hence the 
general value of N will be given by 

N = alaa + a) + rfp 
= ауа? + аа + rfo 
where ¢ is an integer. Thus za 4- 7, is the remainder 
left on dividing N by аа, as stated by Aryabhata I and 
Brahmagupta. Now, taking into consideration the third 
condition, we have 


N= aat + aya + ny = азхз + fs 
which can be solved in the same way as before. Pro- 


ceeding in this way successively we shall ultimately 
atrive at a value of N satisfying all the conditions. 


Prthadakasvami remarks: 


“Wherever the reduction of two divisors by a 
common measure is possible, there ‘the product of the 
divisors’ should be understood as equivalent to the 
product of the divisor corresponding fo the greater 
remainder and quotient of the divisor corresponding 
to the smaller remainder as reduced (ż.e., divided) by 
the common measure.? When one divisor is exactly 
divisible by the other then the greater remainder is the 
(required) remainder and the divisor corresponding to 


1 BrSpSi, xvili. 5. 
2де. ifp be the L.C.M. of a and a, the general value of 
М satisfying the above two conditions will be 
№ == рі +4 до + т 
instead of IN = aas + aa n. 
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the greater remainder is taken as ‘the product of the 
divisors.’ (The truth of) this may be investigated by an 
intelligent mathematician by taking several symbols.” 
Examples from Bháskara І: 
(1) “Find that number which divided by 8 leaves 5 
as remainder, divided by 9 leaves 4 as remainder and 
divided by 7 leaves 1 as remainder." 


That is to say, we have to solve 
N= 8х + 5 = 93 + 4 = 74 +1. 


The solution is given substantially thus: Тһе minimum 
value of N satisfying the first two conditions 


N= 8&+5=97+ 4 
is found by the method of the pulveriser to be 13. 
This is the remainder left on dividing the number by 
the product 8.9. Hence 

М = 724 13 = 7& + 1. 
Again, applying the same method we find the minimum 
number satisfying all the conditions to be 85. 

(2) “Tell me at once, O mathematician, that 
number which leaves unity as remainder when divided 
by any of the numbers from 2 to 6 but is exactly divisible 
by 7” f 

By the same method, says Bhâskara I (522), the 
number is found to be 721. By a different method 
Süryadeva Yajva obtains the number 301. It is in- 
teresting to find that this very problem was afterwards 
treated by Ibn-al-Haitam (с. 1000) and Leonardo 
Fibonacci cf Pisa (с. 1202).? 

To solve a problem of this kind Bhâskara II adopts 


1 See his commentary on A, ii. 32-3. 
3 L.E. Dickson, History of the theory of Numbers, Vol. ТЇ, 
referred to hereafter as Dickson, Numbers П, рр. 59, бо, 
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two methods. One is identical with the method of 
Aryabhata I and the other follows from his general rule 
for the solution of simultaneous indeterminate equations 
of the first degree. They will be better understood 
from his applications to the solution! of the following 
problem which, as Prthüdakasvámi (860) OBSERVES; 2 was 
popular amongst the Hindus: 

To find a number N which leaves ninder 5, 4, 
3, 2 when divided by 6, 5, 4, 3 respectively. 


ѓе, N=6x4+5= зу 4 = 47+ 3 = 3942. 
(1) We have 


— I — 1 M — І 
х = У ‚ у= Ecc <= . 


Now by the method of the pulveriser, we get from the 
last equation 


w= 4t+ 3, = 351 + г, 
where ¢ is ап arbitrary integer. Substituting in the 
second equation, we get 
I2/ -L- 7 
ENT 
To make this integral, we again apply the method of 
the pulveriser, so that 
Z—55-4-4, y-I25-LF 11. 
This value of y makes x a whole number. Hence we 
have finally 
w = 205 + 19, Z = 155 + 14, y — 125 + 11, X — 105 + 9. 
V N= Gos + 59. 
(2) Or we may proceed thus : 
Since N=6x+5=57+ 4, i 


1 BBs, pp. 85f. 
2 Vide his commentary on BrSpSi, xviii. 5-6. 
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we have x= тр = 
But x must be integral, so y = 6£4- 5, х= 54 4. 
Hence N = 30f + 29. 
Again N = зоѓ 29 = 4% + 3. 
ES Pan cod. 
15 


Since / must be integral, we must have  — 155 + 14; 
hence 7 — 25 + т. Therefore 


IN = боғ + 59. 


The last condition is identically satisfied. Prthüdaka- 
svami followed this second metho'l to solve the above 
problem. 


Conjunct Pulveriser. The foregoing system of 
indeterminate equations of the first degree can be put 
into the form? 


буо = agx + a| (1) 


On account of its important applications in mathematical 
astronomy this modified system‘has received special 
treatment at the hands of Hindu algebraists from 
A-yabhata II (950) onwards. It is technically called 


1 For, we have 


ахі H эү == aXe + + = ахы + fy ==... == ахь Tne 
Then аха = шх + (r4 — rg), 
2148 ay 
4X3 == 0M x+ a (ry — r3); 
3 3 
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samslistakuttaka or the “conjunct pulveriser" (from, 
kuttaka = pulveriser and заза = joined together, 
related). 

For the solution of the above system of equations 
Aryabhata II lays down the following rule : 


, “In the solution of simultaneous indeterminate 
equations of the first degree with a common divisor, 
the dividend will be the sum of the multipliers! and the 
interpolator the sum of the given interpolators."? 

A similar rule is given by Bháskara II. He says: 

“If the divisor be the same but the multipliers 
different then making the sum of the multipliers the 
dividend and the sum of residues the residue (of a 
pulveriser), the investigation is cartied on according to 
the foregoing method. This true method of the pul- 
уегіѕег is called the conjunct pulveriser."$ 

Rationale. If the equations (1) are satisfied by 
some value a of x, then the same value will satisfy the 
equation 


Юу +g +...) = (ау H аа H LL) H Gt at...) (2). 
Thus, if we can find the géneral value of x satis- 
fying equation (2), one of these values, at least, will 
satisfy all the equations (1). 
To illustrate the application of the above Bháskara 
П gives the following example :* 
бзр = 5х — 7 
61); = тох — | (4) 
Adding up the equations and dividing by the common 
factor 3, we get 
21Y = sx — 7, 


1 In the equations (1), 4j, a} ... are called multipliers. 
2 MSi, xviii. 48. з BB, p. 33 ; L, p. 82. 
* BB, p. 35 ; L, p. 82. 
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where Y = у + yg. By the method of the pulveriser 
the least positive value of x satisfying this equation is 
X = 14. This value of x is found to satisfy both the 
equations (A). 

Generalised Conjunct Pulveriser. A generalised 
case of the conjunct pulveriser is that in which the 
divisors as well as the multipliers vary. Thus we 
have 

AW == ах d с, 
P ya == ах + 6s, 
Pg Ja = азх H- ба, 


Simultaneous indeterminate equations of this type have 
been treated by Mahávira (850) and Sripati (1039). 
Mahávira says : 

“Find the least solutions of the first two equations. 
Divide the divisor corresponding to the greater solution 
by the other divisor (and as in the method of the pul- 
veriser find the least value of) the multiplier with the 
difference of the solutions as the additive. "That multi- 
plied by the divisor (corresponding to the greater 
solution) and then added by the greater solution (will be 
the value of the unknown satisfying the two equations)" 

A similar rule is given by Sripati : 

“Find the least solutions of the first two equations. 
Dividing the divisor corresponding to the greater solu- 
tion by the divisor corresponding to the smaller solution, 
the residue (and its divisor) should be mutually divided. 
Then taking the difference of the numbers as the addi- 
tive, determine (the least value of) the multiplier of the 
divisor corresponding to the greater solution in the 
manner explained before. Multiply that value by the 


1 GSS, vi. 1153, 1364 (last lines). 
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latter divisor and then add the solution (corresponding 
to it). The resulting number (severally) multiplied by 
the two multipliers and divided by the corresponding 
divisors will leave remainders as stated." 


The rationale of these rules will be clear from the 
following : | | 


Taking the first two equations, we have 
бу уу == ах E Mp 
Do Jg = dgX E бә. 
Suppose a, to be the least value of x satisfying the first 
equation as found by the method of the pulveriser. 
Then bm + ау, where т is an arbitrary integer, will 
be the general value of x satisfying that equation. 
Similarly, we shall find from the second equation the 
general value of x as ban + ay. Ifthe same value of x 
satisfies both the equations we must have 
bon + a, = bm + оу, 
or ban = bm + (a, — а,); 
supposing a, > а,. Solving this equation, we can find 
the value of » and hence of bw + a, of x satisfying 
both the equations. The general value of x derived 
from this may Ье equated to the value of x from the 
third equation and the resulting equation solved again, 
and so on. 


In illustration, of his rule Mahávira proposed 
several problems. One of these has already been given 
(Part I, p. 233). Неге are two others : 

(1) “Five (heaps of fruits) added with two (fruits) 
were divided (equally) between nine travellers; six 
(heaps) added with four (fruits) were divided amongst 
eight ; four (heaps) increased by one (fruit) were divided 


1 SiSe, xiv. 28. 
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amongst seven. Tell the number (of fruits in each 
heap)."1 
'This gives the equations : 


oy, = зх 2, 8yg = бх + 4, 7уз= 4х +1. 


(2) “The (dividends) are the sixteen numbers 
beginning with 35 and increasing successively by three ; 
divisors are 32 and others successively increasing by 2; 
and 1 increasing by 3 gives the remainders positive and 
negative. What is the unknown multiplier ?’” 


This gives the equations : 


32) = 35X ck 1, 34g = 38x E 4, 369 = 41x +7, ... 

Alternative Method. In four palm-leaf manus- 
cript copies of the Li/dvati? of Bháskara 11 Sarada Kanta 
Ganguly discovered a rule describing an alternative 
tnethod for the solution of the generalised conjunct 
pulveriser. There is also an illustrative example. The 
genuineness of this rule and example is accepted by 
him; butit has been questioned by A. A. Krishna- 
swami Ayyangar* who attributes them to some commen- 
tator of the work. His arguments are not convincing.5 
The chief points against the presumption, which have 
been noted also by Ganguly, are: (1) the rule and example 
in question have not been mentioned by the earlier 
commentators of the Г 2024 and (2) they have not been 
so far traced in any manuscript of the B//agati/a, though 
the treatment of the pulveriser occurs nearly word for 


1 GSS, vi. 1294. 3 GSS, vi. 1584. 

3S. K. Ganguly, "Bháskarácárya and simultaneous indeter- 
minate equations of the first degree,” BCMS, XVII, 1926, pp. 89- 
98. 

4A. A. Krishnaswami Ayyangar, “Bhaskara and samslishta 
Kuttaka," JIMS, XVIII, 1929. 

5 For Ganguly’s reply to Ayyangar's criticism see JIMS, XIX, 
1931. 
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word in the two works, Still we are in favour of 
accepting Ganguly’s conclusion.! The rule in question 
is this : 

“If the divisors as well as the multipliers be different, 
find the value of the unknown answering to the first 
set of them. That value being multiplied by the second 
dividend and then added by the second interpolator will 
be the interpolator (of a new &utfaka); the product of the 
second dividend and first divisor will be the dividend 
there and the divisor will be the second divisor. The 
value of the unknown multiplier determined from the 
kuttaka thus formed being multiplied by the first divisor 
and added by the previous value of the unknown multi- 
plier will be the value (answering to the two divisors). 
The dividend (for the next step) has been stated to be 
equal to the product of the two divisors. So proceed 
in the same way with the third divisor. And so on 
with the others, if there be many.” 


The rationale of this rule is as follows: Let a, be 
the least value of x satisfying the first equation of the 
system, viZ., 

Ь, у, = ayx t ey. 
Hence the general value is x = 5,7 + ау, where ¢ is any 
integer. Substituting this value in the second equation, 


we get 
ba Ya = азу + (азау + 69). 
If 2 = т be a solution of this equation, a value of х 


1 Of the four manuscripts containing the rule and example in 
question two ate from Puri, in Oriya characters, with the com- 
mentary of Sridhara Mahápátra (1717); the other two, in Andhra 
characters and without any commentary, are preserved in the 
Oriental Libraries of Madras and Mysore. So these four manus- 
cript copies do not appear to have been drawn from the same 
source. This is a strong point in favour of the genuineness of the 
rule and example. 
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satisfying both the equations wil be а, = bt + œ 
as stated in the rule, Now the general value of 7 will 
be = Рт + т, where m is an integer. Hence 
x == bt + ау == biban + т + a, = biban + ap Subs- 
tituting this value in the third equation we can find the 
least value of э and hence a value of x answering to the 
three equations. And so on for the other equations. 

The example runs thus : 

“Tell me that number ,which multiplied by 7 and 
then divided by 62, leaves the remainder 3. That 
number again when multiplied by 6 and divided by 101 
leaves the remainder 5 ; and when multiplied by 8 and 
divided by 17 leaves the remainder 9. Also (give) at 
once the process of the pulveriser for (finding) the 
number with the remainders all positive." 


Symbolically, we have 
(1) бу, = 7x — 3, 1015 = 6x — 5, 17) = 8x — 9; 
(2) 62у; = 7х + 5, тоту, = 6x + 5, 17): = 8x + 9. 


16. SOLUTION OF Мх? + 1 = у? 


Square-nature. The indeterminate quadratic 
equation 
Nx? + с = у?, 
is called by the Hindus Varga-prakrti or Krti-prakrti, 
meaning the “Square-nature.”! Bhaskara П (1150) 
states that the absolute number should be rZpa,? 
which means “unity” as well as “absolute number" in 
general. Kamalákara (1658) says: 


1 Varga = krti = “square” and prakrii = “nature,” “ptinci- 
ple,” “origin,” etc. Colebrooke has rendered the term rarga- 
pra&rti as “Affected Square.” 

2 “Tatra ripaksepapadartham tavat’’—BBi, р. 33. 
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“Hear first the nature of the varga-pra&rti : in it the 
square (of a certain number) multiplied by a multiplier 
and then increased or diminished by an interpolator 
becomes capable of yielding a square-root.” 


It was recognised that the most fundamental equa- 
tion of this class is 
Мх? + І = у, 
where N is а non-square integer. 


Origin of the Name. As regards the origin of 
the name varga-prakrti, Krsna (1580) says: “That in 
which the. varga (square) is the prakrti (natute) is called 
the varga-prakrti; for the square of ydvat, etc., is the 
oe (origin) of this (branch of) mathematics. Or, 

ecause this (branch of) mathematics has originated from 
the number which is the prakrżi of the square of ydvat, 
etc., so it is called the varga-prakrti. In this case the 
number-which is the multiplier of the square of ydvat, 
etc., is denoted by the term prakrti. (In other words) 
it is the coefficient of the square of the unknown."? 
This double interpretation has been evidently suggested 
by the use of the term prakrti by Bháskara П in two 
contexts. He has denoted by it sometimes the quantity 
N of the above equation as in “There the number 
which is (associated) with the square of the unknown is 
the pra&rti;"? and at.other times x, as in “Supposing the 
square of one of the two unknowns to be the pra&rzi." 4 
Other Hindu algebraists have, however, consistently 


1 7T Vi, xiii. 208. 

? See his commentary оп the Bíjagati/a of Bháskara II. 

s “Tatra varnavarge yo'ükah 54 prakrtib" (BBj, p. тоо). 
Compare also “Tatra yávattávadvarge yo’nkah så prakrtih” 
(р. тоў); "Istarn hrasvarn tasya vargah prakrtyà ksunno..." (p. 33). 

$ '"Tatraikár varnakrtim prakrtim prakalpya...” (BBs, p. 106). 
Compare also “Ѕагдраке varpakrzti tu yatra tatrecchaikám prakrtirn 
prakalpya..." (p. 105). 
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employed the term prakrti to denote N only.t Brahma- 
gupta (628) uses the term gupaka (multiplier) for the 
same purpose.? This latter term, together with its 
variation guna, appears occasionally also in later works.? 


We presume that the name varga-prakrti ortigi- 
nated from the following consideration : "The principle 
(prakrti) underlying the calculations in this branch of 
mathematics is to determine a number (or numbers) 
whose nature (prekrti) is such that its (or their) square 
(or squares, varga) or the simple number (or numbers) 
after certain specified operations will yield another 
number (or numbers) of the nature of a square. So the 
name is, indeed, very significant. This interpretation 
seems to have been intended, at any rate, by the earlier 
writers who used the term in a wider sense.4 It is 
perhaps noteworthy that we do not find in the works 
of Brahmagupta the use of the word pra&rti either in 
the sense of N or of x. 


Technical Terms. Of the various technical terms 
which are ordinarily used by the Hindu algebraists in 
connection with the Square-nature we have already 
dealt with the most notable one, pra&rti, together with 
its synonyms. Others have been explained by Prthü- 
dakasvámi (860) thus : 


“Here are stated for ordinary use the terms which 


1 For instance, Prthüdakasvámi (860) writes: “The multiplier 
(of the square of the unknown) is known as the fra&rzi ;" Sripati 
(1059):  "Krter-gunako — prakrtirbhréoktah" (SiSe, xiv. 32); 
Kamalakara: “Guno yo rasi-vargasya saiva prakrtirucyate." 

2 Br $557, xviii. 64. 

з For instance, Sripati employs the term дилаЁа (SiSe, xiv. 32); 
Bhaskara II and Narayana use guna (ВВ+, p. 42; NB; I, R. 84). , 

4 For instance, Brahmagupta seems to have considered the scope 
of the subiect wide enough to include such equations as 

ху = 42, х — у==%, oy + т == п, 

amongst others (cf. BrSpSé, xviii. 72). 
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are well known to people. The number whose 
square, multiplied by an optional multiplier and then 
increased or decreased by another optional number, 
becomes capable of yielding a square-root, is designated 
by the term the lesser root (Aanistha-pada) от the first 
root (ddya-mila). The root which results, after those 
operations have been performed, is called by the name 
the greater root (jyesfba-bada) ог the second root 
{anya-mila). If there be a number multiplying both 
these roots, it is called the augmenter (advartaka) ; and, 
on the contrary, if there be a number dividing the roots, 
it is called the abridger (apavartaka).”! 

Bháskara II (1150) writes : 

“Ап optionally chosen number is taken as the lesser 
root (Prasva-míla). That number, positive or negative, 
which being added to or subtracted from its square 
multiplied by the рлу (multiplier) gives a result 
yielding a square-root, is called the interpolator 
{ksepaka). And this (resulting) root is called the greater 
root (jyestha-mtila).’?* 

Similar passages occur in the works of Narayana,® 
J&ánarája and Kamalákara.* 


_ The terms ‘lesser root’ and ‘greater root! do not 
appear to be accurate and happy. For if x = m, y =n 
be a solution of the equation Nx? + с = y?, m will be 
less than 7, if N and c are both positive. But if they 
are of opposite signs, the reverse will sometimes Һарреп.5 


1 See Prthüdakasvámi's commentary on BrSpJSi, xviii. 64. In 
the equation Nx? + ¢ = у, x = lesser root, y = greater root, 
М = multiplier, and ¢ = interpolator. 

3 BBi, p. 33. 

8 NB;, I, R. 72. 

5 SIT Vi, xiii. 209. 

‚5 For instance, take the following example from Bháskara II 
(ВВ;, р. 43): 


SOLUTION OF Nx? -+ 1 = y? 145 


Therefore, in the latter case, where z > n, it will be 
obviously ambiguous to call z the lesser root and л 
the greater root, as was the practice in later Hindu 
algebra. This defect in the prevalent terminology was 
noticed by Krsna (1580). He explains it thus: ‘These 
terms are significant. Where the greater root is some- 
times smaller than the lesser root owing to the intet- 
polator being negative, there also it becomes greater 
than the lesser root after the application of the Principle 
of Composition."! The earlier terms, ‘the first root’ 
(âdya-műla) for the value of x and ‘the second root’ or 
‘the last root! (antya-méla) for the value of y, are quite 
free from ambiguity. Their use is found in the algebra 
of Brahmagupta (628).2 The later terms appear in the 
works of his commentator Prthüdakasvámi (860). 


The interpolator is called by Brahmagupta &sepa, 
praksepa or praksepaka.® Sripati occasionally employs 
the synonym Aypz* When negative, the interpolator 
is sometimes distinguished as ‘the subtractive’ (sodhaka). 


15x? — 13 =}. 
‚Опе solution of it is given by the author as x = 1, y = o; so that 
here the lesser root is greater than the greater root. The same is 
the case in the solution x = 2, y = 1 of his example (BBr, p. 43) 
— jx? + 21 = у, 
Brahmagupta gives the example (Br$557, xviii. 77) 
3x* — Воо = }?, 
which has a solution (x = 20, y = 20) where the two roots are equal. 
1 For example, by composition of the solution (1, o) of the 
equation 13x? — 13= 9? with the solution (3, 44) of the equation 
13x? + 1 = у, we obtain, after Bhaskara П, a new solution (5, 
35?) of tbe former, in which the greater root is greater than the lesser 
root. Similarly, by composition of the solution (2, 1) of the 
equation — 5x*-+ 21 = 5? with the solution ($, 8) of the equation 
— 5x®-+-1 =}, we get a new solution (1, 4) of the former 
satisfying the same condition. 
2 Br$ 5.57, xviii. 64, 66f. з Br 557, xviii. 65. 
4 $12, xiv. 32. 


IO 
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The positive interpolator is then called ‘the additive.’ 

Brahmagupta’s Lemmas. Before proceeding to 
the general solution of the Square-nature Brahmagupta 
has established two important lemmas. He says: 

“Of the square of an optional number multiplied 
by the gunaka and increased or decreased by another 
optional number, (extract) the square-root. (Proceed) 
twice. The product of the first roots multiplied by the 
gunaka together with the product of the second roots 
will give a (fresh) second root ; the sum of their cross- 
products will be a (fresh) first root. The (corresponding) 
interpolator will be equal to the product of the (previous) 
interpolatprs,””2 

The rule is somewhat cryptic because the word 
ал454 (twice) has been employed with double implica- 
tion. According to one, the earlier operations of finding 
roots are made on two optional numbers with two 
optional interpolators, and with the tesults thus obtained 
the subsequent operations of their composition are 
performed. According to the other implication of the 
word, the earlier operations are made with one optionally 
chosen number and one interpolator, and the subsequent 
ones ate carried out after the repeated statement of those 
roots for the second time. It is also implied that in the 
composition of the quadratic roots their products may 
be added together or subtracted from each other. 

That is to say, if x = a, y = f bea solution of the 
equation 

Nx? + k = 9’, 
and, x = a’, y = f' be a solution of 
Nx? + E = y?, 


then, according to the above, 


1 BrSpSi, xviii. 64-5. 2 BrSpSi, xviii. 64-5. 


SOLUTION OF Nx? + 1 = у 147 


x = af’ + «В, y = ВВ + Naa’ 
is a solution of the equation 
IN»? -+ АФ! = yP. 
In other words, if 
Ма? + & = 8, 
. Na’? + & В, 
then 
N(af' t B) + Аё = (BB? -E IN o^y. 0) 
In particular, taking а = o^, B = В, and k= A, 
Brahmagupta finds from a solution х = а, у = В of the 
equation 


Nx? + & =), 
a solution x = 208, y = f? + No? of the equation 
Nx? 4- £2 = y*. 
That is, if 
è Na? EE k= 6°, 
then 
N(2a8)? 4- &? = (p? + Ne). (II) 


This result will be hereafter called Brahmagupta’s 
Corollary. 


Description by Later Writers. Brahmagupta’s 
Lemmas have been described by Bhaskara I] (1150) thus : 


“Set down successively the lesser root, greater root 
and interpolator ; and below them should be set down 
in order the same or another (set of similar quantities). 
From them by the Principle of Composition can be 
obtained numerous roots. Therefore, the Principle of 
Composition will be explained here. (Find) the two , 
cross-products of the two lesser and the two greater 
roots ; their sum is a lesser root. Add the product of 
the two lesser roots multiplicd by the prakrti to the 
product of the two ‘greater roots ; the sum will be a 
greater root. In that (equation) the interpolator will be 
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the product of the two previous interpolators. Again 
the difference of the two cross-ptoducts is a lesser root. 
Subtract the product of the two lesser roots multiplied 
by the prakrti from the product of the two greater roots; 
(the difference) will be a greater root. Here also, the 
interpolator is the product of the two (previous) inter- 
polators,””! 


Statements similar to the above are found in the 
works of Narayana? (1350), ]fanarája (1503) and 
Kamalakara® (1658). 

Principle of Composition. The above results 
ate called by the technical name, Bhdvand (demonstration 
or proof, meaning anything demonstrated or proved, 
hence theorem, lemma ; the word also means composi- 
tion or combination). They are further distinguished as 
Samása Bhévand (Addition Lemma or Additive Composi- 
tion) апа Antara Bhévané (Subtraction Lemma or Sub- 
tractive Composition). Again, when the Bhévand is made 
with two equal sets of roots and interpolators, it is 
called Tu/ya Bhdvané (Composition of Equals) and when 
with two unequal sets of values, Atulya Bhdvané (Compo- 
sition of Unequals). Krsna has observed that when it 
is desired to derive roots of a Square-nature, larger in 
value, one should have recourse to the Addition Lemma 
and for smaller roots one should use the Subtraction 
Lemma. : 

Brahmagupta’s Lemmas were rediscovered and 
recognised as important by Euler in 1764 and by 
Lagrange in 1768. 

Proof. The proof of Brahmagupta’s Lemmas has 
been given by Krsna substantially as follows : 


1 BBs, p. 34. 2 NB;, І, R. 72-754. 
3 GTV, xiii. 210-214. 
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We have 
Na? + E, 
No’? + &’ = p”. 
Multiplying the first equation by В'?, we get 
А Nap”? + kp’? == В?В”°. 
Now, substituting the value of the factor 9/2 of the 
interpolator from the second equation, we get 
Nap”? + (Ма + 7) = BB", 
or Nop’? + Nka” + kk’ = B78”, 
Again, substituting the value of & from the first equa- 


tion in the second term of the left-hand side expression, 
we have 


Маз” + Марэ — Na?) + kK = 83675, 
or AN(a?9/2 ЧЕ a’2B2) + kk’ = В2В'2 + Na?a, 
Adding -+ 2Nafe’B’ to both sides, we get 
N(ap’ + aB) + &&' = (pp Хаа”), 
Brahmagupta’s Corollary follows at once from the 
above by putting o^ = a, f = f and $’ = Ж. 
General Solution of the Square-Nature. It is clear 


from Brahmagupta's Lemma (I) that when two solutions 
of the Square-nature, 


Nx? +4 І zy 
are known, any number of other solutions can be found. 
For, if the two solutions be (a, b) and (^, b’), then two 
other solutions will be 
x z ab! + ab, у= bb’ + Naa’. 

Again, composing this solution with the previous ones, 
we, shall get other solutions. Further, it follows from 
Brahmagupta’s Corollary that if (a, 6) be a solution of 
the equation, another solution of it is (22b, b? + Na?). 
Hence, in order to obtain a set of solutions of the 
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Square-nature it is necessary to obtain only one solu- 
tion of it. For, after having obtained that, an infinite 
number of other solutions can be found by the repeated 
application of the Principle of Composition. Thus 
Sripati (1039) observes: ‘There will be an infinite (set 
of two roots)!  Bháskara П (1150) remarks: “Неге 
(.e., in the solution of the Square-nature) the roots are 
infinite by virtue of (the infinitely repeated application 
of) the Principle of Composition as well as of (the 
infinite variety of) the optional values (of the first 
roots)? Narayana (1350) writes, “By the Principle of 
Composition of equal as well as unequal sets of roots, 
(will be obtained) an infinite number of roots.” 

Modern historians of mathematics are incorrect in 
stating that Fermat (1657) was the first to assert that 
the equation Nx? -+ т = y?, where N is a non-square 
integer, has an unlimited number of solutions in inte- 
gers.4 The existence of an infinite number of integral 
solutions was clearly mentioned by Hindu algebraists 
long before Fermat. \ 

Another Lemma. Brahmagupta says : 

“On dividing the two roots (of a Square-nature) by 
the square-root of its additive or subtractive, the roots 
for the interpolator unity (will be found)."'5 

That is to say, if x = a, y = В be a solution cf the 
equation 

Nx -+ k == 9%, 
then x= ajk, y = В/6 is a solution of the equaticn 
Мх? + 1 = 7". 
This rule has been restated in a different way thus : 


1 S$iSe, xiv. 33. 

? *Thánantyam bhavandbhistathestatah”—BBy, p. 34. 
* NB, I, R. 78. Compare also J7T Vi, xiii. 217. 
“Smith, History, П, p. 453. 5 BrSpSi, xviii. 65. 
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“If the interpolator is that divided by a square 
then the roots will be those multiplied by its square- 
root," 


That is, suppose the Square-nature to be 
Nx? + pid = yi 
so that its interpolator 2?4 is exactly divisible by the 


square °. Then, putting therein # = x/p, v = y[p, 
we derive the equation 


Ма? + 4 = 2, 


whose interpolator is equal to that of the original 
Square-nature divided by p?. It is clear that the roots 
of the original equation are p times those of the derived 
equation. 

Bháskara II writes: 


“If the interpolator (of a Square-nature) divided 
by the square of an optional number be the interpolator 
(of another Square-nature), then the two roots (of the 
former) divided by that optional number will be the 
roots (of the other) Or, if the interpolator be multi- 
plied, the roots should be multiplied."? 

The same rule has been stated in slightly different 
words by Náráyana? and Kamalákara.* jüánarája simply 
observes: 

“If the interpolator (of a Square-nature) be divided 
by the square of an optional number then its roots will 
be divided by that optional number." 

Thus we have, in general, if x = a, y = В be: 
solution of the equation 


Nx? + А = у, 


1 BrSpSi, xviii. 7o. 2 BBi, p. 54. 
з NB; I, R. 76-764. 3 SiTV7, xiii. 215. 
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x = ajz, y = B[m is a solution of the equation 

Мх + ји? = у?; 
and x = za, у = np is а solution of the equation 

Nx + nk = y?, 
where w, n are arbitrary rational numbers. 

By this Lemma, the solutions of the Square-natures 
(2) 6x? + 12 =), 
Gi) бла + 75 =, 
and (i) 6x? + зоо = 9, 
can be derived, as shown by Bhaskara U, from 
those of 
бх? + 3 = 7, 
since 12 = 22.3, 75 = 52.3, and 300 = 102.3. How to 
solve this latter equation will be indicated later on. 
Rational Solution. In order to obtain a first 
solution of Nx? + 1 == 5»?.the Hindus generally suggest 
the following tentative method: Take an arbitrary 
small rational number a, such that its square multiplied 
by the gunaka N and increased or diminished by a 
suitably chosen rational number & will be an exact 
square. In other words, we shall have to obtain 
empirically a relation of the form 
No? + & = В, 

where a, 2, В are rational numbers. This relation will 
be hereafter referred to as the Auxiliary Equation. Then 
by Brahmagupta’s Corollary, we get from it the relation 


N(2oB)? + #® = (B + Nay, 


= шу А -(EXNEy. 


1 ВВ}, p. 41. 
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Hence, one rational solution of the equation Nx*-+ т 
= 3° is given by _ 

208 _ B? + Ne? 
pet Bo 

Srípati's Rational Solution. Sripati: (1039) has 
shown how a rational solution of the Square-nature 
can be obtained more easily and directly without the 
intervention of an auxiliary equation. Не says: 

“Unity is the lesser root. Its square multiplied by 
the prakrti is increased or decreased by the prakrti 
combined with an (optional) number whose square-root 
will be the greater root. From them will be obtained 
two roots by the Principle of Composition"! 

If т? be a rational number optionally chosen, we 
have the identity 

INA? + (02 -- N) = #, 

or М.а? — (№ — m = m. 

Then, applying Brahmagupta’s Corollary to either, we 
get 


х= (А) 


Nam)? + (т ~ Ny = (P + NS 


277 т? 4 Ny? 
N(R) aoe = (я ~N 
m т? + М 

Hence x= р У == mie N’ (B) 


where # is any rational number, is a solution of the 
equation 


Nx? + 1 = у, 


The above solution reappears in the works of later 
Hindu algebraists. Bhaskara П says : 


1 je, xiv. 35. 
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“Or divide twice an optional number by the differ- 
ence between the square of that optional number and the 
prakrti. This (quotient) will be the lesser root (of a 
Square-nature) when unity is the additive. From that 
(follows) the greater root.”? 

Narayana states : 

“Twice an optional number divided by the difference 
between the square of that optional number and the 
gunaka will be the lesser root. From that with the 
additive unity determine the greater root.” 


Similar statements are found also in the works of 
Jfianaraja and Kamalakara.? 


i T 297 
If т be an optional number, it is stated that — ——— 
й? ~ М 


is a lesser root of Nx? J- 1 = у. Тһеп, substituting 
that value of x in the equation, we oa 


^ —N(A S) +1, 
„(лыы NY. 


nt — 
Hence the greater root is 
=” т? + М М 
n~ № 
The same solution will be obtained by assuming 
. J= тх — 1. 
Krsna points out that it can also be found thus : 
4Nm* = (m +- Ny — (s? ~ NP, identically. 
SO ANA + (m ~ NE = {а + NP, 


1 ВВ; p. зд. * NBi, І, R. 77f. 
3 SIT Vi, xiii. 216. 
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277 2 Qo (m4 Ny? 

5 Мба) tax 
His remark that this method does not require the help 
of the Principle of Composition shows that Bháskara 1I 
and others obtained the solution in the way indicated 
by Sripati. 

The above rational solution of theSquare-nature has 
been hitherto attributed by modern historians of mathe- 
matics to Bháskara II. But it is now found to be due 
to an anterior writer, Sripati (1039). It was redis- 
covered in Europe by Brouncker (1657). 

Illustrative Examples. In illustration of the fore- 
going rules we give the following examples with their 
solutions from Bháskara II. 

Examples. “Tell me, O mathematician, what is that 
square which multiplied by 8 becomes, together with 
unity, a square; and what square multiplied by rr and 
increased' by unity, becomes a squate."! 


That is to say, we have to solve 
(1)  8x?-Ep r=)’, 
(2) 11х? + т = }?. 

Solutions. “In the second example assume 1 as the 
lesser root. Multiplying its square by the prakrti, namely 
11, subtracting 2 and then extracting the square-root, 
we get the greater root as з. Hence the statement for 
composition is? 


HU — 11 à =i £3 i=— 2 
pe р i=- 
1 BBj, p. 35. 
2 The abbreviations are: m = multiplier, / <= lesser root, 
а = greater root and 7 = interpolator. In the original they are 


respectively pra, ka, jye, and kse, the initial syllables of the cor- 
responding Sanskrit terms. 
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Proceeding as before we obtain the roots for the 
additive 4: /=6, g= 20, (for) ¿= 4. Then by the 
rule, ‘If the interpolator (of a Square-nature) divided by 
the square of an optional number etc.,! are found the 
roots for the additive unity: /= 3, g = то (for)  — т. 
Whence by the Principle of Composition of Equals, we 
get the lesser and greater roots: /== бо, g = 199 (for) 
ѓ == 1. In this way an infinite number of roots can be 
deduced. 

“Or, assuming 1 for the lesser root, we get for the 
additive у: / — 1, g = 4, (for)  — 5. Whence by the 
Principle of Composition of Equals, the roots are / — 8, 
g= 27, (for)  — 25. Then by the rule, ‘If the inter- 
polator (of a Square-nature) divided by the square 
of an optional number etc., taking 5 as the optional 
number, we get the roots for the additive unity: 
l = 8/5, g = 27/5, (for)  — 1. The statement of these 
for composition with the previous roots is . | 

т == 11 [== 8[5 g=27/5 i= 
Ї= 3 = 10 і = 1 
By the Principle of Composition the roots are obtained 
as: Z= 161/5, g= 534/5 (for) 7=1. 

“Or composing according to the rule, ‘The differ- 
ence of the two cross-products is a lesser root etc.,’ we 
get the roots: /— 1/5, g=6/5 (for) ;— 1. And 
so on in many ways. 

“The two roots for the additive unity will now be 
found in a different way by the rule, *Or divide twice 
an optional number by the difference between the square 
of that optional number and the pra&rfi etc.’ Here, in 
the first example, assume the optional number to be 5. 
Its square is 9; multiplier is 8; their difference is 1; 


1 Vide supra, p. 151. 
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dividing by this twice the optional number, namely 6, 
we get the lesser root for the additive unity as 6. 
Whence, proceeding as before, the greater root comes 
out as 17. 

“In the same way, in the second example also, as- 
suming the optional number to be 3, the lesser and 
greater roots are found to be (3, 10). 


“Thus, by virtue of (the infinite variety of) the 
optional values as well as of (the infinitely repeated 
application of) the Principle of Additive and Subtractive 
Compositions, an infinite number of roots (may be 
found)."1 


Solution in Positive Integers. As has been stated 
before, the aim of the Hindus was to obtain solutions 
of the Square-nature in positive integers; so its first 
solution must be integral. But neither the tentative 
method of Brahmagupta nor that of Sripati is of 
much help in this direction, for they do not always 
yield the desired result. "These authors, however, dis- 
covered that if the interpolator of the auxiliary equation 
in the tentative method be + 1, + 2 ог + 4, an integral 
solution of the equation Nx?-+ т = y? can always be 
found. Thus Sripati (1039) expressly observes, “ТЕ 1, 
2 Ot 4 be the additive or subtractive (of the auxiliary 
equation) the lesser and greater roots will be integral 
(abbinna).? 

(2 If & = + 1; then the auxiliary equation will be? 

Ма? + І = 82, 


l'The original is, “Evamistavaéat samásántarabhávanábhyár 
ca padánámánantyam." (BBi, p. 36). 

2 "Dvyekámbudhiksepavis$odhanábhyám 

_ Syatamabhinne laghuvrddhamiile.”—SiSe, xiv. 32. 
The Sanskrit word abbinna literally means “non-fractional.” 
ү з The special treatment of the equation Nx? — 1 == у? is given 
ater on. 
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where а, Bare integers. Then by Brahmagupta’s Corol- 
lary, we get 
x = 206, y = p? + No? 
as the required first solation i in positive integers of the 
equation Nx? + 1 = у. 
() Let k = + 2; then the auxiliary equation is 
No? + 2 = p. 
By Brahmagupta’s Corollary, we have 
N(2a8)? + 4 = (B? + Nat), 


or Мав)? + I (б + Ney. 


Hence the required first alien is 
x = aß, y= 1(8° + Na). 
Since No? = В? = 2, 
we have 108° +- Na?) = 8? F 1 = a whole number. 
(4) Now suppose А = + 4; so that 
No? + 4 = p°. 
With an auxiliary equation like this the first integral 
` solution of the equation Nx? + 1 = у? is 


x = laf, 
me >= (P — 2); 
if ais even; or 
x = gef? — 1), 
J = 38GB? — 3); 


if B is odd. 
Thus Brahmagupta says: 

“In the case of 4 as additive the square of the second 
root diminished by 3, then halved and multiplied - by 
the second root will be the (required) second root ; 
The square of the second root diminished by unity and 
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then divided by 2 and multiplied by the first root will 
be the (required) first root (for the additive unity).”4 


The rationale of this solution is as follows: 
Since Ме? + 4 = p?, oo (@) 


we have м(2) + = ( (2) 


Then, by Brahmagupta’s Corollary, we get 
7 ap 42 p2 Ие 
N(— =(—-+ N—). 
(уч Corea Ua 
. Substituting the value of N in the right-hand side ex- 
pression from (1), we have 


a 2 Р че 2 
м(*) + =(= 2. (3) 
Composing (2) and (3), 
м0 = Jr І -[£ce -= з) | 
Непсе x= фов, y == Mp? — 2); 


апа x = ра(В2 — 1), у = &8(f? — 3); 
ate solutions of 


2 
. 


Nx? + т = 9%, 
If B be even, the first values of (x, y) are integral. 
If 6 be odd, the second values are integral. 
(iv) Finally, suppose & = — 4; the auxiliary equa- 
tion is 
No? — 4 = B? 
Then the required first solution in positive integers of 
Nx? + 1 =y? ts 
x = aB(B? + 5)(B? + 1), 
J = (8° + 2)G(? + 3)(B + 1) — 1}. 


1 BrSpSi, xviii. 67. 
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Brahmagupta says: 

“In the case of 4 as subtractive, the square of the 
second is increased by three and by unity; half the 
product of these sums and that as diminished by unity 
(are obtained). The latter multiplied by the first sum 
less unity is the (required) second root; the former 
multiplied by the product of the (old) roots will be 
the first toot corresponding to the (new) second toot." 


The rationale of this solution is as follows : 
Ма? — 4 = В, (1) 
ad 842 
N(—) — I =(--) + 
Hence by Brahmagupta’s Corollary, we get 
2 Вг о? \2 
N( AENA 
tee) 
| = (M(* + 2))* (2) 
Again, applying the Corollary, we have 
N(4aB(B? + 2))? + 1 = {EPt + 48° + 2)}% (3) 
Now, by the Lemma, we obtain from (2) and (3) 
рав + 382 4-1)? + 1 
= [(B*4- 2)(3(0? + 3)(9? + 1) — т)]®. 
Hence x = $a8(8? + 3Y(8? + 1), 
J = (8% + 2) (18° + ЗВ? + 3) — т), 
is a solution of Nx? + 1 =). 

It can be proved easily that these values of x, y 
are integral. For, if В is even, 8° -- 2 is also even. 
Therefore, the above values of x, y are integral. If on 
the contrary f is odd, B? is also ода; then f? + т and 


В? + 3 are even. Hence in this case also the above 
values ate integral. 


1 BrSpSi, xviii. 68. 
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Putting p= of, g= В? + 2 we can write the 
above solution in the form 


x= M — т), 
„= M — з), 
in which it was found by Euler. 


, 


17. CYCLIC METHOD 


Cyclic Method. It has been just shown that 
the most fundamental step in Brahmagupta's method 
for the general solution in positive integers of the 
equation 

Nx? + = y 
where N is a non-squate integer, is to form an auxiliary 
equation of the kind 

Na + А = b, 


where a, P are positive integers and & = + 1,+ 2 or 
+4. For, from that auxiliary equation, by the Principle 
of Composition, applied repeatedly whenever necessary, 
one can derive, as shown above, one positive integral 
solution of the original Square-nature. And thence, 
again by means of the same principle, an infinite number 
of other solutions in integers can be obtained. How to 
form an auxiliary equation of this type was a problem 
which could not be solved completely and satisfactorily 
by Brahmagupta. Jn fact, he could not do it otherwise 
than by trial. But Bhaskara JJ succeeded in evolving a 
very simple and elegant method by means of which 
one can derive an auxiliary equation having the required 
interpolator + І, + 2 or + 4, simultaneously with its 
two integral roots, from another auxiliary equation 
empirically formed with any simple integral value of the 
interpolator, positive or negative. This method is called 


II 
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by the technical name Cakravéla or the “Cyclic Method." 

The purpose of the Cyclic Method has been defincd 
by Bháskara II thus: “Ву this method, there will 
appear two integral roots corresponding to an equation 
with + 1, + 2 0r +.4 as interpolator."? 


Bháskara's Lemma. The Cyclic Method of Bhás- 
kara П is based upon the following Lemma : 
If Na? + k= P, 
us a, b, & ate integers, & being positive or negative, 
then 
ат | bs? т? —– М рт + Nas? 
лак леш 
where z is an arbitrary whole number. 
The rationale of this Lemma is simple: We have 
Na? + ё = B, 
and N.1? 4- (02 — N) = ж, identically. 
Then by Brahmagupta’s Lemma, we get | 
Мат +- Б)? + k(n? — IN) = (bm + Nay. 
am -- Фу", 2? — М bm + Na? 
Ng) жаз г: 
Bháskara's Rule. Bhaskara 11 (1150) says : 
“Considering the lesser root, greater root and inter- 
polator (of a Square-nature) as the dividend, addend 
and divisor (respectively of a pulveriser), the (indeter- 
minate) multiplier of it should be so taken as will make 
the residue of the prakrti diminished by the square of 
that multiplier or the latter minus the prakrti (as the case 


1 The Sanskrit word Ca&rará/a means "circle," especially 
"horizon." "The method is so called, observes Süryadása, because 
it proceeds as in a circle, the same set of operations being applied 
again and again in a continuous round. 

? BBs, p. 38. - ' 
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may be) the least. That residue divided by the (original) 
interpolator is the interpolator (of a new Square- 
nature); it should be reversed in sign in case of sub- 
traction from the prakrti. The quotient corresponding 
to that value of the multiplier is the (new) lesser root ; 
thence the greater root. The same process should be 
followed repeatedly putting aside (cach time)the previous 
roots and the interpolator. This process is called 
Cakravála (or the ‘Cyclic Method")! By this method, 
there will appear two integral roots corresponding to 
an equation with + 1, + 2 or + 4 as interpolator. In 
order to derive integral roots corresponding to an 
equation with the additive unity from those of the 
equation with the interpolator + 2 or + 4 the Principle 
of Composition (should be applied)? 


Suppose we have an equation of the form 
Ма? + k = 02, (1) 
where а, b, & are simple integers, relatively prime, & 
being positive or negative. Then by Bháskara's Lemma 


ат - by? т? —– М bm + Nas? 
еы aN ш р 
& 
where z is an arbitrary integral number. In the above 
rule, m has been styled the indeterminate multiplier. 
Now, by means of the pulveriser, its value is determined 
so that 
т |р. 
Е is a whole number. 

1 The original text is cakravdlamidam jaguh. The commentator 
Krsna explains, “acarya etadganitarn cakraválamiti jaguh” or “The 
learned professors call this method of calculation the Cakravdla.” 
So Bháskara II appears to have taken the Cyclic Method from 


earlier writers. But it is not found in any work anterior to 
him so far known. 
2 BBi, pp. 36ff. 
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Again, of the various such values, Bhaskara II chooses 
that one which will make |w? — N| as small as possible. 
Let that value of z; Бе n. Now let 


n--b 
ДЕСЕ 
bn + Na 
“жш 
2— N 
k=. 


The numbers ау, бу, Ау аге all integral. The equation 
(2) then becomes 


Na? + А, = B. (3) 
Proceeding exactly in the same way, we can obtain 

from (3) a new equation of the same kind, 

Na? + ky = bp”, 
where again 4$, ba œ ate whole numbers. Ву 
repeating the process, we shall ultimately arrive at an 
equation, states Bháskara II, in which the interpolator & 
will reach the value + 1, - 2 or + 4, and in which (a, b) 
will be integers. 


Náráyana's Rule. The above rule of Bháskara II 
has been reproduced by Narayana (1350). He writes: 


“Making the lesser root, greater root and inter- 
polator (of a Square-nature) the dividend, addend and 
divisor (respectively of a pulveriser), the (indeterminate) 
multiplier of it should be determined in the way des- 
ctibed before. The prak&rti being subtracted from the 
square of that or the square of the multiplier being 
subtracted from the рлар, the remainder divided by the 
(original) interpolator is the interpolator (of a new 
Square-nature); and it will be reversed in sign in case 
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of subtraction of the square of the multiplier. The 
quotient (corresponding to that value of the multiplier) 
is the lesser root (of the new Square-nature); and that 
multiplied by the multiplier and diminished by the 
product of the previous lesser root and (new) inter- 
polator will be its greater root. By doing so repeatedly 
will be obtained two integral roots corresponding to the 
interpolator + 1,+ 2 or +4. In order to derive 
integral roots for the additive unity from those answer- 
ing to the interpolator + 2 or + 4, the Principle of 
Composition (should be adopted)."! 


It will be noticed that Narayana does not expressly 
state that the value of the indeterminate multiplier ^ 
should be so chosen as will make |22 — N| least. It is 
perhaps particularly noteworthy that he recognised the 
relation 

b, = аул — kya. 
bn -+ Na 
© E 
"(а — an) + Na 
eese кшш, Г. 


Бог у = 


ak == an + E] 


Similarly, it will be found that 
ф == but I Nay 
| 1 

Por bn = ay? — kyan, 


1 NBi, I, R. 79-82. 
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= a, (N F kk) — ал, 
[ ААЛ, = n? =; N] 
= a, N + Ab, [ ak = an+ 0] 
pn NG 
1 

Illustrative Examples. In illustration of the 
Cyclic Method, Bhâskara II works out in detail the fol- 
lowing examples : 

“What is that number whose square multiplied by 
67 or 61 and then added by unity becomes capable of 
yielding a square-root? Tell me, О friend, if you have 
a thorough knowledge of the method of the Square- 
nature.”1 i 

That is to say, we are to solve 

(0) 67x? + 1 = 7", 
(ii) 61x? + 1 = }2. 

Leaving out the details of the operations in con- 
nection with the process of the pulveriser, Bhaskara’s 
solutions are substantially as follows : 

(2) 67x? + 1 = y*. 

We take thc auxiliary equation 

67.12 — 3 = 82. 
Then, by the Lemma, 


67( з= (в (2) 


By the method of the Kutfaka the solution of 
m+8 
— 3 


= an integer, 


1 BB, p. 38. 

It is remarkable that the equation 61x? + т = 5? was proposed 
by Fermat to Frénicle in a letter of February, 1657. Euler solved it 
in 1732. 
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is m= — 3 di. Putting ¢= = 2, we get 1 = 7 
which makes | ~?— 67] least. On substituting this 
value, the equation (1) reduces to 


67.5? + 6 = 41?. 
Again, by the Lemma, we have 
sa +415? , #2 — бу _ удій + 67.5? 
6102) 4 — (S3). Q) 


The solution of 
54" + 41 
6 
is n= 6t+ 5. [2 — 67 | will be least for the value 
Ё = o, that is, when и = 5. The equation (2) then 
becomes 


— a whole numbet, 


67.112 — 7 = 90°, 
Now, we form 
2 2 | 2 
("2+ 99) 42 be (2 DATUM (3) 
ШЕ SA EX 
The solution. of "n 
Li ing 
== 
is ф==— 7? + 2. Taking 7 — — 1, we have р = 9; 
and this value makes | p? — бу | least. Substituting that 
in (3) we get 


= an integral. number, 


67.27? — 2 = 2212, | 
By the Principle of Composition of Equals, we get 
from this equation | 
67 (2.27.221)? + 4 = (221° + 67.277), 
or 67(11954)* + 4 = (97684)?. 
Dividing out by 4, we have 
67 (5967) + 1 = (48842)*. 
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. Hence х = 5967, у = 48842 is a solution of (2). 
(г) 61x? + 1 = x’, 
Here we start with the auxiliary equation 
61.12 + 3 = 82, 
By the Lemma, we have 
2 2 2 
в: (== ®у +” 6 (86) (1) 

Now the solution of 


-| 8 


== an integer, 


is # = 32 -- т. Putting 7 — 2, we get the value ә = 7 
which makes | m?— 6r| least. On substituting this 
value in (1), it becomes 
61.52 — 4 = 39*. 
Dividing out by 4, we get 
6r(8)? — т = (y. (2) 
By the Principle of Composition of Equals, we have 
61(2.3. PF + 1 = (CO? + 61 (8)? p? 
Of 61(188)? + т = (15232, (3) 
Combining (2) and (3), 
61(3805)? — 1 = (29718). 
Composing this with itsclf, we get 
61(226153980)? + І = (1766319049)?. 
Hence x = 226153980, y = 1766319049 is a solution 
of (ii). 
The following two examples have been cited by 
Narayana : ; 
(iz) 103x? -+ т = у, 
G) отла 1 =. 
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Their solutions ate given substantially as follows : 
For (Z7) we have the auxiliary equation 
103.12 — 3 = 10%, 
By the Lemma, we get 
jo (055) 4 m us = (e =, 103 E 
The general solution of 
m+ 10 
TIO 
is 0 = — 3 2. Putting / = — 3, we get ⁄ = 11. 
Then ` 


= an integer, 


103.72 — 6 = 712. 
Again, by the ae 


гашиш у ГЕ жыныс — M aguer 193. Ty. 


The solution of 
DID — a whole number, 
is n = — 64+ 1. Taking / = — 1, we get 
103.20? + 9 = 2032, 
Next, we have 


20р + 2034? бы 103 ,203P + 103.204? 
pq ee 
Now, = == ап integral number 


for p = 9f+ 2. When ¢ = 1, Р = 11. On taking this 


value we find 
1053.47? + 2 = 477°. 
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Applying the Principle of Composition of Equals, 
we get 


103(2.47:477)° + 4 = (477° + 103.472), 
ot 103(44838)? + 4 = (455056). 
Hence 103(22419)? + 1 = (227528), 
which gives x = 22419, у = 227528 as a solution of (277). 
For the solution of (iv) the auxiliary equation is 
97.1? + 3 = 10% 


Therefore 
m+ тоу, &?— 97 10m” + 974? 
п ea e ae a 
The solution of 
zte = an integer, 


is w = 3¢-+ 2. Taking /- 3, we have 2 = 11. Then 
97.7 + 8 = 69? 
Next, we have ; 


2 2 __ 2 
s; (I 5: _97 (22220) 


The solution of 
7^ + 69 
8 
is п = 8t-+ 5. Taking ¢ = 1, that is, л — 15, we get 
97.20? + 9 = 197°. 


— an integer, 


Whence 
20р + 1974? , 2 — 97 197P + 97.20? 
97( op 97) SES 229 (19 9 ). 
9 9 9 
The solution of 


20p + + 197 


==a whole number, 
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is p=of+ 5. Putting 7 = 1, we get p= 14. With 
this value of p we have 


97.53? + 11 == 3222, 


Whence 
539 + 5224? 42 — 97. {5224+ 97.53 ү" 
s (IE 4 @— эт iat oras 
'The solution of 
33g уе = an integer, 


is 4 = 1174- 8. The appropriate value of 4 is given 
by ż= о. So, taking q = 8, we have 
97.86? — 3 = 847°. 
Next, we find 
Bore M м2 — 97 (847r 97.86? 
9; CET) 4 97 — (Ser этар. 


i 3 = 
The solution r 
= a whole number, 
isr=3¢+ т. Putting / — — 3, we get r = то. Tak- 


ing this value, we have 
97.569? — 1 = 5604. 
By the Principle of Composition of Equals, we find 
97(6377352)* + 1 = (62809633). 
Hence x = 6377352, y = 62809633 is a solution of (iw). 
Proofs. It has been stated by Bhaskara II that: 
(1) when 4, is an integer; £, and 7, are each a 
whole number ; 
(2) his Cyclic Method will in every case lead to 
the desired result. 
He has not adduced proofs. We presume that he 
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knew a proof at least of the first proposition. For 
he must have recognised the simple relation 


фу = ayn — kya, 
which has been expressly stated by Náráyaga (1350). 
This shows at once that 4, will be a whole number, 
if &, is so. This is also evident from the equation, 
Na? + k = £j?, itself. Hence, it now remains to prove 
that A, is an integral number. 


Eliminating b between 


n--b 
а =*© io 
and A 2 ue 
we have & (аул — Ёр) = а(л® — N), 
or a (ал — bh) = № — N. 
Therefore s (аул — b) is an integer. 


Since & and а have no common factor, a must 
divide an — Ру; that is 
2 m T 
an — b LH IN 
a & 
Hence 4, also is a whole number.! 


= &, = an integer. 


1 Hankel’s Proof: Wankel proves these two results thus : 


Since ak = ан + b апа & = 12 — Na’, 
we get a(b — Na) = an + b, 
or 2 (a,b — 1) = (и + Naa). 


Since a, b have no common factor, а must divide a,b — 1; that is, 


a,b — 1 Р 
a ` ап integer. 
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18. SOLUTION OF Nx? + с = у? 


The general solution of the indeterminate quadratic 

equation З 
Nx -+ c = J? б 

in positive integers was first given by Brahmagupta (628). 

He says: 

“From two roots (of a Square-nature) with any 
given additive or subtractive, by making (combination) 
with the roots for the additive unity, other first and 
second roots (of the equation having) the given additive 
or subtractive (can be found)."! 


Eliminating л between - 
а= ап | b, bk = bn + Na, 


we get ab — ab, = 1. 
Hence b, = йин аа a whole number. 
— руг Nv 
Now д? — N= аа а а 
_ a? k? — zbka + k 
=ч ————1—— 
_ Жау" k — zba + 1) 
= a : 
Therefore 2 (a,2k — 2ba, + 1) is a whole number. 


Since a, & have no common factor, it follows that 
ak —2ba,4+1 m—N 


= Ё, = an integer. 


a k 
2 2k — А 
Also к=” М t а 
_ 21302 — Na?) — zba +1 


a 

(22 — 1 ? ER a 

z = ( - ) Na,3. 
1 BrSpSi, xviii, 66. 
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Thus having known a single solution in positive 
integers of the equation Nx? + с = 2, says Brahma- 
gupta, an infinite number о, other integral solutions 
can be obtained by making use of the integral solutions 
of Nx? + 1 = у, If (р, д) be a solution of the former 
equation found empirically and if (a, 8) be an integral 
solution of the latter then, by the Principle of Com- 
position, 

x= РВ + 4а, y= 48 + Npa 
will be a solution of the former. Repeating the opera- 
tions we can easily deduce as many soiutions as we like. 


This method reappears in later Hindu algebras. 
Bháskara П says : 


“In (a Squate-nature) with the additive. or sub- 
tractive greater (than unity), one should find two roots 
by his own intelligence only ; then by their composition 
with the roots obtained for the additive unity an infinite 
number of roots (will be found)."1 

Náráyana writes similarly : 

"When the additive or subtractive is greater than 
unity, two roots should be determined by one's own 
intelligence. Then, by combining them with the roots 
for the additive unity, an infinite number of roots can be 
obtained."? 

We take the following illustrative examples with 
solutions from Náráyana : 


Example. ‘Tell me that square which being multi- 
plied by 13 and then increased or diminished by 17 
or 8 becomes capable of yielding a square root.’ 


1 BBs, p. 42. .* NB; І, К. 86. 
3 NB;, I, Ex. 44. 
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That is, solve 
(0) 13а 17 =, 
(2) 13x 4- # = y?. 

Solution. “In the first example it is stated that the 
multiplier = 13 and interpclator = 17. 

“Now the ‘roots for the interpolator 3 are (1, 4). 
And for the interpolator 51, the roots are (1, 8). For 
the composition of these with the previous roots (1, 4). 
the statemc at will be 

m-13 [=I £—8 i= 51 
[e £4 {=з 
So, by the Addition Lemma, we get the roots corres- 
гор to the interpolator 153 as (12,45). The rule 
says, ‘If the interpolator (of a Square-nature) be divided 
by the square of an optional number etc Now take 
the optional number to be 3, so that the interpolator 
may be reduced to 17. For 32 = 9 and 153/9 = 17. 
Therefore, dividing the roots just obtained by the 
optional number 3, we get the required roots (4, 15). 

“Applying the Subtraction Lemma and proceeding 
similarly we get the roots for the interpolator 17 as 
(4/3, 19/3). 

“In the second example the statement is : multiplier 
= 13, interpolator = — 17. Proceeding as before we 
get (by the Addition Lemma) the roots (147, 530); and 
(by the Subtraction Lemma), the roots (3, 10)."! 


Form Mn?x? + c = y?. Brahmagupta says: 


“If the multiplier is that divided by a square, the 
first root is that divided by its root.”? 


! Our MS. does not contain the solution of the equations 
13x?-E 8 =, 
* BrSpSi, xviii. 70. 
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That is to say, suppose the equation to be 
Mix? + с = 3", (1) 
so that the multiplier (/.¢., coefficient of x?) is divisible 
by #7. Putting ax = 4, we get 
Mi? + г = y. (2) 
Then clearly the first root of (1) is equal to the first root 


of (2) divided by ». The corresponding second root 
will be the same for both the equations. 


The same tule is taught by Bháskara IP and 
Narayana. The latter says : 


“Divide the multiplier (of a Square-nature) by an 
arbitrary squate numbet so that there is left no 
remainder. Take the quotient as the multiplier (of 
another Square-nature). The lesser root (of the teduced 
equation) divided by the square-root of the divisor will 
be the lesser root (of the original equation)? 

Form a?x?-- с == y?. For the solution of a 
Square-nature of this particular form, Brahmagupta gives 
the following rule : 

"If the multiplier be a square, the interpolator 
divided by an optional number and then increased and 
decreased by it, is halved. The former (of these results) 
is the second root ; and the other divided by the square- 
root of the multiplier is the first root.""? 


'Thus, it 1s stated that i 


I € 
MEE (= т), 
24 5 m 


y= ER 


4 


1 ВВі p. 42. 2 NB, I, К. 84. 
3 BrSpSi, xviii. 69. 
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where z is an arbitrary number, is a solution of the 
equation 
ax? | с = y. 

The same solution has been given by Bháskara II 
and Náráyana.! Bháskara's rule runs as follows : 

“The interpolator divided by an optional number is 
set down at two places ; the quotient is diminished (at 
one place) and increased (at the other) by that optional 
number and then halved. The former is again divided 
by the square-root of the multiplier. (The quotients) 
ате respectively the lesser and greater roots.’ 

The rationale of the above solution has been given 
by the commentators Sáryadása and Krsna substantially 
as follows : . 

+ c= P — gx? 
= (y — ax) + ex). 
Assume  y— ах = т, т being an arbitrary rational 
number. Then 
4с 


dup сатр, 


Whence by the rule of concurrence, we get 
ee Ee 
v ah m m) : 
с 
у= (= = y). 


Form с — Nx? = Though the equation of 
the form c — Nx? = y? |: not been considered by any 
Hindu algebraist as йе of special treatment, 
it occurs incidentally in examples. For instance, 
Bhaskara II has proposed the following problem : 


1 NB; I, R. 85. 3 ВВ? p. 42. 
12 
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“What is that square which being multiplied by — 5 
becomes, together with 21, a square? Tell me, if you 
know, the method (of solving the Square-nature) when 
the multiplier is negative.”! 


Thus it is required to solve 


— рх? + 21 = у. (1) 
Narayana has a similar example, z/s.,? 
— yix? + бо == 7% (2) 


Two obvious solutions of (1) are (1, 4) and (2, 1). 
Composing them with the roots of 


ENS 5x? -+- I = у, 
says Bháskara II, an infinite number of roots of (1) 
can be derived. : 
ч Form Nx? — k? = y?. Bhiaskara II observes: 


“When unity is the subtractive the solution of the 
problem is impossible unless the multiplier is the sum 
of two squates."3 

Narayana writes : 

“In the case of unity as the subtractive, the multi- 
plier must be the sum of two squares. Otherwise, 
the solution is impossible."4 

Thus it has been said that a tational solution of 

Nx? — 1 = 7", 
and consequently of 
Nx? — k? = уа 
is not possible unless N is the sum of two squares. 


1 BBi, p. 43. 2 NB, I, Ex. 43. 
з *Rüpas$uddhau khiloddistarn vargayogo guno na cet”—BBi, 


P- 40. 
4 NBi, I, R. 83. 
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For, if x = p/q, y= т} be a possible solution of 
the equation, we have 


N(p/q)? — & = (7/5), 

or N = (aris + (q&]py". 

Bhaskara II then goes on: 

“In case (the solution is) not impossible when unity 
is the subtractive, divide unity by the roots of the two 
squares and set down (the quotients) at two places. 
They are two lesser roots. Then find the correspond- 


ing greater roots at the two places. Or, when unity is 
the subtractive, the roots should be found as before." 


Thus, according to Bháskara II, two rational solu- 
tions of 


Nx? — 1 = 2, 
where N = m + n?, will be 
I I 
x= — х = — 
n п 
oap Om 
dir Ue. 


So two rational solutions of 
~ (+ п) х? — А? = у?, 


will be 
& La 
== —— xX = — 
РА РА 
| Ап |? _ km 
0H EN 


The following illustrative example of Bhaskara 
II! is also reproduced by Narayana :? 
13x? — 1 ==), 


1 ВВ}, p. 41. ? NBi, І, Ex. 38. 
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The former solves it substantially in the following 
ways : 
(1) Since 13 = 2? + 3? two rational solutions ate 
(1/2, 3/2) and (1/3, 2/3). 
(2) An obvious solution of 
13x? — 4 = y? 
is x = 1, y= 3. Then dividing out by 4, as shown 
before, we get a solution of the equation 13x? — І = jy? 
as (1/2, 3/2). 
(3) Again, since an obvious solution of 
13x? — 9 = y 
is x = I, y= 2, we get, on dividing out by 9, a solution 
of our equation as (1/3, 2/3). 


(4) From these fractional roots, we may derive 
integral roots by the Cyclic Method. Since 


13(4)*—1= GY, 
we have, by Bhaskara’s Lemma, z being an indeterminate 
multiplier, 


(2238) жаа. = s (Mc Bey, 
— I 
i (3) с = (3448 By. 


ot 

The suitable value of z which will make (z4-5)/2 an 

integer and |2 — 13| minimum is 3. So that we have 
13.53? + 4 = 11%, 

From this again we get the relation 


u QM m L = 13 __ (23у, 


^ 
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3 
The appropriate value of the indeterminate multiplier in 
this case is # = 3. Substituting this value, we have 


13.52 — 1 = 182. 


Hence an integral solution of our equation 15x? — 1 = J? 
is (5, 18). 

“In all cases like this an infinite number of roots 
can be derived by composition with the roots for the 
additive unity." 

Narayana states the methods (2) and (3) only. 


19. GENERAL INDETERMINATE EQUATIONS OF THE 
: SECOND DEGREE: SINGLE EQUATIONS 


The earliest mention of the solution of the general 
indeterminate equation of the second degree is found 
in the Baganita of Bháskara II (1150). But there are 
good grounds to believe that he was not its first dis- 
coverer, for he is found to have taken from certain 
ancient authors a few illustrative examples the solutions 
of which presuppose a knowledge of the solution of such 
equations.? Neither those illustrations nor a treatment 
of equations of those types occurs in the algebra of 
Brahmagupta or in any other extant work anterior to 
Bháskara II. 

Bhiaskara II distinguishes two kinds of indeterminate 
equations: Sakrt samikarana (Single Equations) and 
Asakrt samikarana (Multiple Equations).? 


Solution. For the solution of the general indeter- 
minate equation of the second degree, Bháskara II 
(1150) lays down the following rule: 


1.Tha sarvatra padánám  rüpaksepapadábhyárn bhávanayá'- 
nantyam" —BBi, p. 41. 


2 Vide infra, pp. 267f. - 3 BBi, pp. 106, 110. 
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“When the square, etc., of the unknown are present 
(in an equation), after the equi-clearance has been made, 
(find) the square-root of one side by the method des- 
cribed before for it, and the root of the other side by 
the method of the Square-nature. Then (apply) the 
method of (simple) equations to these roots. If (the 
other side) does not become a case for the Square-nature, 
then, putting it equal to the square of another unknown, 
the other side and so the value of the other (2.е., the new) 
unknown should be obtained in the same way as in the 
Square-nature ; and similarly the value of the first un- 
known. ‘The intelligent should devise various artifices 
so that it may become a matter for (the application of) 
the Square-nature."1 


He has futther elucidated the rule thus : 


“When, after the clearance of the two sides has been 
made, there remain the square, etc., of the unknown, 
then, by multiplying the two sides with a suitable number 
and by the help of other necessaty operations as des- 
ctibed before, the square-root of one side should be 
extracted. If there be present on the other side the 
square of the unknown with an absolute term, then the 
two roots of that side should be found by the method 
of the Square-nature. There the number associated with 
the square of the unknown is the prakrti (‘multiplier’), 
and the absolute number is to be considered as the 
interpolator. What is obtained as the lesser root in this 
way will be the value of the unknown associated with the 
multiplier (prakriz) ; the greater root is (again) the root 
of that square (formed on the first side). Hence making 
an equation of this with the square-root of the first 
side, the value of the unknown on the first side should 
be determined. 


ү 


1 ВВ, p. 99. 
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“But if there be present on the second side the 
square of the unknown together with (the first power 
of) the unknown, or only the (simple) unknown with 
or without an absolute number, then it is not a case for 
the Square-nature. How then is the root to be found 
in that case? So it has been said: ‘If (the other side) 
does not become a case for the Square-nature etc.’ 
Then, putting it equal to the square of another unknown, 
the square-root of one side should be found in the way 
indicated before, and the two roots of the other side 
should then be determined by the method of the Square- 
nature. There again the lesser root is the value of the 
unknown associated with the prakrti and the greater root 
is equal to the square-root of that side of the equation. 
Forming proper equations with the roots, the values 
of the unknowns should be determined. 

“Tf, however, even after the second side has been 
so treated, it does not turn out to be a case for the 
Square-nature, then the intelligent (mathematicians) 
should devise by their own sagacity all such artifices 
as wil make it a case for the method of the Square- 
nature and then determine the values of the un- 
knowns.” ; 

Having thus indicated іп а general way the broad 
outlines of his metiiod for the solution of the 
general indeterminate equation of the second degree, 
Bhaskara II discusses the different types of equations 
severally, explaining the rules in every case in greater 
detail with the help of illustrative examples. 


( Solution of ax? + bx + e = у? 
For the general solution of the quadratic indeter- 
minate equation 
ex? + bx +6 = y*, (1) 


1 ВВ}, p. тоо. 
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Bháskara II gives the following particular rule: 

“On taking the square-root of one side, if there be 
on the second side only the square of the unknown 
together with an absolute number, in such cases, the 
greater and lesser roots should be determined by the 
method of the Square-nature. Of these two, the greater 
root is to be put equal to the square-root of the first 
side mentioned before, and thence the value of the 
first unknown should be determined. The lesser will 
be the value of the unknown associated with the prakrti. 
In this way, the method of the Square-nature should be 
applied to this case by the intelligent." 

As an illustration of this rule Bháskara II works out 
in detail the following example; 

“What number being doubled and added to six 
times its square, becomes capable of yielding a square- 
root? О ye algebraist, tell it quickly"? 

Solution. “Here let the number be x. Doubled 
and together with six times its square, it becomes 
Gx?-- 2x. This is a square. On forming an equation 
‘with the squate of y, the statement is 

6x? + 2x + oy? = ox? + ox + 5%. 
On making equi-clearance in this the two sides are 
бх? + zx and у. 

“Then multiplying these two sides by 6 and 
superadding 1, the root of the first side, as described 
before, is 6x + 1. 

“Now on the second side of the equation remains 
бу? + 1. By the method of the Square-nature, its roots 
ате : the lesser 2 and the greater 5, or the lesser 20 and 
the greater 49. Equating the greater root with the 
square-root of the first side, vig., бх + 1, the value of 


1 BBi, pp. 100-1. 2 ВВ, p. тот. 
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x is found to be 2/3 or 8. The lesser root, 2 or 20, 
is the value of y, the unknown associated with the 
prakrti, In this way, by virtue of (the multiplicity of) 
the lesser and greater roots, many solutions can be 
obtained." 


In other words the method described above is this : 

Completing the square on the left-hand side of the 
equation ах? + bx + с = у®, we have 

(ах + $b)? = ау? + 3? — аас). 
Putting x =ax + $b, k = 1(02 — дас), we get 
ау + k= 532, (1.1) 

If y = /, z = т be found empirically to be a solution of 
this equation, another solution of it will be 


у= ц + тр, 
z == mq + alp, 


where ap? + т = 4. Hence a solution of (1) is 
b I 
fs eet ai T z V + 40), 
J = l4 + mp. 


Now suppose x = 7, when 9 == 22; that is, let 
m = ar. b[z. Substituting in the above expressions, 
we get the required solution of (1) as 


I 

к-н зган] О аш 
J= 4 + (apr + 30р); 

where ap? + 1 = q? and а? + br 4- e — P. 


Thus having known оле solution of ax? + bx + с 
= y*, an infinite number of other solutions can be 


1 BE;, p. 101. 


f 
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easily obtained by the method of Bháskara II. The 
method is, indeed, a very simple and elegant one. It 
has been adopted by later Hindu algebraists. As the 
relevant portion of the algebra of Narayana (1350) 
is now lost, we cannot reproduce his description of the 
method. Jfidnaraja (1503) says: 

““(Find) the square-root of the first side according to ' 
the method described before and, by the method of the 
Square-nature, the roots of the other side, where the 
coefficient of the square of the unknown is considered 
to be the pra&rti and the interpolator is an absolute 
term. Then the greater root will be equal ` о the 
previous square-root and the other (7.e., the lesser root) 
to the unknown associated with the prakrti.” 


The above solution (1.2), but with the upper sign 
only, was rediscovered in 1733 by Eluer! His method 
is indirect and cumbrous. Lagrange’s (1767) method 
begins in the same way as that of Bhaskara П. by 
completing the square on the left-hand side of the 
equation.? 

(0) Solution of ax? + bx + c = a Hby + с 

Bhâskara II has treated the more general type of 
quadratic indeterminate equations : 


ах? + bx +6 = ау? + Ру е. (2) 
His rule in this connection runs as follows : 


“If there be the square of the unknown together 
with the (simple) unknown and an absolute number, put- 
ting it equal to the square of another unknown its root 
(should be investigated). Then on the other side (find) 


1 Leonard Euler, Opera Mathematica, vol. ТЇ, 1915, pp. 6-17; 
Compare also pp. 576-611. 

* Additions to Evements of Algebra by Leonard Euler, translated 
into English by John Hewlett, sth edition, London, 1840, pp. 


537ff. 
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the roots by the method of the Square-nature, as has 
been stated before. Put the lesser root! equal to the 
root of the first side and the greater root equal to that 
of the second."? 


He further elucidates the rule thus : 


*In this case, on taking the square-root of the first 
side, there remain on the other side the square of the 
unknown and the (simple) unknown with or without 
an absolute number. In that case forming an equation 
of the second side with the square of another unknown, 
the roots (should be found). Of these (roots just 
determined), making the lesser equal to the root of the 
first side (of the given equation) and the greater to 
the root of the second side, the values of the unknowns 
should be determined.” | 


Example. “Say what is the number of terms of a 
series (in A. P.) whose first term is 3, the common differ- 
ence is 2 ; but whose sum multiplied by 3 is equal to the 
sum of a different number of terms.’ 


Solution. “Here the statements of the series: are: 
first term = 3, common difference = 2, number of 
"terms = x; first term = 3, common difference = 2, 
number of terms = y. The two sums are (respectively) 
x? + 2x, y?-+ 2y. Making three times the first equal 
to the second, the statement for clearance is 


32 + бх = 7? + 23. 
After the clearance, multiplying the two sides (of the 


equation) by 3 and superadding 9, the square-root 
of the first side is 3x + 3. On the second side of the 


1 The meaning of the terms ‘lesser root’, ‘greater root’, etc., 
as used here, will be clear from the illustration and the general 
solution given below. 


? BBi, p. 104. 3 BBs, p. 104. 
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equation stands 372+ бу + 9. Forming an equation of 
this with v?, and similarly multiplying the sides by 3 
and superadding — 18, the root of it is 3y-+ 3. Then 
` the roots of the other side, 392 — 18, by the method of 
the Square-nature are the lesser = 9 and greater = 15, 
or the lesser = 13 and greater = 57. Equating the lesser 
root with the square-root of the first side, namely, 
зх + 5, and the greater root with the square-root of 
the second side, namely, 3y + 5, the values of x, y are 
found to be (2, 4) of (10, 18). So in every case.” 

In general, on completing the square on the left- 
hand side, equation (2) becomes 


(ах +. M = аа + ably + ас + QUI ao). 
Put | ах + $b = %, (2.1) 


and then complete.the square on the right-hand side. 
Thus the given equation is finally reduced to 


ad’? — p = 2, (2.2) 
where w = ady + 4ab’,, (2.3) 
and В = a?a'c' + (4b — ас) aa’ — (4ab’)*. 


Now, if 9 = /, w = m bea solution of the equation 

(2.2), another solution will be 

z= Iq + mp, 

w == mq aad, 
where aap? + 1 = q?. Substituting in (2.1) and (2.3), 
we get . 

b 

х= — uv Lg mp), 

E I (2 ^ 4) 
Sa epu de аа' Ip). 


Now, let / = ar + do and m = aa’s + bab’. Substi- 
tuting in the above expressions, we get the required 
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x = ECL + pab’ — P) + qr + pa's, 


(2.5) 
J = uy + pat — V) + qs & par; 
where аар + 1 — 4%, 
and а? + br M e ats s e. 


The form (2.5) shows that having found empirically 
one solution of ax? + bx + с = a^y? + b’y + c" Bháskara 
could find an infinite number of other solutions of it. 

Jňânarâja (1503) says: 

“If on the other side be present the square as well 
as the linear power of the unknown together with an 
absolute term, put it equal to the square of another 
unknown and then determine the lesser and greater 
roots. The lesser root will be equal to the first square- 
root and the greater to the second square-root.” 

He gives with solution the following illustrative 
example : 

300? + 4x) = у + 4), 

or (зх + 6)? = 3y? + 12y + 36. 

Putting зх + 6 = v, where g is the “first square- 
rcot” of Jfüánarája, we get 

Z? = 39 + 123? + 36, 

or 352 = By + 6)? + 72. 

Now put 3y + 6 =», where » is the “second 
square-root.” Then 

3Җ*— 72 = >», 

Therefore, by the method of the Square-nature, 

9 = 18, w = 30. Whence x = 4, y = 8, is a solution. 
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Bháskara П followed several devices for the solution 
of the equation \ 


ах? + by? с = 0, . (3) 
In every case his object was to transform the equation 
into the form of the Square-nature. He says: 


“In such cases, where squares of two unknowns 
with (or without) an absolute number are present, 
supposing either of them optionally as the prakrti, 
the rest (of the terms) should be considered as 
the interpolator. Then the roots should be investi- . 
gated in the way described before. If there be more 
а than опе (the process will be especially help- 
ul). 

He then explains further : 


“Where on finding the square root of the first side, 
there remain on the other side squares of two unknowns 
with or without an absolute number, there consider the 
square of one of the unknowns as the prakrti; the 
remainder will then be the interpolator. Then by the 
rule: ‘An optionally chosen number is taken as the 
lesser root, еїс.,’2 the unknown in the interpolator 
multiplied by one, etc., and added with one, etc., 
or not, according to one's own sagacity, should be 
assumed for the lesser toot ; then determine the greater 
root."3 

There are thus indicated two artifices for solving 
the equation (3). They are: 


(2) Set x = my; so that equation (3) transforms into 


1 ВВ, pp. 105f. 

?'The reference is to the rule for solving the Square-nature 
(ride supra p. 144) (BBi, p. 33). 

3 ВВ, p. тоб. 
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= (am? + b) +e 
= ау? | e, 
where a = am? + b. Hence the required solution of 
ax? + by? + с = 92 15 
x = my = (уд + P5, 
J—rq dps 
z=s4 ар”; 
where s? = ar?+-¢ and 4? = ар? 4-1 
(Z) Set x = my + n; then the equation reduces to 
z= ay? + 2amny + Y 
where a = 22? + b and y = an + с. 
Completing the square on the ЗВО Мав side of 
this, we get 
ag? — p = 2%, 
where w= ау + amn and В = үа — а?т?и? = a(bn® 
-H em?) + be. ' 
If 9 = 5, w=r be a solution of this equation, 
another solution will be 


z= 59 + rp, 

w = rq + usp; 
where 4? = ap? + 1. Hence the solution of ах? + by? 
+ ¢ = 2" is 

x= Z (ra + asp F amn) + n, 


Jeu quen, 
X= 19 1 rb 


where g?= ap? + І, 02 = а — В, а = am? 4 b zd 


В = abut + cm) 4+ be. я 
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In working certain problems, Bháskara II is found 
to have occasionally followed other artifices also for 
the solution of the equation (3). For instance: 


Git)! Set w? = by? + с. Then equation (3) becomes 
g? — we = ax? 


Whence == (4 +), 
and w = (2 т); 


where z is an arbitrary number. ‘Therefore 


2р 
а — me? 
= (2 + mr 
og — p 
Now, if y = А w =r be a solution of 
a? = by? +, 
another solution of it will be 
MU xxx lq + pr, 
w= гд + b, 


where ap? + і = 4°. Therefore, the solution of (3) 
will be 


x= gt bip), 


PLE + р”, 
2 
z = ZEZ Cg E Ыр); 


where ap? + 1 = 4? and bP 4+ c = re. 


(v) Suppose г = о; then the equation to be solved 
will be 


1 See BBi, p. 108. * BBi, p. 106. 
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In this case set x = wy, & = vy; so that z, v will be 
given by 
ан? + b —= 1°, 
which can be solved by the method of the Square- 
nature. Some of these devices were followed also by 


later Hindu algebraists, for instance, Jfanaraja (1503) 
and Kamalákara (1658).1 


Example from Kamalákara :? 
Pe + 8j = 22 
This is one of a double equation by Bháskara II.? 
To solve ах? + by? + с = 52, Kamalákara observes: 


“in this case, suppose the coefficient of the square 
of the first unknown as the prakrti and the coefficient 
of the square of the other unknown together with the 
absolute number as the interpolator to that. The two 
roots can thus be determined in several ways."* 

And again : 

"(Suppose) the coefficient of the square of one of 
the unknowns as the дла and the rest comprising two 
terms, the square of an unknown and an absolute. 
number, as the interpolator, Then assume the value 
of the lesser root to be equal to the other unknown 
together with an absolute term."'5 

He seems to have indicated also a slightly different 
method : 


“Or assume the value of the lesser root to be equal 
to another unknown plus or minus an absolute number 


1 STV, xiii. 260-1. ` 2 SiTVi, xiii. 258. 
з BBi, р. тоб. 4 ТТУ, xiii. 264. 
5 ТИ, xiii. 267 f. 


13 
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and similarly also the value of the greater root. The 
remaining operations should be performed by the intel- 
ligent in the way described by Bháskara in his algebra." 


That is to say, assume 
x= жә | а, 9 = nwt В. 


Substituting in the equation ах? | Ру? + с — 23, 

we get 
(am? — np? - 2w (ата F nf) + by? 
+ (e + aa? — В) = o. 
Putting А = am? — n?, ш = ama F np, v = с + аа? — p, 
this equation can be reduced to 
— aby? + (и®— va) = s, 

where # = Aw + p. 


Kamalákara gives also some other methods which 
are applicable only in particular cases. 


Case i. Suppose that b and c are of different 
signs.? Two sub-cases arise: 


(1) Form ах? + by? — c = 2%, 
First find ж, v, says Kamalakara, such that 
анё — ¢ = 1, 


. m" 
A = poe 
ssuming x V a It 
we have 
at + bt — е == M pa \ [Pay + by? 


(ou? — 2 2) | aay + y+ 


1 SiT Vi, xiii. 265. 2 SiT Vi, xiii. 285-7. 
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- yp з m l5 
[4 J [4 


= (N/Z uy 4- vy. 


Hence z = VZ ну + v. 


The following illustrative example and its solution 
are given :1 
5x? + 165? — 20 ==. 
Its solution is 
x= gy + а, 
Y= 20у + 05 
where 54? — 20 = 12. An obvious solution of this 
equation is given by 4 = 3, v= 5. Hence, we get a 
solution of the given equation as 
x= 2y + 3, 
<= 6 + 5. | 
Therefore (х, у) = (5, 1), (7, 2),(9,3),....... 
(2) Form ax? — b + e = 92. 
In this case first solve 
au? +. с = v2, 
Then the required solution is 


LE 
x = РУШ ATH; 


| ab , , 
z= NIE wr. 


Example from Kamalakara :? 
5х2 — 20у? + 16 = $2. 


1 SiT Vi, xiii. 279. 2 SiTVi, xiii. 279. 
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Then 
х= Wy ta, 
<= bay +; 
where 542 + 16 =»’*, One solution of this equation 
‘is #’ == 2,2” = 6. The corresponding solution of the 
given equation is 
x = 3y +2, 
: z= 5y + 6. 

Therefore (x,y) = (5, 1), (8, 2), (11, 3), etc. 

Case ij. Let the two terms of the interpolator be of 
the same sign and positive. 

Example from Kamalákara:! 

ух® By + 23 = 42 
Assume arbitrarily a value of x or y and then find the 
other by the method of the Square-nature.? 
(v) Solution of ax? + by? + e = 52 

Let the coefficient of x? (or у?) be a square number. 

The equation is of the form 
ax? 4 by? + t= "e 

For this case Bhaskara II observes : 

“If the prakrti is a square, then obtain the roots by 
the rule: “The interpolator divided by an optional 
number is set down at two places, etc.’ 8 

Thus, according to Bháskara П, the solution of the 
above equation is 
ns (2 te 


Aim ) — A, 
2a т 


1 SIT V7, xiii. 296. 2 SUT Vi, xiii, 298. 
з BB, p. 106. 
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by? 
и = (24 +4 +m); 
where 7 is an arbitrary number. 


Kamalákara divides equations of this form into two 
classes according as ¢ is or is not a square.! 


(1) Lete Бе а square (= 42, say). That is to say, we 
have to solve 


а®х® 4 by? + d? = 52, 
The solution of this particular case, says Kama- 
lakara, is given by 


For, with this ioi we have 
2 ру? + d2 
а= SE + byt + 
25 РЦ (by? + 2d2)2, 
Hence. z = D +d. 


(2) When c is not a square, Kamalákara first finds a, В 
such that 


a? -+ с = p?. 
He next obtains z such that the value of 
aba — blz 
а&. aja 
is also 7 ; and then says that 
x = ny? + Zi 


‚ 1 Vide his gloss on SiTVi, xiii. 275. 
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whence will follow the value of g. 


"Since ue moo 
aa 
we get n= NE 
2a(f — a) 
so that Dun. c ites dum 


za(B — а) ay + a 
Therefore 52 = ax? + by? -+ с 
py 


уд 
aam" p S PLA TA 
_ _ Br Bh? 2 
ДЕ аб G—2 б 
_ (by? 2 
= um 
Hence demde: diu -+ 8. 


Example from ME 
4x? + 48) + 20 = $2. 
Since 42 + 20 = 6?, and the solution of 
127 — 24 
8 


is 4 = б, we get the required solution of the given 
equation as 


=n 


x= 6)? + 2, 
= 1272+ 6. 
It may be noted that the solution stated by Kamalá- 


kara follows casily from that of Bháskara 11, on putting 
therein w=: В -- a, where а? 4 c= Bp, 
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In particular, if we put ¢ = o and а = 1, Bháskara's 
solution reduces to 


“= Tex — m), 
| b 
= 57 +m); 
where ж is arbitrary. 


If b = af, taking # = 2Bp?, we easily arrive at 


х = ag? BS Вр?, 
J = 2р0, 
gm ag’ + Вр, 


where P, 4 are arbitrary integers, as the solution in posi- 
tive integers of 92 = x?-L- by. This solution was 
given by A. Desboves (1879).! 


Taking 4-—2v?, we can derive Matsunago's 
(с. 1735) solution of 42 = x? + by?, viz., 
x == фр? — у, 
J) = 2цу, 
$ bp? v5 
where y, v are arbitrary integers. 
(v) Solution of ах? + bxy + cy? = 2 
For the solution of the equation 
Bháskara II lays down the following гше: 


“When there are squares of two unknowns together 
with their product, having extracted the square-root 
of one part, it should be put equal to half the difference 
of the remaining part divided by an optional number 


1 Dickson, Numbers, П, p: 405. 
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and the optional number." 
It has been again elucidated thus: 


“Where there exists also the product of the un- 
knowns (in addition to their squares), by the rule, ‘when 
there are squares etc., the square-root of as much 
portion of it as affords a root, should be extracted. "The 
remaining portion, divided by an optional number and 
then diminished by that optional number and halved, 
should be put equal to that square-root.”? 


The above rule, in fact, contemplates a particular 
case of equation (5) in which а or cis a square number. 


(4) Suppose a = p?. The equation to be solved is then 
pr? + ү Totg. (5-1) 
p? 
Therefore ( px ARDET 2) + »(« — 5) Ex 
Putting px + z = р, we get 
2 p2 = уЗ ( с Lu 
X J 4}? ^ 
Whence 5 — № = }, 
2 
peces qe 
where А is an arbitrary rational number. So 
y p? 
„as Stated in the rule. oe 


=5 f7 C- pn? |. 222 


1Y. Mikami, The Development of Mathematics in China and 


Japan, Leipzig, 1913, p. 231. 
2 ВВ, p. 106. 
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2 p? 
and z= HE ui]. 


Now, if we suppose у = m/n, where 27, n are 
arbitrary т we get the solution of (5.1) as 


= ape {m (acp? — £?) — 42р? — 4abmn}j, 


2 = —, 


Л 
х= р | Ur? (acp? — 2?) + дааро). 


Since the given equation is homogeneous, any multiple 
of these values of x, y, x will also be its solution. There- 
fore, multiplying by 8р2, we get the following 
solution of the equation ??x? + bxy + cy? = 7? in in- 
tegers : 


y = 8Апрф®, 

y == m? (acp? — b?) + 432р°л°, 
where ж, n, are arbitrary integers. 

In particular, putting а= ё = с = 1, and 1 = p 

= 1 in (5.2), we get 

x == 3m? — qn (n + т), 

y= 8mn, 

Z= зи? am, 
as the solution of the equation 

x2 ху Hy = $. 

Dividing out by 87, the above solution can be put into 
the form 


x = n? (4cp? — B) — 4%2р2и? — qaban, 
(5-2) 
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Jr M; 
I 
х= a7 07 + 495; 


as has been stated by Narayana: 


“An arbitrary number is the first. Its square less 
by its (square’s) one-fourth, is divided by an optional 
number andthen diminished by the latter and also by the 
first. Half the remainder is the second number. The 
sum of their squares together with their product is a 
square.” 

It is noteworthy that in practice Narayana approves 
of only integral solutioris of his equation, For instance, 
he says: 

“ ‘Any arbitrary number.is the first Suppose it to 
be 12, Then with the optional number unity, are 
obtained the numbers (12, 95/2). For integral values, 
they are doubled (24, 95). ith the optional number 
2, are obtained (12, 20). It being possible, these are 
reduced by the common factor 4 to (3, 5). In this way, 
owing to the varieties of tbe optional number, an infi- 
nite number of solutions can be obtained. "? 


(4) If neither a nor ¢ be a square, the solution can 
be obtained thus : 


Multiplying both sides of the equation (5) by а and 
then completing a square on the left-hand side, the 
equation transforms into 


(ax + My + (ae — HPY? = ax. 
Putting ax + jby = wand В = 1(7? — дас), 
we get и? = qx? + By, (5.3) 


1GK, i. 55. 
2 See the example in illustration of the same. 
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The method of the solution of an equation of this form, 
according to Bháskara II, has been described before. 


Assume ж = vy, т = ay; so that the values of x, v 
will be given by 


7? = ан? + p. (5.4) 


If u= т, v == n be a solution of (5.4), another 
solution will be 


u = mq + pn, 
v = nq + amp; 
where ар? + І = 4?. Therefore, a solution of (5) is 


== 2 {2(ng + amp) — b}, 
z =q] + ри); 
where ар? + І = 4 and e»? + В = r. 


Put и = ar + 4b and y =; then we have 


х= Lr nar + b) + 2amp — b}, 
P 
"E 
z= Sp {2m4 + p (zar + D). 
Multiplying by 2aż, we get the following solution 
of ax? + bxy + су? = sg? in integers : ` 
x = 5{ q (zar 4- D) + 2amp — b}, 
у == 245, 
g = as(zmq + p(zar + b)}; 
where ap? + 1 = 4° and м? = ar? + br 4- c. 
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20. RATIONAL TRIANGLES 


Rational Right Triangles: Early Solutions. The 


earliest Hindu solutions of the equation 

ха д (2) 
are found in the биа. Baudháyana (v. 800 B.C.), 
Apastamba and Kátyáyana (v. 500 B.C.)! give a method 
for the transformation of a rectangle into a square, 
which is the equivalent of the algebraical identity 


A — na? 17 — ny? 
77] = (&— ) — (——) А 
2, 2 


where zz п are any two arbitrary numbers. Thus we get 
— m — ns? т ny? 
Ve рг; 


Substituting p?, q? for m, n respectively, in order to 
eliminate the irrational quantities, we get 


2— „2,2 2 2.2 
peo (RE) -(RE), 


which gives a rational solution of (1). 


ed finding а square equal to the sum of a number 
of other squares of the same size, Kâtyâyana gives a 
very elegant and simple method which furnishes us with 
another solution of the rational right triangle. Katya- 
yana says: 

"As many squares (of equal size) as you wish to 
combine into one, the transverse line will be (equal to) 
one less than that ; twice a side will be (equal to) one 
more than that ; (thus) form (an isosceles) triangle. Its 
arrow (2.е., altitude) will do that.’’? 


1Bj/i 58; ApS, ii. 7; K$/ iik 2. For details of the cons- 
truction see Datta, Ўн/ра, pp. 83f, 178f. 
2 KSI, vi. $; Compare also its Parifista, verses 40-1. 
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Thus for combining 7 squares of sides а each, we form the 


isosceles triangle ABC, such that AB=AC=(#+ 1)a/2, 


A 


: Fig. 2 
апа BC = (u—1)e Then AD? = na*. This gives the 


formula 
AVR (21) e(t). 


Putting 7? for n in order to make the sides of the right- 
angled triangle free from the radical, we have 


cg E TM m? Lx. 
unc чк да тою г 
which gives a rational рива of (т). 

Tacit assumption of the following further general- 
isation is met with in certain constructions described by 
Apastamba :1 

If the sides of a rational right triangle be increased 
by any rational multiple of them, the resulting Бош will 
be a right triangle. 

In particular, he notes 
3° -Е 4 = 5, 
G+ 3.3? + 4+ 4.3)? = (5 + 5.3), 
(3+ 3-4? + 4+ 4.4? = (5 + 5.4) 


1455], v. 5, 4. Also compare Datta, Suba, pp. 65í 
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52 + 122 = 132, 
(5 + 5-2)?+ (12 + 12.2)? = (13 + 13.2)% 


Apastamba also derives from a known right-angled 
triangle several others by changing the unit of measure 
of its sides and vice versa.t In other words, he recognised 
the principle that if (a, B, y) be a rational solution of 
x? +. y? = 5%, then other rational solutions of it will be 
given by (/а, /B, А), where / is any rational number. 
This is clearly in evidence in the formula of Kátyáyana in 
which а is any quantity. It is now known that all rational 
solutions of х? - y? = 52 can be obtained without 
duplication in this way. 


Later Rational Solutions. Brahmagupta (628) says: 


“The square of the optional (5/7) side is divided 
and then diminished by an optional number; half the 
result is the upright, and that increased by the optional 
number gives the hypotenuse of a rectangle." 


In other words, if 77, л be any two rational numbers, 
then the sides of a right triangle will be 


m 1(2 ~ п), тС +»). 


The Sanskrit word 2да: can be interpreted as imply- 
ing "given" as wellas “optional”. With the former 
meaning the rule will state how to find rational right 
triangles having a given leg. Such is, in fact, the inter- 
pretation which has been given to a similar rule of 
Bháskara IT.3 


1 Datta, Saba, p. 179. 2 BrSpSi, xii. 35. Л 

3 Vide infra p. 211; Н. Т. Colebrooke, Algebra with Arith- 
metic and Mensuration from the Sanscrit of Brahmegupta and Bhascara, 
London, 1817, (referred to hereafter as, Colebrooke, Hindu 
Algebra), p. 61 footnote. 
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A similar rule is given by Sripati (1039): 

*Any optional number is the side; the square of 
that divided and then diminished by an optional 
number and halved is the upright; that added with the 
previous divisor is the hypotenuse of a right-angled 
triangle. For,so it has been explained by the learned in 
the matter of the rules of geometry."! . 


Karavindasvami a commentator of the Apastamba 
Sulba, finds the solution 


n+ 2л n + 2n + 2 
ws Cae 2)". ( 25 | 2 )», 
by generalising а rule of the Sw/ba.? 

Integral Solutions. Brahmagupta was the first to 

give a solution of the equation x? + 5? = 52 in integers. 
t is 

m — mn,cmn, т? | 10, 
m, n being any two unequal integers.? 

Mahavira (850) says : 

“The difference of the squares (of two elements) 
is the upright, twice their product is the base and the 
sum of their squares is the diagonal of a generated 
rectangle.’’4 
He has re-stated it thus : 


“The product of the sum and difference of the 
elements is the upright. The saskramana® of their 
squares gives the base and the diagonal. In the opera- 
tion of generating (geometrical figures), this is the 
process."'e 


1 $7fe, xiii. 41. 

з 4557, 1.2 (Сот.); also see Datta, бша, pp. 14-16. 

3 BrSpSi, xii. 33 ; vide infra, р. 222. 4 GSS, vii. 90). 
5 For the definition of this term see рр. 43f. 

$ GSS, vii. 933. 
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Bháskara II (1150) writes: 

^""Twice the product of two optional numbers is 
the upright ; the difference of their squares is the side ; 
and the sum of their squares is the hypotenuse. (Each 
of these quantities is) rational (and integral)."! 


It has been stated before that the early Hindus 
recognised that fresh rational right triangles can be 
derived from a known one by multiplying or dividing its 
sides by any rational number. The same principle has 
been used by Mahavira and Bháskara II in their treat- 
ment of the solution of rational triangles and quadri- 
laterals. СапеЅа (1545) expressly states: 


“If the upright, base and hypotenuse of a rational 
right-angled triangle be multiplied by any arbitrary 
rational number, there will be produced another right- 
angled triangle with rational sides.” 


Hence the most general solution of x? + 9% = x? 
in integers is 
(m? — n?y, 2mnl, (m? + 2?) 
where 2, л, / are integral numbers. 


Mahávira's Definitions. A triangle or a quadri- 
lateral whose sides, altitudes and other dimensions can 
be expressed in terms of rational numbers is called 
janya (meaning generated, formed or that which is 
generated or formed) by Mahávira? Numbers which 


LL, p. 36. 

? GSS, introductory line to vii. дой. The section of Mahávira's 
work devoted to the treatment of rational triangles and quadri- 
laterals bears the sub-title fanya-vyavahéra ( janya operation) and it 
begins as “Hereafter we shall give out the janya operations in cal- 
culations relating to measurement of areas." Mahavira’s treatment 
of the subject has been explained fully by Bibhutibhusan Datta in a 
paper entitled: “On Mahavira’s solution of rational triangles and 
rmadrilaterals," BCMS, XX, 1928-9, pp. 267-294. 
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are employed in forming a particular figure are called its 
bija-samkhyd (element-numbers) or simply bia (element 
or seed), For instance, Mahavira has said: “Forming 
O friend! the generated figure from the bfa 2, 3,1 
“forming another from half the base of the figure 
(rectangle) from the bia 2, 3,” etc. Thus, according 
to Mahavira, “forming a rectangle from the bija m, n” 
means taking a rectangle with the upright, base and 
diagonal as m? — z?, 2mn, m? j- n? respectively. It is 
noteworthy that Mahávira's mode of expression in this 
respect very closely resembles that of Diophantus who 
also says, “Forming now a right-angled triangle from 
7, 4, meaning “taking a right-angled triangle with 
sides 72 — 42, 2.7.4, 7? + 4? or 33, 56, 65.’ It should 
also be noted that Mahavira never speaks of “‘right- 
angled triangle." What Diophantus called “forming a 
right-angled triangle from 27, »," Mahavira calls “form- 
ing a longish quadrilateral or rectangle from w, л.” 


Right Triangles having a Given Side. In the 

Sulba we find an attempt to find rational right triangles 
having a given side, that is, rational solutions of 

х? 4 а? = 52. 

In particular, we find mention of two such right 
triangles having а common side a, viz., (2, 3a/4, 54/4) 
and (а, sa@/1z, 13@/12).4 The principle underlying 
"these solutions will be easily detected to be that of 
the reduction of the sides of any rational right 
triangle in the ratio of the given side to its corresponding 


1“Bije dve trini sakhe ksetre janye tu sathsthapya”.—GSS, vii. 


924. 

2 “He dvitribijakasya ksetrabhujardhena cányamutthápya"— 
GSS, vii. 1114. 

3 Arithmetica, Book Ш, 19 ; T. L, Heath, Diophantas of Alexan- 
dria, p. 167. ' 

4 Пака, Уна, p. 180. 
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side. This principle of finding rational right triangles 
having a given side has been followed explicitly by 
Mahavira (850).! 

It has been stated before that one rule of Brahma- 
gupta? can be interpreted as giving rational solutions of 
x? + а? = x? as 


2 (S — 2) 30и), 


where z is any rational number. In fact, he has used this 
solution in finding rational isosceles triangles having a 
given altitude.? "This solution has been expressly stated 
by Mahavira (850). He says: 


“The satikramana between any optional divisor of 
the square of the given upright or the base and the 
(respective) quotient gives the diagonal and the base 
(or upright)."4 


He has restated the solution thus : 


“The satikramana between any (rational) divisor 
of the upright and the quotient gives the elements; | 
or any (rational) divisor of half the side and the е 
ате the elements."'5 | 


The right triangles formed according to the first kalf 
of this rule are :$ 


a, Cx cds rp). 


1 Vide infra, p. 213 ? Vide supra, p. 206. 
3 Vide infra, p. 223 4 GSS, vii. 974. 
5 GSS, vii. 954. 


8 The “elements” oe are $(a/p + р), 3(a/p — p), where P is 
an optional number. 
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and those according to the second half are :1 


—_— а? a P, 2 
4d q^. As "m 4- 

Bháskara П gives two solutions one of which is 
the same as that of Brahmagupta. Не says: 


“The side is given: from that multiplied by twice 
an optional number and divided by the square of that 
optional number minus unity, is obtained the upright ; 
this again multiplied by the optional number and 
diminished by the given side becomes the hypotenuse. 
This triangle is a right-angled triangle. 


“Or the side is given: its square divided by an 
optional number is put down at two places ; the optional 
number is subtracted (at one place) and added (at 
another) and then halved ; these results are the upright 
and the hypotenuse. Similarly from the given upright 
can be obtained the side and the hypotenuse."? 


That is to say, the two solutions are 


42 2 
and а, i(——n р a(—-+2). 


Bbháskara II illustrates this by finding four right 
triangles having a side equal to 12, S (12, 35, 37) 6 
16, 20), (12, 9, 15) and (12, 5, 13). 

The rationale of the first solution has been given by 
Süryadása. (1538) thus: Starting with the rational right 
triangle 5? — 1, 27, и? + 1, he observes that if x, y, x 


l'The “elements” here are 4, 4/24, where 4 is an optional 
number. 


?L, p. 34. 3 L, pp. 34f, 
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be the corresponding sides of another tight triangle, 
then 


LA CONT 
0—1 2л mt & (say) 
Hence x= k(n — 1), y= 2nk, x = k(n? + т). 
Therefore x + 9 = 2Èn? = ny. 
If now we have x = a, then 
a 
m m — І 
2л4 
Непсе у= por 
2na 
and Z = ny — а = "(3—1)-^ 


'The second rule has been demonstrated by Sürya- 
dasa, Gaņeśa and Ranganátha thus : 


Since x? + а® = v*, 
we have а? == $®-— x? = (5 — x) ( + х). 


Assume g — x = л, where n is any rational num- 
ber ; then 


а? 


рт, 


«= (+), x=4(“— и). 


Generalising the method of the Apastamba Sulba 
the commentators obtained the solution! . 


РА „(= =» (= + >#-+ 2 


27 + 2 2H + 2 


1 Datta, Su/ba, р. 16. 
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Right Triangles having a Given Hypotenuse. 
For finding all rational right triangles having a given 
hypotenuse (c), that is, for rational solutions of 

| x2 + y? = e 
Mahavira gives three rules. The first rule is : 

“The square-root of half the sum and difference of 
the diagonal and the square of an optional number are 
they (the elements),’” 

In other words, the required solution will be obtain- 


ed from the “elements” (c + p*)/2 and (c — p*)/z, 
where ф is any rational number. Hence the solution is 


p.v, e 
'The second rule is : 


“Or the square-root of the difference of the squares 
of the diagonal and of an optional number, and that 
optional number are the upright and the base."? 


That is, the solution is . 
Р, ve zx P › € 
These solutions are defective in the sense that 
vc? — pt or үс? — p? might not be rational unless 


р is suitably chosen. Mahavira’s third rule is of greater 
importance. He says: 


“Each of the various figures (rectangles) that can 
be formed from the elements ate put down; by its 
diagonal is divided the given diagonal. The perpendi- 
cular, base and the diagonal (of this figure) multiplied 
by this quotient (give rise to the corresponding sides 
of the figure having the given hypotenuse).’’ 


1 GSS, vii. 954. 2 GSS, vii. 974. 
3 GSS, vii. 122$. | 


214 ALGEBRA 


Thus having obtained the general solution of the 
rational right triangle, vig., m? — 02, 2mm, т? + n°, 
Mahavira reduces it in the ratio c/(s? +n), so that 
all rational right triangles having a given уроки 
c will be given by 

m — n? 270 
(5 ^ (ET 2)^ d 

By way of illustration Mahávira finds four rec- 
tangles (39, 52), (25, 60), (33, 56) and (16, 63) having 
the same diagonal 65. 

This method was later on rediscovered in Europe 
by Leonardo Fibonacci of Pisa (1202) and Vieta. It has 
been pointed out before that the origin of the method 
can be traced to the Sulba. 

Bháskara II (1150) says: 

“From the given hypotenuse multiplied by an 
optional number and doubled and then divided by the 
square of the optional number added to unity, is obtained 
the upright ; this is again multiplied by the optional 
number ; the difference between that (product) and the 
given hypotenuse is the side. 

“Or divide twice the hypotenuse by the square of 
an optional number added to unity. The hypotenuse 
minus the quotient is the upright and the quotient 
multiplied by the optional number is the side.’ 


Thus, according to the above, the sides of a right- 
angled triangle whose hypotenuse is ¢ are: 
СА 2/7 
ег 
270 S. 26 


ES ME PA RISORSE MINE 
met т т? + т 


— €, 05 
Of 


1 GSS, vii. 125-1244. 2 L, pp. 35, 36. 
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By way of illustration Bháskara П finds two 
right triangles (51, 68) and (40, 75) having the same 
hypotenuse 85.1 

Süryadása demonstrates the above substantially 
thus : 

If (x, y, x) be the sides of the right triangle, we 
have 


m*—1 amo prety 
where z is any rational integer. Then 


x = А(ш® — 1), у= zmk,g = &(m?- 1). 


Therefore х + 3 = 2km? = my. 
Since g is given to be equal to c, we have ` 
_ e 
T H?- 1 
27 
Непсе Beale er 
апа x= ту x= mM oP) TA 


Problems Involving Areas and Sides. Mahavira 
proposes to find rational rectangles (or squares) in which 
the area will be numerically (samkhyayd) equal to any 
multiple or submultiple of a side, diagonal or perimeter, 
or of any linear combination of two or more of them. 
Expressed symbolically, the problem is to solve 


х yh == g’, | (1): 
ARE I Duces 0и 

т, п, p, r being any rational numbers (r 4 о). For the 

solution of this problem he gives the following rule : 


1 L, pp. 55f. - 
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“Divide the sides (or their sum) of any generated 
square or other figure as multiplied by their respective 
given multiples by the area of that figure taken into its 
given multiple. The sides of that figure multiplied by 
this quotient will be the sides of the (required) square 
or other figure?! 


That is to say, starting with any rational solution of 


харуз, (2) 
we shall have to calculate the value of 
mx! + ny’ + pr’ = Q, say. (3) 


Then the required solution of (1) will be obtained by 
reducing the values of x’, y’, x’ in the ratio of O/rx’y’. 


Thus 
x = х'@уху = Ону, 
J= J Qjrxy = 2, (4) 
xx Qjxy. 

Mahávira gives several illustrative examples some 
of which are very interesting: 

“In a rectangle the area is (numerically) equal to the 
perimeter ; in another rectangle the area is (numerically) 
equal to the diagonal. What are the sides (in each 
of these cases) ?"? 


Algebraically, we shall have to solve 


х2 +92 = 52, 
ле (1) 
and 3 
x? y:— 52, 
ку. } (1.2) 


Starting with the solution s2 — #2, 2st, 12 + 7? of (2) 
and putting z = n —2, p= 0, r= x in (4), we get 


1 GSS, vii. 1123. 2 GSS, vii. 1153. 
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the solution of (1.1) as 

2052 — 2) + 4st 2(52 — 12) + 45 

257 d 52 — 72 ; 
2032 — Р) 4-45], g 
| 2st (52 — г) je Ty 

And putting #7 = n = o, p == r = 1, in (4), we have 

the solution of (1.2) as 
S4 BH (24 2) 
2st ^" 348 — f? ast(s® — EY 

Bháskara II solves a problem similar to the second 
one above: 

Find a right triangle whose area equals the hypote- 
nuse.1 

He starts with the rational right triangle (5x, 4%, 
sx); then by the condition, area = hypotenuse, finds 
the value x — 5/6. So that a right triangle of the 
required type is (5/2, 10/3, 25/6). ` He then observes : 
"[n like manner, by virtue of various assumptions, 
other right triangles can also be found."? "The general 
solution in this case is 

ELHEL 2(52-- 272) (5? + 2 


s ? EP?’ Me РУ 


Another example of Mah4vira runs as follows : 


"(Find) a rectangle of which twice the diagonal, 
thrice the base, four times the upright and twice the 
perimeter are together equal to the area (numerically)? 

Problems Involving Sides but not Areas. Maha- 
vira also obtained right triangles whose sides multiplied 


1 BBi, р. 56. 
? "Evamistavasádanye'pi"—BBi, p. 56. 
3 GSS, vii. 1174. 
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by arbitrary rational numbers have a given sum. 
Algebraically, the problems require the solution of 
x? + == z, б 
rx Б sy tig=A; 
where ғ, 7, /, 4 ate known rational numbers. His 
method of solution is the same as that described above. 
Starting with the general solution of 
х” + у? = g’? 
we are asked to calculate the value 
rx’ + sy + tg = P, say. 
Then, says Mahavira, the required solution is 
x=x'AP, у= УАЈР, x — АЈ, 
One illustrative problem given by Mahavira is : 
“The perimeter of a rectangle is unity. Tell me 
quickly, after calculating, what are its base and upright.” 
Starting with the rectangle m? — n°, 2mn, т? + nè, 
we have in this case Р = 2(m®— n? -+ amm). Hence 
all rectangles having the same perimeter unity will be 
given by 
m? — n? mn 
2(m? — n? 4 amu) m? — п? + amm 
т, п being any rational numbers. 
The isoperimetric right triangles will be given by 
m—n np т? +- n? . 
( 2 )?. myr e + 51^ | 
where р is the given perimeter. 
Another example is : 
“(Find) a rectangle in which twice the diagonal, 
thrice the base, four times the upright and the perimeter 
together equal unity.’ 


1 GSS, vii. 1183." 2 GSS, vii. 1194. 
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Pairs of Rectangles. Mahavira found “pairs of 
rectangles such that : 


(2) their perimeters are equal but the area of one 
is double that of the other, or 


(i) their areas are equal but the perimeter of one 
is double that of the other, or 


(Z7) the perimeter of one is double that of the 
. other and the area of the latter is double 
that of the fotmer." 


These are particular cases of the following general 
problem contemplated in his rule : 


To find (x, y) and (а, v) representing the base 
and upright respectively of two rectangles which are 
related, such that 


zx +y) = 2а + >} (A) 
` Рху = 4и; 
where m, л, р, q ate known integers. 
His rule for the solution of this general problem is : 


“Divide the greater multiples of the area and the 
perimeter by the (respective) smaller ones. The square 
of the product of these ratios multiplied by an optional 
number is the upright of one rectangle. That diminished 
by unity will be its base, when the areas are equal. Other- 
wise, multiply the bigger ratio of the areas by that 
optional number and subtract unity; three times the 
upright diminished by this (difference) will be the base. 
The upright and base of the other rectangle should be 
obtained from its area and perimeter (thus determined) 
with the help of the rule, ‘From the square of half the 
perimeter, etc., described before.’ 


1 GSS, vii. 1314-133. The reference in the concluding line is 
to rule vii. 1294. | 
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In other words, to solve (A), assume 

y = s((ratio of perimeters)(ratio of areas) }2, (1) 
and x — y — 1, i£ p = q, 2 
or x= 3[y— {s (ratio of areas) — 1}], if P z 4, (2^) 
where s is an arbitrary number, and the ratios are to be 
so presented as always to remain greater than or equal 
to unity. 

Let >п, qp. Then we shall have to 
assume 


pL 
J = A 
n 
P 2,2 (3) 
mg q , 
x == (m AERE cpu 
Substituting these vous d in ts we get 
= q 
atv=—(4s — 35th з 
a (4 d p 3) (4) 
К mq? 
= sap (ae nip Ea). 
'Then 
p pg? 5 5 
и т (ага — t3) Tes —4)}. 
Now, if the arbitrary multiplier s be Rd such that 
Ó a. (5) 
P 
we have 
2 
u— o= ge BG P (6 


22р? 
From (4) апа (6) we get 


EH UC. IDEE 
iniu, ар T (7) 
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Substituting the value of s from (5) in (3) and (7) 
we have finally the solution of (A), when » > n, 


q >}, аз 


J Es #4 р == RUE 
лр? P] n ? (1) 
2 
x = ATE — 3) = 47. a —3). 


Mahavira has observed that ‘ ae A areas arte 
equal" we are to assume! 


mr 
oe ae ? 

5? 
secar eS 


1Bibhutibhusan Datta has shown that this restriction is 
not necessary. In fact, starting with the assumption 


pg? 
JES ape 

mu mz, 42b 
х= 5 =< Бу 

np 


and proceeding in the same way as above, he has obtained another 
solution of (4) in the form 


J x4 x А т n > 1) 
х= 1, аш ("4 a) 
mp | 4 "p 
Datta finds two general solutions of (A), viz. 
= 
+» 
2 222 
Eu — t) 
THAN gp P (ШТ) 
pei | 
0 == " А 
y= 24? 


E (EE e o) (EE - 2) 
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Isosceles Triangles with Integral sides. Brahma- 
gupta says : 

“The sum of the squares of two unéqual numbers is 
the side ; their product multiplied by two is the altitude, 


and twice the difference of the squares of those two un- 
equal numbers is the base of an isosceles triangle." 


Mahávira gives the following rule for obtaining 
an isosceles triangle from a single generated rectangle: 


*In the isosceles triangle (required), the two dia- 
gonals (of a generated rectangle?) are the two sides, twice 
its side is the base, the upright is the altitude, and the 
area (of the generated rectangle) is the area"? 


Thus if z, л be two integers such that z 55 a, the 
sides of all rational isosceles triangles with integral sides 
ате: 


(0) m+n, sw, iu es 25 


[o (И) m?-a, т? 4+ 1, дтп. 


and 
242 
yas, ja p. 
тр a р (tv) 
rna ү rq улу rug u ) 


ape Ар c tmu smi 


where m > 7,42 p and r, fare any two integers. 


«== 


See Datta, “Оп Mahávira's solution of rational triangles and 
quadrilaterals,” BCMS, XX, 1928-9, pp. 267-294; particularly 
р. 285. 

1 BrSpSi, xii. 33. 

2А rectangle generated from the numbers w and» has its 
sides equal to m? — 5? and 2/5 and its diagonal equal to m? -} n2. 
Cf. pp. 208-9. 

3 GSS, vii. 1084. 
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The altitude of the former is 277 and of the latter 
m? — n? and the area in either case is the same, that 
is, azn(m? — n). 

Juxtaposition of Right Triangles. It will be 
noticed that the device employed by Brahmagupta and 
Mahavira to find the above solutions is to juxtapose 
two rational right triangles—equal in this case—so as 
to, have a common leg. It is indeed a very powerful 
device. For, every rational triangle or quadrilateral may 
be formed by the juxtaposition of two or four rational 
‘tight triangles. So, in order to construct such rational 
figures, it suffices to know only the complete solution 
of x? + y? = v? in integers. The beginning of this 
principle is found as early as the Baxdbéyana Sulba (800 
B.C.) wherein is described the formation of a kind of 
brick, called abhayi (born of two), by the juxtaposition 
of the eighths of two suitable rectangular bricks of the 
same breadth (and thickness) but of different lengths. 

Isosceles Triangles with a Given. Altitude. 
Brahmagupta gives a rule to find all rational isosceles 
triangles having the same altitude. Не says: 

“The (given) altitude is the producer (karani). Its 
square divided by an optional number is increased and 
diminished by that optional number. Тһе smaller is 
the base and half the greater is the side"? 

That is to say, the sides and bases of rational isosceles 
triangles having the same altitude а are respectively, 


+ т), (Ea m) and ( 


where z is any rational number. 


a — т 
m ) 


1 BS), iii. 122 ; Compare Datta, Salba, P. 45, where necessary 
figures are given. 
2 BrSpSi, xviii. 37. 
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In particular, let the given altitude be 8. Then 
taking # — 4 Prthüdakasvámi (860) obtains the rational 
isosceles triangle (10, 10, 12). 


Pairs of Rational Isosceles Triangles. Mahavira 
gives the following rule for finding two isosceles tri- 
angles whose perimeters, as also their areas, are related 
in given proportions : 


“Multiply the square of the ratio-numbers of the 
perimeters by the ratio-numbers of the areas mutually 
and then divide the larger product by the smaller. 
Multiply the quotient by 6 and 2 (severally) and then 
diminish the smaller by unity : again (find severally) the 
difference between the results, and twice the smaller 
one: these are the two sets of elements forthe figures 
to be generated. From them the sides, etc., can be 
obtained in the way described before." 


If (5, 5g) and (Ap Ag) denote the perimeters and 
areas of two rational isosceles triangles, such that 
бү: fg Mt Л, Ai: A= $: 4 (1) 
where the ratio-numbets 2, л, р, 4 are known integers, 


then the triangles will be obtained, says Mahavira, from 
the rectangles generated from 


mb „nP _ "b np __ 
( 6 id? wg 1) апа (4-67 540 2), 
where ир > mq, when the dimensions of the first 
are multiplied by # and those of the second by л. 


The dimensions of the isosceles triangle formed 
from the first set of bia are: 


. КЕ np wp 2 
side = vf (625) + + GA =) i, 


1 GSS, vii. 157. 
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T r), 


base = 2407 —4— 


“y2 2 
А 23 T 1) E 


and from the second set 


2 
side LIC +3 » + (456-2) ), 
Баѕе = n(474 m» "E ) (45 — 2), 

| ° ° 2 2 
altitude = л Í ( е + 1) — ( a 2) I. 


It can be easily verified that the perimeters and 
areas of the isosceles triangles thus obtained satisfy the 
conditions (т). 

In particular, putting # = л = p = 4 = І, we have 
two isosceles triangles of sides, bases and altitudes (29, 
40, 21) and (37, 24, 35) which have equal perimeters (98) 
and.equal areas (420). This particular case was treated 
by Frans van Schooten the Younger (1657), J. H. Rahn 
(1697) and others.! 

= It is evident that multiplying the above values by 
mg? we get pairs of isosceles triangles whose dimen- 
sions are integral, 

Rational Scalene Triangles. Brahmagupta says: 

“The square of an optional number is divided twice 
by two arbitrary numbers; the moieties of the sums of 
the quotients and (respective) optional numbers are the 
sides of a scalene triangle; the sum of the moieties of the 
differences is the base.’ 


1 Dickson, Numbers, П, p. 201. 2 BrSpSi, xii. 34. 
15 
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That is to say, the sides of a rational scalene triangle 
are 


2 2 2 2 
+p), M+ 9). MS — 2) 307 — 9) 


where z, р, q ate any rational numbers. The altitude 
(27), area and segments of the base of this triangle are 
all rational. 

Mahavira gives the rule : 

“Half the base of a derived rectangle is divided by 
any optional number. With*this divisor and the quo- 
tient is obtained another rectangle. The sum of the 
uprights (of these two rectangles) will be the base of 
the scalene triangle, the two diagonals, its sides and the 
base (of either rectangle) its altitude."1 


If m, n be any two rational numbers, the rational 
rectangle (L4B' BH) 
E buic e 


Fig. 5 Fig. 4 
formed from ther ts 
m? — 12, 2mn, m? -- п?. 


If p, д be any two rational factors of mm, that is, if 
mn == pq, the second rectangle (AC’CH) is 


2? — 4, 2р0, pq. 
1 GSS, vii. 1103. 
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. ` e 
Now, juxtaposing these two rectangles so that they do 
not overlap (Fig. 3), the sides of the rational scalene 
triangle are obtained as 


B+ P, т H Py {Cp P) + (и — ту), 
where mn = pq. Evidently the two rectangles can be 


juxtaposed so as to overlap (Fig. 4). So the general 

solution will be | 
2+4, т + a, {С p® gn x (ий — my. 

The altitude of the rational scalene triangle thus obtained 

is 2775 Ог 2р4, its area pq(p? — 4°) + тн(т? — n?) and 

the segments of the base are p? — 4? and ж? — л. 

In particular, putting 2 = 12, p — 6, g=8 in 
Brahmagupta's general solution, Prthüdakasvámi derives 
a scalene triangle of which the sides (15, 15), base (14), 
altitude (12), area (84) and the segments of the base 
(5, 9) are all integral numbers. 

In order to get the above solutions of the rational 
scalene triangle the method employed was, it will be 
noticed, the juxtaposition of two rational right triangles 
so as to have a common leg. In Europe, it is found 
to have been employed first by Bachet (1621). The 
credit for the discovery of this method of finding 
rational scalene triangles should rightly go to Brahma- 
gupta (628) but not to Bachet as is supposed by 
Dickson.1 


Triangles having a Given Area. Mahavira 
proposes to find all triangles having the same given area 
A. His rules аге: 

“Divide the square of four times the given area by 
three; The quotient is the square of the square of a 
side of the equilateral triangle."? 


1 Dickson, Numbers, П, p. 192. 
2 GSS, vii. 1544. 
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“Divide the given area by an optional number; 
the square-root of the sum of the squates of the quotient 
and the optional number is a side of the isosceles tri- 
angle formed. Twice the optional number is its base 
and the area divided by the optional number is the 
altitude.’’? 

“The cube of the square-root of the sum of eight 
times the given area and the square of an optional 
number is divided by the product of the optional number 
and that square-root; the quotient is diminished by half 
the optional number which is the base (of the required 
triangle). The satikramana between this remainder and 
the quotient of the square of the optional number 
divided by twice that square-root will give the two 
sides."? 


The last rule has been re-stated differently.? ° 
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Rational Isosceles Trapeziums. Brahmagupta has 
shown how to obtain an isosceles trapezium whose sides, 
diagonals, altitude, segments and area are all rational 
numbers. Не says: ' 

“The diagonals of the rectangle (generated) are the 
flank sides of an isosceles trapezium; the square of its 
side is divided by an optional number and then lessened 
by that optional number and divided by two; (the 
result) increased by the upright is the base and Jessened 
by it 1s the face." 


That is to say, we shall have (Fig. 5) 
242 
CD = H — p) + (m — 5, 


1 GSS, vii. 1564. 2 GSS, vii, 1584. 
3 GSS, vii. 1603-1613. 4 BrSpSi, xii. 36. 
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272 
ABSa( =P) n — ш), 
AD = ВС = т? 4 02; 


also 
DH = ж? — n, 
2,2 
HC = iC — р), 
252 
AC = BD = (777 +p), 
AH = 20, 
= 2,2 
area ABCD = rin ( E77 — p). 


By choosing the values of 27, n and p suitably, the 
values of all the dimensions of the isosceles trapezium 
can be made integral. Thus, starting with the rectangle 
(5, 12, 15) and taking р = 6, Prthüdakasvámi finds, b 
way of illustration, the isosceles trapezium whose flan 
sides = 13, base = 14, and face = 4. Its altitude (12), 
segments of base (5, 9), diagonals (15) and area (108) 
are also integers. 

Mahavira writes : 

“For an isosceles trapezium the sum of the per- 
pendicular of the first generated rectangle and the 
perpendicular of the second rectangle which is generated 
from any (rational) divisor of half the base of the first 
and the quotient, will be the base; their difference will 
be the face; the smaller of the diagonals (of the generated 
rectangles) will be the flank side; the smaller perpendi- 
cular will be the segment; the greater diagonal will be 
the diagonal (of the isosceles trapezium); the greater 
area will be the area and the base (of either rectangle) 
will be the altitude.”! 


1 GSS, vii. 994. 
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The first rectangle (4 A’DH) generated from z, n is 
m? — m. amn, m+ gm. 
If р, q be any two rational factors of half the base of 
this rectangle, that 15, if pg = wm, the second rectangle 
(AB’CH) from these factors will be 
2 — P, 22 Р? + 4%. 

Ву judiciously juxtaposing these two rectangles, we 
stall obtain an isosceles trapezium of the type required 


(ABCD): 


A 
pores 
П 
' 

t 
D 
t 
L 
П 
1 
! 
І 
' 
J 
i 


Fig. 5 


CD = (p ф) + (9? — т), 
AB = (pt — у — (и — тп), 
AD = ВС = т? + 0, if m- т? < р? 4 4°, 
DH = z — т, if m — P < р? — 4°, 
AC = BD = р? + 4°, if PH дф > m+ n, 
AH = zn = 204, 
area ABCD =.2pq (p? — 4°), 
if 254 (p? — q> zmn(m? — m). 
The necessity of the conditions z? -+ ;? < P+ 4° 
m? — n? < p? — g*, etc., will be at once realised from а 
glance at Figs. 5 and 6. The above specifications of the 


dimensions of a rational isosceles trapezium will give 
Fig. уз. But when the conditions are reversed so that 
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m+ a> p+ gi, mi — n >p gi, ipg(p—q) 
<2mn(m? — n?) the dimensions of the isosceles tra- 
pezium (Fig. 6) ate : 


4 


& 

a 

ъ 
s 


Ра 
t 
i 
i 
1 
Ц 
і 


ЕСИ 
z= 
с 


Fig. 6 


CD = (m — 2) + (P — ф), 
AB = (и — n°) — (02 — ф), 

AC = BD = р? + 4, 

DH = m — m, 

AD = ВС = m 4+ т, 

AH = 27n = 2р0, 

area ABCD = zzn(m? — n). 

Pairs of Isosceles Trapeziums. Mahavira gives 
the following rule for finding the face, base and equal 
sides of an isosceles trapezium having an area and altitude 
exactly equal to those of another isosceles trapezium 
whose dimensions are known : 

“On performing the visama-sati&ramata between the 
square of the perpendicular (of the known isosceles 
trapezium) and an optional number, the greater result 
wil be the equal sides of the (required) isosceles tra- 
pezium; half the sum and difference of the smaller result 
and the moieties of the face and base (of the known 
figure) will be.the base and face (respectively of th: 
required броте).”1 


1 GSS, yii. 1734. 
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Let a, b, e, b, denote respectively the face, base, 
equal sides and altitude of the known isosceles 
trapezium and let a’, d’, с", //, denote the corresponding 
quantities of the requited isosceles trapezium. Then, 
since the two trapeziums are equal in area and altitude, 
we must have 


v= h, 
Y+a’=b+a, (1) 
bD а! ү? 
and с? — ( : ) == %, 
Ог {e + (@@/' а") 2) 0 — (^ — alay == P, 
whence e — (b — ajz =r, 
and e + (b’ — a!y[2 = 0], 
r being any rational number. Then 
= Me +”), (2) 
p, — a= (Pr ғ). (3) 
From (1) and (2), we get 
V = (b+ ја + Gr п), (4) 
а = (b + аја — (Pir — гу. (5) 


Jf a = 4, b= 14, c= 15, Ё = 12, taking r= ro, 
we shall have! a’ = 34/5, V = : 56/5, с" = 61/5. 


It has been stated above that, if w, л, р, q are rational 
aumbers such that z7? + n? < p? + 4°, we must have 


а= (pt — 9) — (тё — 8, 
b= (#— ф) + (m2 т), 
ec ш? t nm, 


b = 2mn = zpq. 


1 GSS, vii. 1743. 
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Substituting these values in (2), (4), (5) we get 
the dimensions of the equivalent isosceles trapezium as 
a’ = (p? — P) — (ар? — 7) /2, 
bt = (0 — ф) + (402417 — ns, 

e = (ар + б. 
If m? 4- n? > p? 4°, the sides of the pair of isos 
celes trapeziums equal in area and altitude will be 


а = (0 — т) — (9 — 4), 
p = (pê — 2) QU 4°), 

2 =}! v1 4°; 

а” = (m? — m) — (amm lr — 72, 

b? = (m — n?) + (дт? |r — r)/2, 

c = (amr + r)/2. 

These two isosceles trapeziums will also have equal 

diagonals. 

Rational Trapeziums with Three Equal Sides. 
This problem is neatly the same as that of the rational 
isosceles trapezium with this difference that in this 
case one of the parallel sides also is equal to the slant 
sides. Brahmagupta states the following solution of 
the problem : 

“The square of the diagonal (of a generated rect- 
angle) gives three equal sides; the fourth (is obtained) 
by subtracting the square of the upright from thrice 
the square of the side (of that rectangle). If greater, 
it is the base; if less, it is the face.’ 

The rectangle generated from 27, z is given by 

m? — n". 2mn, m?-L m. 


1 BrSpSi, xii. 57. 
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If ABCD be a rational trapezium whose sides AB, BC, 
AAD are equal, then 


AB = ВС = AD = (m + т)?, 

CD = 3(2mn)* — (p? — n*y* = тати — mA — nA, 
or CD = s(m? — ny: — (2mn)® = sm* + зл — xor. 

In particular, putting 77 = 2, n= x, Prthüdaka- 
svámi deduces two rational trapeziums with three equal 
sides, viz., (25, 25, 25, 39) and (25, 25, 25, 11). 

The first solution is also given by Mahavira who 
indicates the method for obtaining it. He says: 


“For a trapezium with three equal sides (proceed) 
as in the case of the isosceles trapezium with (the rect- 
angle formed from) the quotient of the area of a genera- 
ted rectangle divided by the square-root of its side 
multiplied by the difference of its elements and divisor; 
and that (formed) from the side and upright."! 


That is to say, from any rectangle (m? — n°, 207, 
m? -+ 22), calculate 


Uem) 
V 2mn(m — n) 


Then from wamns(m — n), wamm(m -- s) form the 
rectangle 


= y zma (m + n). 


8212, qun(m—n?), Amn(m?-- п”). 
Again from 272, m? — n? form another rectangle 
Gmn? — mt — 1%, amn (т? — п"), (т? -- n? (2) 
By the juxtaposition of the rectangles (1) and (2) 
we get Brahmagupta’s rational trapezium with three 


1 GSS, vii. 1014. 


RATIONAL QUADRILATERALS 235 


equal sides: ө 

CD == 8m + (бт? — тА — nA) = тат? — in — ті, 

AB = 8u?n* — (m?n? — mi — nt) = (т? + 18)? = AD 
== BC, if mp m < amm. 

The segment (CH), altitude (АН), diagonals (1C, 
BD) and area of this trapezium are also rational, for 

CH = бә? — nA — №, 

AH = атт? — n°), 

AC = BD = 4mn(m + n°), 
area ABCD = 32° (m? — n). 

Rational Inscribed Quadrilaterals. Brahmagupta 
formulated a remarkable proposition: То find all 
quadrilaterals which will be inscribable within circles 
aud whose sides, diagonals, perpendiculars, segments 
(of sides and diagonals by perpendiculars from vertices 
as also of diagonals by their intersection), areas, and 
also the diameters of the circumscribed circles will be 
expressible in integers. Such quadrilaterals are called 
Brahmagupta quadrilaterals. 

The solution given by Brahmagupta is as follows : 

“The uprights and bases of two right-angled tri- 
angles being reciprocally multiplied by the diagonals 
of the other will give the sides of a quadrilateral of 


uneq tal sides: (of these) the greatest is the base, the least 
is the tace, and the other two sides are the two flanks.” 


Taking Brahmagupta’s integral solution, the sides 
of the two right triangles of reference are given by 


ua, ams, w-4-m, 
2 — P, 22 P+ Ps 


1 Br5S2, хи. 38. 
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where m, л, p, q are integers. Thef the sides of a 
Brahmagupta quadrilateral are 


(и — PAPH 42), (р — 4002 + л), 
smal? + 49, 2Р4(т% + т). | (1) 


Mahavira says : 


“The base and the perpendicular (of the smaller 
and the larger derived rectangles of reference) multi- 
plied reciprocally by the longer and the shorter diagonals 
and (each again) by the shorter diagonal will be the 
sides, the face and the base (of the required quadrilateral). 
The uprights and bases are reciprocally multiplied and 
then added together; again the product of the uprights 
is added to the product of the bases; these two sums 
multiplied by the shorter diagonal will be the diagonals. 
(These sums) when multiplied respectively by the base 
and perpendicular of the smaller figure of reference will 
be the altitudes; and they when multiplied respectively 
by the perpendicular and the base will be the segments 
of the base. Other segments will be the difference of 
these and the base. Half the product of the diagonals 
(of the required figure) will be the area"! 


If the rectangle generated from m, n be smaller than 
that from P, q, then, according to Mahavira, we obtain 
the rational inscribed quadrilateral of which the sides 
are 


(n — APH gm? + D), (р®— gn? + iy, 
ann p* + qu + 5. 2pq(m? + PF; 
. whose diagonals are 
(apa? — n) + amm? — qon + m), 
(00 — Ap? — g?) + mpg (m + r?) з 
1 GSS, vii. тозй. 


RATIONAL QUADRILATERALS 237 


whose altitudes are 
{2pq(m? — 18) + zmn p — q?)) 2m, 
(Go? — n®)\(p? — 4°) + 4mnpg}(m® — n?) ; 
whose segments ate 
(apa? — m) + отир? — qu — 9, 
(m — PXD — 4?) ++ amupq) 2m ; 
and whose area is 
+{2р4(ж% — т?) + amm? — PI — P — 4°) 
-+ 42р } (т? 4+- ny. 
Sripati writes : 
“Of the two right triangles the sides and uprights 
are reciprocally multiplied by the hypotenuses; of the 
products the greatest is the base, the smallest is the face 


and the rest are the two flank sides of a quadrilateral 
with unequal sides.” 


Bháskara II gives the rule : 


“The sides and uprights of two optional right 
triangles being multiplied by their reciprocal hypote- 
nuses become the sides : in this way has been derived a 
quadrilateral of unequal sides. "There the two diagonals 
сап be obtained from those two triangles. ‘The product 
of the uprights, added with the product of the sides, 
gives one diagonal; the sum of the reciprocal products of 
the uprights and sides is the other"? 


Bháskara 113 illustrates by taking the right triangles 
(3, 4, 5) and (5, xz, 13) so that the resulting cyclic 
quadrilateral is (25, 39, Go, 52). The same example was 


1 SiSe, xiii. 42. ?L, p. 51. 
3 L, p. зг. 
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given before by Mahavira! and Prthidakasvami.? This 
cyclic quadrilateral also appears in the Trifatikd of 
Sridhara? and in the commentary of the Aryabhatiya 
by Bháskara I (522). The diagonals of this, quad- 
trilateral are, states Bháskara П, 56 (= 3.12 + 4.5) 
and 63 (== 4.12 + 5.5) (Fig. 7. He then observes: : 


“If the figure be formed by changing the arrange- 
ment of the face and flank then the second diagonal will 
be equal to the product of the hypotenuses of the two 
right triangles (of reference), że., 65.” (Fig. 8). 


By taking the right triangles (5, 4, 5) and (15, 8, 17) 
Bháskara 1] gets another cyclic quadrilateral (68, 51, 40, 
75), whose diagonals are (77, 85), altitude is 308/5, 
segments ate 144/5 and 231/5, and area is 3234.4 (Fig. 9). 
With the sequence of the sides (68, 40, 51, 75) the 


1 GSS, vii. 1044. ? Br $557, xii. 38 (Com.). 
3 Tris, Ex. 8o. 1 L, pp. 46ff. 


RATIONAL QUADRILATERALS 239 


diagonals are (77, 84) (Fig. то), and with (68, до, 75, 51) 
they are (84, 85). (Fig. 11). 


Fig. 11 


The deep significance of Brahmagupta's results 
has been demonstrated by Chasles' and Kummer? 


1 M. Chasles, Aperçu historique sur Porigine ef development des 
méthodes en géométrie, Paris, 1875, pp. 436#. 

? E. E. Kummer, "Uber die Vierecke, deren Seiten und Dio- 
gonalen rational sind," Journ. für Math., XXXVII, 1848, pp. 1-20. 
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In fact, according to the sequence in which the 
quantities (4) are taken, there will be two varieties of 
Brahmagupta quadrilaterals having them as their sides :, 
(1) one in which the two diagonals intersect at right 
angles and (2) the other in which the diagonals 
intersect obliquely. The arrangement (A) gives a 
quadrilateral of the first variety. For the oblique variety, 
the sides ate in the following order: 

(2° — gym? + а), (т? — PAE + D) 

2mn(p? + 4°), 2pq(m™ + n*); (B) 
or (22 — (m+ n), zmn + 4°), 

(ай — n+ 4%, 2pq(n® + d | (C) 

Bháskara II points out that the diagonals of the 
Brahmagupta quadrilateral are in the (A) variety, 
2pq(m — n?) + zmn p? — 4°), Amnbq- (p?— 48)(02— m); 
in (B), 

apq? — т) + 2mn(p? — 4), (0° + qom + n°); 
and in (C), . 

amnpa + (P — GAPE — n), (P? 4- PAO + т). 
The diameter of the circumscribed circlé in every case 
is (р? + 49)? + 22). 

Ganesa (1545) shows that the quadrilateral is formed 
by the juxtaposition of four right triangles obtained 
by multiplying the sides of each of two rational right 
triangles by the upright and base of the other. He 
writes : 

“A quadrilateral is divided into four triangles 
by its intersecting diagonals. So by the juxtaposition of 
four triangles a quadrilateral will be formed: For that 
purpose the four triangles ate assumed in this manner : 
Take two right triangles formed in the way indicated 


Compare also L. E. Dickson, “Rational Triangles and Quadril- 
aterals,” Amer. Math.. Mon., XXVIII, 1921, pp. 244-250. 
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before. If the upright, base and hypotenuse of a 
rational right triangle be multiplied by any arbitrary 
rational number, there will be produced another right 
triangle with rational sides. Hence on multiplying the 
sides of each of the two right triangles by an optional 
number equal to the base of the other and again by an 
optional nnmber equal to the upright of the other, four 
tight triangles will be obtained by the judicious juxta- 
position of which the quadrilateral will be formed.” 


He then shows with the help of specific examples 
(see Figs, 12, 13 & 14) that we can obtain in this way 


Fig. 12 
A ZR 
[7 f $ $5 
0 
Fig..13 . Fig. 14 


16 
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from the same set of two tational right triangles two 
vatieties of ‘rational convex quadrilaterals: Опе in 
which the diagonals intersect each other perpendicularly; 
and the other in which they do so obliquely. 


Inscribed Quadrilaterals having a Given Area. 
Mahávira proposes to find .all rational inscribed 
rectangles having the same given area (A, say). He says : 

“The squate-root of the exact area is a side of the 
square. Тһе quotient of the area by an optional number 
and that optional number will be the base and upright 
of the rectangle.’ 


For finding all inscribed rational isosceles trapeziums 
having the same area 4 his rule is : 


“The given area multiplied by the square of an 
optional number is diminished by the area of a generated 
rectangle and then divided by the base of that rectangle ; 
the quotient divided by the optional number is the face ; 
the quotient added with twice the upright and divided by 
the optional number gives the base; the base (of the 
generated rectangle) divided by the optional number 
is the altitude ; and the diagonal divided by the optional 
number gives the two flank sides"? 

That is to say, if m? — n°, zn, m?-L- n? be the 
upright, base and diagonal of a tectangle formed from 
m,n, the dimensions of the isosceles trapezium will be 


SA — 2mn(m* — 15?) 


face = — TT 
ҮТ 
2 =. 2 yà 
base = — E pM) + 2(m? — n°) | 
Г 2n 


А + azn(m? — п) 
d 2mns 


1 GSS, vii. 146. 3 GSS, vii. 148. 
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altitude == ——, 
s 
21 y2 
| m+ п 
side = T 


where s is an arbitrary rational number chosen such that 
SA  zmn(m—m. 
For the construction of an insctibed trapezium of 
+ three equal sides Mahavira gives the о tule : 


“The square of the given area is¥divided by the 
cube of an optional number and then increased by that 
optional number ; half the result gives the (equal) sides 
of a generated trapezium of three equal sides (having 
the given area) ; twice the optional number diminished 
by the side is the base; and the given area divided by 
the optional number is the altitude.^t 


In other words, the dimensions of an inscribed trape- 
zium of three equal sides having a given area 4 will be 


1 442 
side = 3 +s), _ 

2 ud 
base = 25 — = + s), 
altitude = 2 


" 

To find inscribed quadrilaterals having a given area 
Mabávita gives the following rule : 

“Break up the square of the given area into any 
four arbitrary factors. Half the sum of these factors 
is diminished by them (severally), ‘The remainders are, 
the sides of an (inscribed) ашайын with unequal 
sides."? й 


1 GSS, vii. 150. 
2 GSS, vii. 152. This result follows from the fact that the 


area of a cyclic quadrilateral is VG — a) — P)(s — es а). 
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Triangles and Quadrilaterals having a Given 
Circum-Diameter. Mahavira proposes to find all 
rational triangles and quadrilaterals inscribable in a circle 
of given diameter. His solution is : 

“Divide the given diameter of the circle by the 
calculated diameter (of the circle circumscribing any 
generated figure of the required kind). The sides of 
that generated figure multiplied by the quotient will be 
the sides of the required figure.’ 

In other words, we shall have to find first a rational 
triangle or cyclic quadrilateral; then calculate the dia- 
meter of its circum-circle and divide the given diameter 
by it. ,Dimensions of the optional figure multiplied by 
this quotient will give the dimensions of the requited 
. figure of the type. 

It has been found before (p. 227) that the sides of a 
rational triangle are proportional to 

m+n, prt 4°, (02 — Ф) + (n — 0) 
and its altitude is proportional to 2# (or 299), т, n, р, q 
being any rational numbets-such that mz = pg. The 
diameter of the circle circumscribed about this triangle 
is proportional to 
CERCETA 
2n | 

Then the sides of a rational triangle inscribed in a 

citcle of diameter D will be 


2mnD = amuD mo p — 4) + (т? — т). 


2+4 spam (2 + 08) + 4)” 
and its altitude will be 
D( 2770)? 


(0° + P + y 


1 GSS, vii. 221$. 
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The dimensions of a rational inscribed quadrilateral, 
as stated by Mahavira, have been noted before (p. 236). 
The diameter of its circum-circle is 
(f? + аи? + 1) 
Then, according to Mahavira, the sides of a rational 
quadrilateral inscribed in a circle of diameter D, are 


2 42 
Р(„ а), Daa ^1). DC, ), aa 
its diagonals are 


{2pq (m? — n°) + zmn (p° — q VEFAT 


(ut — Xp? — 4°) + Amb mercer ot 
and its area is 
2 
(р ore ay ГА — P) + amp? — 49) 
X (n — n?)(p? — 4) + anpa}; 


so that the sides, diagonals and area are all rational. 


22. SINGLE INDETERMINATE EQUATIONS 
OF HIGHER DEGREES 


The Hindus do not seem to have paid much attention 
to the treatment of indeterminate equations of degrees 
higher than the second. Some interesting examples 
involving such equations are, however, found in the 
works of Mahavira (850), Bháskara II (1150) and 
Narayana (1550). 

.Mahávira's Rule. One problem of Mahávira is as 
follows : 

Given the sum (5) of a series in A.P., to find its 
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first term (а), common difference (Pb) and the number 
of terms (7). 

In other words, it is required to solve in rational 
numbers the equation 


(a+ ( 


containing three unknowns a, b and я, and of the 
third degree. The following rule is given for its 
solution : 

“Here divide the sum by an optional factor of it ; 
that divisor is the number of terms. Subtract from the 
quotient another optiónal number; the subtrahend is 
the first term. The, remainder divided by the half of 
the number of tetms as diminished by unity is the 
common difference."t 

Bháskara's Method.  Bháskara II proposes the 
problems : 

“Tell those four numbéts which are unequal but 
have a common denominator, whose sum or the sum of 
whose cubes is equal to the sum of their squares,’”* 


If x, y, %, w be the numbers, then 

(б) AIA RAY cS, 

(2) х? yi + x3 -+ w? = х y -4 ge + wy, 

Let the numbers be x, 2x, 3х, 4x, says Bhaskara II. 
That is, suppose y = 2x, == 3x, w = 4x in the above 


П — I 
2 


jbj” = ГА 


1 GSS, vii. 78. 

There are also other problems where instead of s, the given 
quantity iss+-¢,s+b,s+norstatbtn. (GSS, ii. 83 ; of. 
also vi. 80). For such problems also the method of solution is the 
samé as before, je., to assume suitable arbitrary values for two 
of the unknowns so that the indeterminate cubic equation.is there- 
by reduced to a determinate linear equation in one unknown. 
(GSS, ii. 82; vi. 517). 

? BBi, p. 55. 
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equations. Then by (1) we get 


тох == 30x?, 
= JI 
X= зд. 
Hence х,у, % w= 4, 2, 5,1, 
\ 


is a solution of (1), 


Again, with the same assumption, the equation 
(2) reduces to 


100x? = 3ox?, 
п «= ру. 
Непсе X, J Z W — р to o te 
is a solution of (2). 


The following problem has been quoted by Bhâs- 
kara П from an ancient author: · 


“The square of the sum of two numbers added with 
the cube of their sum is equal to twice the sum of their 
cubes. Tell, O mathematician, (what are those two 
numbers),”’ | 

If x, y be the numbers, then by the statement of the 
question 


(x + IP + +I = 208 + Y). 
“Неге, so that the operations may not become lengthy,” 


says Bháskara II, “assume the two numbers to be 4-+ v 
and 4 — 2.” So on putting 


x = u+ v, y = u — 0, 
the equation reduces to 
Am + ди? == Lan, 
ot 402 + ди = 120%, 
Of (24 + 1)? = 1202 4 т. 


1 ВВ}, p. тот. 
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Solving this equation by the method of the Square- 
nature we get values of и, v. Whence the values of 
(x, у) are found to be (5, 1), (76, 20), etc. 

Náráyana's Rule. Narayana gives the гше: 

*Divide the sum of the squares, the square of the 
sum and the product of any two optional numbers by 
the sum of their cubes and the cube of their sum, and 
then multiply by the two numbers (severally). (The 
results) will be the two numbers, the sum of whose 
cubes and the cube of whose sum will be equal to the 
sum of their squares, the square of the sum and the 
product of them.’ 


That is to say, the solution of the equations 
0) XE —xtR (4) (xc = y, 
(2) xt —G-FX (0) Goo = cr. 


(3) HF = ху, (6) (+2)? = х), 
ате respectively 
p _ (m + A (и 4 mma 
| #9 +. 78 ? А | = (m + п) ? 
был) (p + n), 4.1) ee (m + ss | 
[y= omg CETA 
[x = (ж + nm E _ (m + uym 
| E E 1 (nra 
(2.1) CES (5-1) 4 NOE 
|7 = PE ns? |l2- (w+ nye? 
| х= 7” í xm 
ms + xP e |» (nu 
(3-1) mm (60 i | mn? í 
ps (Os Loan E (m -+ nè? 
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where m, n ate rational numbers. 

It will be noticed that the equation (2) can be 

reduced, by dividing out by x + у, to 
| х® — ху + = х у; 
and similarly (5) сап be reduced to 
x+y = 1. 

With ж = 1, n= 2 Narayana gives the following 

sets of particular values : 


(1.2) x, y = 3, 10 (4.2) x, y = d, i$ 
(2.2) Sa 1,2 (5.2) x,» =} 2, 
(3.2) х,у = £,$ (6.2) х,у = £35, Xr 


He then observes: “In this way one can find by his 
own intelligence two numbers for the case of difference, 
etc." 

Form ax?^*? + bx?» — y?. For the solution of an 
equation of the form 

axent2 + рҳ?т =e, 
where л is an integer, Bhaskara II gives the following 
rule : 

“Removing a square factor from the second side, 
if possible, the two roots should be investigated in this 
case. Then multiply the greater root by the lesser. 
Or, if a biquadratic factor has been removed, the greater 
root should be multiplied by the square of the lesser root. 
The rest of the operations will then be as before"! 


$ 


Suppose ax? + b = s?; then the equation becomes 
y? == Le da 
2. J= xs. 
The method of solving ax? + b = z? in positive integers 
has been described before. 


1 BBi, р. 102. 
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Two examples of equations of this form occur in 
the Biaganita of Bhaskara П :1 

(1) 5x* — 100x? = }?, 

(2) 8x9 -+ 49x4 = y?. | 

It may be noted that the second equation appears in 
the course of solving another problem. 

Equation ax*-}+ bx? + c = иЗ. One very special 
case of this form arises in the course of solving another 
problem. It is? 


(a F x)? +e = w, 

ot xt + 22x? + 242 = ИЗ. 
Let # = x?, supposes Bháskara II, so that we get 

хб — xt = 24° F 24x?, 
Or xA (2x? — 1) = (2a + х), 

which can be solved by the method indicated before. 
Another equation is? 
gxt = 23, 


In cases like this “the assumption should be always such,” 
remarks Bháskara II, “‘as will make it possible to remove 
(the cube of) the unknown." So assume и = zx; 
then 

x = фи. 


23. LINEAR FUNCTIONS MADE SQUARES OR CUBES 


Square-pulveriser. The indeterminate equation of 
the type 


bx + с = у? 


1 BBi, рр. 103, 107. 2 BBi, p. 103 ; also vide infra, р. 280. 
3 BBi, p. 503 also vide infra, p. 278. 
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is called varga-kuttaka or the “Square-pulveriser,”! inas- 
much as, when expressed in the form 


poe 
b 


= х, 


the problem reduces to finding a square (varga) which 
being diminished by ¢ will be exactly divisible by 5, 
which closely resembles the problem solved by the 
method of the pulveriser (Фиала). 

For the solution in Zzzegers of an equation of this 
type, the method of the earlier writers appears to have 
been to assume suitable arbitrary values for y and then 
to solve the equation for x. Brahmagupta gives the 
following problems : 

“The residue of the sun on Thursday is lessened 
and then multiplied by 5, or by то Making this 
{result) an exact square, within a year, a person becomes 
a mathematician,” ? 

“The residue of any optional revolution lessened 
by 92 and then multiplied by 83 becomes together with 
unity a square. A person solving this within a year is 
a mathematician.’ 


That is to say, we are to solve the equations : 
(1): 5x — 25 = 9%, 
(2) 10x — тоо = 7, 
(3) 83x — 7635 =)”. 
Prthüdakasvámi solves them thus : 
(т.т) Suppose) = 10; then x = 125. Or, put y = 5; 
then x — ro. 
(2.1) Suppose y = 10; then x = 20. 
(3.1) Assume y = 1; then x = 92. 
1 ВВ}, p. 122. ? BrSpSi, xviii 76. 
з BrSpSi, xviii. 79. 
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He then remarks that by virtue of the multiplicity 
of suppositions there will be an infinitude of solutions 
in every case. But no method has been given either by 
Brahmagupta or by his commentator Prthüdakasvámi 
to obtain the general solution. 


The above method is reproduced by Bháskara II.! 
He has also given the following rule: 


“If a simple unknown be multiplied by the number 
which is the divisor of a square, etc., (on the other side) 
then, in order that its value may in such cases be integral, 
the square, etc., of another unknown should be put 
equal to (the other side). The rest (of the operations) 
will be as described before."? 


: His gloss on this rule runs as follows : 


“In those cases, such as the Square-pulveriser, etc., 
where on taking the root of one side of the equation 
there remains on the other side a simple unknown 
multiplied by the number which was the divisor of the 
square, etc., the square, etc., of another unknown plus 
or minus an absolute term should be assumed for (the 
value of this other side) in order that its value may 
be integral. The rest (of the operations) will be as 
taught before.” 


Bháskara has also quoted from an ancient author the 
following rule : 


“(Find) a number whose square is exactly divisible 
by the divisor, as also its product by twice the square- 
root of the absolute term. An unknown multiplied by 
that number and superadded by the square-root of the 
absolute term should be assumed (for the unknown on 
the other side). If the absolute term does not yield a 
square-root, then after dividing it by the divisor, the 


1 Vide infra, p. 255f. 2 BBi, p. 120. 
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remainder should be increased by so many times the 
divisor as will make a square. If this is not possible, 
then the problem is not soluble." 
Case i Let с bea square, equal to B?, say. Then 

we have to solve 

bx + p? = y. 
The rule says, find p such that 

p? = №, 3р6 = іи. 


Then assume y= ри + В; 
whence we get х= 4и? + ғи. 
Bháskara П prefers the assumption 
J = bv + B, 
so that we have x = И? + ar. 


Case ij. 1Есіѕ not a square, suppose ¢ = bm + s. 
Then find s such that 


a+ 5р == 0, 
Now assume у= bu Ч 7. 


Substituting this value in the equation bx + c = »?, 
we get 
bx + ¢ = (bu Ч Р)? 
= bu? + zbru + r?, 
or bx + c — r? = bu? + zbru, 
or bx + т — s) = Pu? + zbra. 
: x == Ви + 27и — (m — s). 
Example from Bháskara II :? 
7х + 30 ==}. 
On dividing 30 by 7 the remainder is found to be 
2; we also know that 2+ 7.2 = 4?. Therefore, we 


1 BBs, р. 121. ? BBi, pp. 120, 121. 
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assume in accordance witk the above rule 

у= 7 + 4 
whence we get x == 712-484 — 2, 
which is the general solution. 


Cube-pulveriser. The indeterminate equation of 
the type 
bx + с = у 
is called the ghana-kuttaka ot the “‘Cube-pulveriser.”! 
For its solution in integers Bháskara II says : 


“A method similar to the above may be applied 
also in the case of a cube thus: (find) a number whose 
cube is exactly divisible by the divisor, as also its product 
by thrice the cube-root of the absolute term. An un- 
known multiplied by that number and superadded by 
the cube-root of the absolute term should be assumed. 
If there be no cube-root of the absolute term, then after 
dividing it by the divisor, so many times the divisor 
should be added to the remainder as will make a cube. 
The cube-root of that will be the root of the absolute 
number. If there cannot be found a cube, even by so 
doing, that problem will be insoluble."'? 


Case 2. Let c= f3. Then we shall have to find p 
such that 


р = 4, spp = br. 
Now assume y= ри 4- В. 
Substituting in the equation bx + p? = 5? we get 
bx + B? = (pv + BY 
= pr + 3роВ(ро + В) + P3, 
or bx = bq? + bri(py + p). 
: x = 93 + тро + В). 


1 BBs, p. 122. 2 BBs, р. 121. 
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Or, if we assume у = dy + В, we shall have 
x = DY +. зб + B). 


Case ii, с 5 а cube. Suppose e = bz +n; then 
find s such that 
n+ sb=r 
Now assume у = er +r, whence we get 
x == b+ зт + r) — (m — s), 
as the general sclution. 
Example from Bháskara П :1 


sx + 6 = 32. 
Since 6 — 5.1+1 and 14 43.5 = G3, 
we assume у= 52 4 6. 


Therefore x = 2513 + 18r(5» + 6) + 42, 
is the general solution. 


Equation bx + с = ау?. To solve an equation 
of the type 


a} = bx + с, 
Bháskara II says : 


“Where the first side of the equation yields a root 
on being multiplied or divided? (by a number), there also 
the divisor will be as stated in the problem but the abso- 
lute term will be as modified by the operations.’ 


1 BBi, p. 122. 

2 The printed text has 2/02 ksipid (subtracting or adding). 
After collating with several copies Colebrooke accepted the reading 
hated ksiptá (multiplying or adding). But we think that the correct 
reading should be batra hrivd (multiplying or dividing) For in his 

loss Bháskara.II has employed the terms gapito vibhakio va 
ш multiplied or divided). Our emendation is further supported Ьу 
the rationale of the rule. 

3 BBi, p. 121. 
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What is implied is this: Multiplying both sided of 
the given equation by a, we get 
ау? = abx + ас, 
Put 4 = ay, v = ax. "Then the equation reduces to 
#2 = by + ас, 
which can be solved in the way described before. 
We take the following illustrative example with its 
solution from Bháskara П :1 Р 
502 5 = 16x. 
Multiplying by 5, and putting 4— 5y, v= 5x, we get 
И? = 160 — 15. 
The solution of this is 
и = y +1, 
p 4»? № + 1. 
Therefore, we have 
(1) p= 82 -+ x, 
or (2) 5y = 8w — 1. 
Now, solving by the method of the pulveriser, we get 
the solution of (1) as 


y= 8+ 5, 

== dag 35 
and that of (2) as 

‚= 8*-+- 3, 

w= 53? 2; 


where ¢ is any rational number. 


Equation bx + с = ау" After describing the 
above methods Bháskara II observes, styagre’pi_yojyamiti 
Sesab or “the same method can be applied further on 


1 BBi, p. 121. 
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(i.e, to the cases of higher powers) "1 Again at the end 
of the section he has added evan buddhimadbbiranyadapi 
: yathé sambhavani jojyam, ie, “similar devices should be 
applied by the intelligent to further cases as far as 
practicable.”? What is implied is as follows : 


(1) To solve wat == у, 
Put x = wg + k. Then 


ГА 


Сеа [этч + nam o die + 


xn 


= =I а т) gyn Seem 2 fb 


„пт (+ Ey (А £y + г) 
= Е 4 + ammi bed тл (+ ayi) 
+ (y (MEE 
Now, if 
be 
b 


== a whole number, 


will be an integral number when (1) w = b or 


xm + ¢ 
b 


(2) P is a factor of л", nm™-1k, etc. Or, in other words, 
knowing one integral solution of (1) an infinite number 
of others can be derived. 


(2) To solve ат; == у. 
Multiplying by а"-—1, we get 
тъ n-1 
а"х" + са = уа". 


1 BBi, p. 121. ? BBi, p. 122. 
17 
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Putting я = ax, v = ya"-1, we have 
u” + са"—1 

b 

which is similar to case (1). 


= 0, 


24. DOUBLE EQUATIONS OF THE FIRST DEGREE 


The earliest instance of the solution of the simulta- 
neous indeterminate quadratic equation of the type 
x+ а == #7, 
x+ b = 1, 
is found in the Bakhsháli treatise. The portion of the 
manuscript containing tbe rule is mutilated. The 
example given in illustration can, however, be restored 
as follows : 

“A certain number being added by five (becomes 
capable of yielding a square-root) ; the same number 
(being diminished by) seven becomes capable of 
yielding a square-root. What is that number is the 
question." 


'That is to say, we have to solve 


Vxt5=4, Мх — 7 = 0. 
The solution given is as follows : 


“The sum of the additive and subtractive is | 12|; 
its half |6 |; minus two |4 |; its half is | 2 |; squared | 4 |. 
‘Should be increased by the subtractive’; {the subtrac- 
tive is} |7; adding this we get [11]. This is the 
number (required).” m 

From this it is clear that the author gives the 


1 BMs, Folio 59, recto. 
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solution of the equations 


xta=#, х b=; 
as X= (22м) b, 
m 


where # is any integer.! 


Brahmagupta (628) gives the solution of the general 
case. He says: 

“The difference of the two numbers by the addition 
or subtraction of which another number becomes a 
square, is divided by an optional number and then 
increased or decreased by it. The square of half the 
result diminished or increased by the greater or smaller 
(of the given numbers) is the number (required)? 


4.е., x= 2н), 
а-— b 
m 


or x = ET т) Fa, 


where zz is an arbitrary integer. 
The rationale is very simple. Since 


н® = х а, 02 = х 4 0, 


we have : #®— = Ha Fh. 
Therefore 4 — 0 =M, 
and я о == Еи БА 


7 
where zz is arbitrary. Hence 
NEPEquES, _ | уа—ё 
ош, по 


+ m). 


1 In the above solution » is taken to be 2. 
2 BrSpSi, xviii: 74. 
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Since it is obviously immaterial whether # is 
taken as positive or negative, we have 


„= EL т). 

Similarly y= 4(4=" n). 
Therefore х= aC 213 т) Fa, 
o x= (u Fm) +» 


where z is an arbitrary number. 

Brahmagupta gives another rule for the particular 
case : 

х Ба == 2, 
х — Ё == 12, 

“The sum of the two numbers the addition and 
subtraction of which make another number (severally) 
a square, is divided by an optional number and then 
diminished by that optional number. The square of 
half the remainder increased by the subtractive number 
is the number (required).”4 ' 


ie., x TO b. 


m 


Narayana (1357) says : 

“The sum of the two numbers by which another 
number is (severally) increased and decreased so as to 
make it a square is divided by an optional number and 
then diminished by it and halved; the square of the 
result added with the subtrahend is the other number.”? 


He further states : 


1 BrSpSi, xviii. 73. 2 GK, i. $2. 
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“The difference of the two numbers by which 
another number is incteased twice so as to make it 
a square (every time), is increased by unity and then 
halved. The square of the result diminished by the 
greater number is the other number." 


; (2—04 10ү 
Е. ы сер 
is a solution of | 

х4 а= н°, x+ b= а> 0. 

“The difference of the two numbers by which 
another number is diminished twice so as to make it a 
square (every time), is decreased by unity and then 
halved. The result multiplied by itself and added with 
the greater number gives the other.”? 


f. X = SSSI 


is a solution of 
x— а = t, x— b= а> һ. 
The general case 
: ах + с = ##, 
и, No 
bx + 4 =1°?, 
has been treated by Bhâskara II. He first lays down the 
rule : ; 
"In those cases where remains the (simple) unknown 
with an absolute number, there find its value by ferming 
an equation with the square, etc., of another unknown 
plus an absolute number. Then proceed to the solution 
of the next equation comprising the simple unknown 
with an absolute number by substituting 1n it the root 
obtained before."? 


1 GK, і. 53. ? GK, i. 54. 
3 BBi, pp. 117-8. 
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He then proceeds to explain it further : 


“In those cases where on taking the square-root of 
the first side, there remains on the other side the (simple) 
unknown with or without an absolute number, find there 
the value of that unknown by forming an equation with 
the square of another unknown plus an absolute number. 
Having obtained the value of the unknown in this way 
and substituting that value (in the next equation) further 
operations should be proceeded with. If, however, on 
equating the root of the first with another unknown 
plus an absolute number, no further operations remain 
to be done, then the equation has to be made with the 
square, etc., of a known number.” 


(0) Set u = my + a; then substituting in the first 
equation, we get 
x= > (mn? + 2mwa+- а? — c). 
Substituting this value of » in the next equation, we have 
2 (зл + zama + o? — с) + d = $2, (1.1) 
which can be solved by the method of the Square-nature. 


(Z) In the course of working out an example! 

Bháskara Il is found to have followed also a different 
rocedure, which was subsequently adopted by Lag- 

range.? 

Eliminate x between the two equations. Then 

bu? + (ad — be) = a, 

or abu? + k = »?, (1.2) 

where w = ар, R = а? — abc. 


1 Vide infra, p. 265. 
з Addition to Euler s Algebra, p. 547. 
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If 4 — ғ, w = s be a solution of this transformed 
equation, another solution of it will be 


u= 74 + рз, 
w = qs + ар; 
where abp? + x = 4. Therefore, the general solution 
of (1) is 
x= I(r + ps — £ 
БЕ а 4 Ё 2? 
4 = rq-Eps 
p= i + abrp) ; 


where арр? + 1 = 4? and abr? + ad — abe = 3°. 
Now, a rational solution of the equation 
айр? + 1 = ф is 
27 £2 -+ ab 
Р= в р ISEL 
where fis any rational number. Therefore, the above 
general solution becomes 


2 A 
х= адр t aD + 2st } — =, 


1 


„= qai r+ al) dc ast |, (1.3) 
p= йе | S(t? + ab) + 2abrt P 
where abr? + ad — abe = 8. 


(44) Suppose vc and d to be squares, so that c = a?, 
d = В. Then we shall have to solve 


ax + а? = 22, 


bx + p= 02, 
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The auxiliary equation abr? + 222 — abe = s? in this 
case becomes 
abr? + (a?8? — aba?) = s?. 
The same equation is obtained by proceeding as in 
case (7) with the assumption v = by + В. 


An obvious solution of it is r = а, s = ap. Hence 
in this case the general solution (1.3) becomes 


2 
X = qe ape + ab) + 2aßt}? LA =, 


PEE eae + ab) + 21482), 


=-——- E aby {B( + ab) + zbat}, 
where ¢ is any tational number. 
Putting а = В = 1, 7 = a, and taking the positive 
sign only, we get a particular solution of the equations 


ax+1= #7 
и) 
аѕ 
_ 8(a 4- £) | 3a + ё us a+ 3b 
[ques ppt Tou a— b` 


This solution has been stated by Brahmagupta (628): 


“The sum of the multipliers multiplied by 8 and 
divided by the square of the difference of the multipliers 
is the (unknown) number. Thrice the two multipliers 
increased by the alternate multiplier and divided by 
their difference will be the two roots.”’! 


It has been described partly by Narayana (1357) 
us: 


t BrSpSi, xviii. 71. 
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“The two numbers by which another number is 
multiplied at two places so as to make it (at every place), 
together with unity, a square, their sum multiplied 
by 8 and divided by the squate of their difference is 

«the other number.” 


We take an illustrative example with its solution 
from Bháskara II : 


“Tf thou be expert in the method of the elimination 
of the middle term, tell the number which being severally 
multiplied by 3 and 5, and then added with unity, be- 
comes a square,” ? 

That is to say, we have to solve - 

3x-- rs, | 

sx І — 02, 
Bháskara II solves these equations substantially as 
follows : : 

(х) Set 4 = 3y + 1; then from the first equation, 

AG» + 27. 
Substituting this value in the other equation, we get 
15)? -+ 10+ r=, 

or (159 + 5) = 151? + то. 

By the method of the Square-nature we have the solu- 
tions of this equation as 


0 == 9 v= 71 
15y + 5 = 3j: 15d 5 = у 
Therefore J= 2,18,... 
Hence | x = 16, 1008, ... 
(2) Or assume the unknown number to be 
х = ig? та; 1), 


4 


1 GK, i. 51. 2 BBi, p. 118. 
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so that the first condition of the problem (7.e., the first 
equation) is identically statisfied. Then by the second 
condition 
$(9 —1)+ 1 = 2%, 
or (suy = 152? + то. 
Now, by the method of the Square-nature, we get the 
values of (#, v) as (7, 9), (55, 71), etc. Therefore, the 
values of x are, as before, 16, 1008, etc. 
The following example is by Náráyana : 
*O expert in the art of the Square-nature, tell me 
the number which being severally multiplied by 4 and 7 
and decreased by 5, becomes capable of yielding a square- 
root." 
That is, solve: 
4X — 3 = #, 
T4339 = "^ 
Narayana says: “Ву the method indicated before the 
number is 1, 21, or 1057." 


25. DOUBLE EQUATIONS OF THE SECOND DEGREE 


First Type. The double equations of the second 
degree considered by the Hindus are of two general 
types. The first of them is 

ах? + by? +e = 10, 
ax? + by? 4. of = " 
Of these the more thoroughly treated particular cases 
are as follows : 
ТИ. — 
Case i. | TI ги. 


1 СК, p. до. 
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xP te y® — ian 
x? — y2 р = 02, 


Case ii. f 


It should be noted that though the earliest treat- 
ment of these equations is now found in the algebra of 
Bhâskara II (1150), they have been admitted by him 
as being due to previous authors (4dyodéharanam). 


For the solution of (/) Bháskara II assumes! 
x? = 592—1, y® = 4$? 
so that both the equations ate satisfied. Now, by the 
Method of the Square-nature, the solutions of the equa- 
tion 58? — 1 = x? are (1, 2), (17, 38),...'Therefore, the 
solutions of (7) are 
х=» == э) 
Joa у=34)? 
Similarly, for the solution of (7), he assumes 
x= gio, y= д, 
which satisfy the equations. By the method of the 
Square-nature the values of (y, X) in the equation 
322 + 1 — x? are (4, 9), (72, 161), etc. Hence the 
solutions of (27) ate 
x= ә! х= ы 
J558) y= 144)? | 
Bháskara II further says that for the solution of 


equations of the forms (7) and (/) a more general as- 
sumption will be 


х2 == pet pa, y? mg; 
where 5, m are such that 
Pim == а square, 


1 BBi, p. to8. 
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the upper sign being taken for Case 7 and the lower sign 
for Case Z. Both the equations are then identically 
satisfied. Suppose 


P + m = s, 
p— т = Ё. 
Whence У == (== + n), 


2m2 
== — — 
3(2- — л), 
where # is any rational number. Therefore 
4m* 25 
Pw +( Р] ъа ). 


Here he observes that z? should be so chosen that р 
will be an integer. 


4 
Hence ж = (C my? Fi, (1) 
J = ghi 


the upper sign being taken for Case 7 and the lower sign 
for Case й. 


2 
Whence “= (= as п )х, 
Al 2m л) 
= }(— — 
n 


j Or, we may proceed ina different way, says Bhâskara 
Since 
(2° + 4°) + 2р4 
is always a square, we may assume 
J? = 2pqu*. 
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For a rational value of y, 254 must be a square. So 
we take 

p= 27°, q= n. 
Hence we have the assumption 

x? == (40% +. ut)? F т, 

2 = asa. ) (2) 
the upper sign being taken for Case 7 and the lower 
sign for Case 4. 

Whence 
н = (2n? + nu, 
y == (2m? — mw. 
]t will be noticed that the equations (1) follow from 
(2) on putting 2 = w/2z. So we shall take the latter as 
our fundamental assumption for the solution of the 
equations (7) and (7). ‘Then, from the solutions of the 
. subsidiary equations s 
i (4% + nt»? F т = x?, 
by the method of the Square-nature, observes Bháskara 
Il, an infinite number of integral solutions of the 
original equations can be derived.t 
Now, one rational solution of 

(amt + m? + 1 = x? 
is 

Dh epee es 

(am + n*) — re 

emm (am* +- nt) + 7? 

(am* + m)— rë 
Therefore, we have the general solution of 
xt yr = 02 | 


x? — y — 1 = #2 


1 Cf. BBi, p. 110. ` 
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as 
Lam pm cmm) 
“= dm my UM 3 | oy 


= АЛЛ TR ar(2m? — go 
JU Gamer (am^ + at) — r? 
where z, n, r ate rational numbers. 


For r = s/t, we get Genocchi's solution. 


In particular, put w= 24, n = 1, r= 8/?— 1 in 
(A). Then, we get the solution 


4 /8P8 — 148 (645 — 1 
х = 4(—— ) +i, 4— Е. Я 
Ет, ш ш. 


Putting # = 7, n = 1, r = 2f + 2t -- 1 in (4), we 
have? 


(P) 


yl, v = } — -—. 


Араш, if we put z = 4, п — 1, r = 27? ір (A), 
we get 
x= 84+ 1, a= 40(21° + 9) 
„у == 828, v = 40(212 — 1). Q 


These three solutions have been stated by Bhâskara 
II in his treatise on arithmetic. He says, 


1 Nouv. Ann. Math., X, 1851, pp. 80-85; also Dickson, 
Numbers, Il, рр. 479. For a summary of important Hindu results 
in algebra see the article of A. N. Singh in the Archeon, 1936. 

2 Here, and also in (с), we have overlooked the negative sign 
of х, y, я and v. 
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“The square of an optional number is multiplied 
by 8, decreased by unity, halved and then divided by that 
optional number. The quotient is one number. Half 
its square plus unity is the other number. Again, unity 
divided by twice an optional number added with that 
optional number is the first number and unity is the 
second number. The sum and difference of the squares 
of these two numbers minus unity will be (severally) 
squares." 


“The biquadrate and the cube of an optional number 
is multiplied by 8, and the former product is again in- 
creased by unity. "The results will be the two numbers 
(required)? 


Narayana writes : 


“The cube of any optional number is the first 
number ; half the square of its square plus unity is the 
second. The sum and difference of the squares of these 
two numbers minus unity become squares."? 


That is, if # be an optional number, one solution 
of (27), according to Narayana, is 
n 


2 
тра # = (n + a), 
deem, v= (gh — 2) Z, 


It will be noticed that this solution follows easily 
from the solution (с) of Bhaskara II, on putting 7 = #/2. 
This special solution was found later on by E. Clere 
(1850).* - 


1 L, p. 13. 2 L, p. 14. 

3 GK, i. 46. 

t Now. Ann. Math., IX, 1850, pp. 116-8; also Dickson, 
Numbers, ТЇ, p. 479; Singh, 1. c. 


272 ALGEBRA 


Now, let us take into consideration the equation 
(4274 + M)? — x = x 
Its solutions are known to be 


I I 
xx y 2m. 
xnl Mm Aces st 

(88 . 2m 


From these, by the Principle of Composition, we 
get respectively two other solutions 


16275 + тй Wat  ) 
= сс DE ETE 
_ 327% + 6n |? MEL UE A 

në BEST 


Therefore, the general solutions of 


are 
__ 2m? _ 272 +. 02 
og? o R? : 
_ 277 202 — 12. 6) 
== a E 0 = p э 
= Gana + Gun), 
J = 
(^) 


“u= (1604 + sam? + s, 


v= A67 + yam? — n2); 
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am 272 + om 

К=з И д (^) 
я 27? — gg 

prios MESS 


and 


I 4 
х= 5540 + 3020), 


у= Flat + т), 


: (P^) 
(mt + nt*y)(azz +. n°), 


== — 
2 


y= za ++ (2m? — gt). 


Putting n= т in (4 and (a"), we have the in- 
tegral solutions 
X = 2m, n — 2-1, , 
у == 2M, ке ATUS (2.1) 
апі 
x = 279160? + 3), 
„у = 2(16m'4 -+ 1), СА 
u == (16% + 1)(20° + т), Í 
v = (16% + 1)(2m* — 1). 


Similarly, if we put лл = x in (D^) and (^), we get 


x= 5 2 =f 2+ ? , 
б oce Ce) 
and 
хе ита scie.) gno 
у= +1), v= и) (0 2) OY 


1 This solution was . given by Drummond (Amer, Math. 
Mon., IX, 1902, p. 232). . 


18 
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The solution (b’.1) is stated by Narayana thus : 


* Any optional number is the first and half its square 
is the second. The sum and difference of the squares 
of these two numbers with unity become capable of 
yielding a square-root.” В 

Case їй. 'Form 

ах? + Бу? = #2, 
adx? 4- by? +. с = 1%. 

For the solution of double equations of this forrn 
Bháskara II adopts the following method: 

The solution of the first equation is x = my, 
4 — ny; where 

ат? + b = n, 
Substituting in the second equation, we get 
(au? 4- b) y? + с = 1, 
which can be solved by the method of the Square- 
nature. 
Example from Bháskara П :? 
7х? + 8)? = al 
7x? — 85° + I—29)' 
He solves it substantially as follows : 


In the first equation suppose x — zy ; then z — 6y. 
Putting x = 2y, the second equation becomes 


20у? + 1 = 2°. 
By the method of the Square-nature the values of у 
satisfying this equation are 2, 36, etc. Hence the solu- 
tions of the given double equation are 
x = 4,.72, <- 
J= 2, 36,... 


1 GK, i. 45. - 2 BBi, p. 119. 
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Case iv. Form 
av? + 9%) d- e = 2, 
ordre] 

Putting x? + 7? = x Bháskara II reduces the above 


equations to 
оз) 
the method for the solution of which has been given 
before. 
Example with solution from Bháskara П :1 
p URS m 
4(x* — 9) + 3 = 02)" 
Set x?— 32 = 9; then 


2z +3 = 0, 

5 + 3 =. 
Eliminating z we get 

349 == zv 4 3, 
or (34)? = б? + 9. 
Whence v = 6, 6o, ... 

34 — 15, 147, ... 
Therefore u = 5, 49, ... 
Hence x? — J? = = 11, 1199, ... 


Therefore, the required solutions are 
II | т1 CE de 
у= 1(——— №) J —4(722 — m). 
where z is an arbitrary rational number. 


1 BBi, p. 119. 
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For m= 1, the values of (х, у) will be (6, 5), 
(боо, 599), ... 
For m = 11, we get the solution (бо, 49), ... 
Case v. For the solution of the double equation of 
the general form 
ах? + Ву? + с = и? 
ах? + pt y? M с" = a) 
Bhâskara IPs hint! is: Find the values of x, я in the 
first equation in terms of y, and then substitute that value 
of x in the second equation so that it will be reduced to 
a Square-nature. He has, however, not given any 
illustrative example of this kind. 
Second Typé. Another type of double mem 
of the second degree which has been treated is 
ах? + bxy + cy? = 22, 
a! x? + xy + ey? + d' = 2j 
The solution of the first equation has been given 
before to be 


MOREM. p b 
а) 8, 


№ 
u=} (00 тъ) +h [> 
where Ais an arbitrary rational number, Putting A — y, 
we have 


PE eae 6 La. .. 
E да? ; ) 248 7c 095 
u=} ES +1 y 
2 да? 
І [ы b 
——[£4——3— т у= . 
where HET да? ) 2а? 


1 Vide supra, pp. 190f.- 
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Substituting in the second equation, we get 

(g'a? + }'в +o) P+ 4' = 2, 
which can be solved by the method.of the Square-nature. 
This method is equally applicable if the unknown part in 


the second equation is of a different kind but still of 
the second degree. 


Bháskara II gives the following illustrative example 
together with its solution :! 


х? + ху + = a 
(xt yeti 02 
Multiplying the first equation by 36, we get 


(6х + 39)? + 2797 = 364. 

Whence бх + зу = TE — 1), 
2 

би = (7 +a), 


where л іѕ an arbitrary rational number. Taking А = y, 
we have ` * 


бх + Ry = 13), 
or x= $5, 
and u = Fy. 


Substituting in the second equation, we get 
56у + 9 = 9r". 


By the method of the Square-nature the values of y 
ate 6, 180, ... 


Hence the required values of (x, y) are (10, 6), 
(300, 180), .. 


1 BBs, pp. 107f. á 
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26. DOUBLE EQUATIONS OF HIGHER DEGREES 


Thete are a few problems which involve double 
equations of degrees higher than the second. The 
following examples are taken from Bháskara II : 


Example т. “The sum of the cubes (of two 
numbers) is a square and the sum of their squares is a 
cube. If you know them, then I shall admit that you 
are a great algebraist."! 


We have to solve the equations 
xP 02 00, 
x? + 8 = aj 
The solution of this problem by Bháskara II is as 
follows : 


“Here suppose the two numbers to be s?,23?. 
PP Аена oe To 2% 
The sum of their cubes is 939. ‘This is by itself a square 

and its square-root is 353. 


*Now the sum of the squares of those two numbers 
is 524, This must be a cube, Assuming it to be equal 
td the cube of an optional multiple of sz and removing 
the factor 53 from both sides (we get = 25p3, where 
p is an optional number); so, ds stated before, the 
numbers are (putting p = 1) 625, 1250. The assump- 
tion should be always such as will make it possible to 
remove (the cube of) the unknown."? 


In general, assume x = z?, у = n? ; substituting 
in the second equation, we have 


x84 y8 == (gf + iy = 1%, 
If - m Log = а square = p°, say, 


then v = px. 


1 ВВ, p. 56. 2 BB, рр. 56f. 
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Now, from the first equation, we have 
(ж? -- т) == WB, 
Assume й = rz; then 


73 
= + ge 
Hence we get 
ие nr ES 5 
CES J — (nr > 


where r is any integer and т, п are such that ` 
m? + 78 =a square. 


One obvious solution! of this equation is # = І, я = 2. 
Hence we get the solution 
> = 27, 


This particular PN has E given by Náráyana, 
who says : 


“The square of the cube of an optional number is 
the one and twice it is the other. These divided by 25 
will be the two numbers, the sum of whose squares will 


1 Now #3 + #3 can be made a square by putting 


т = (P+ Pp, n= (0 + gx 


so that m? + nm <= (P + 43)*. 
Hence the solution of our equation will be , 
x= „ыгы RN 
GUESS IE 
5 


= 4 
EFT OF 
Putting r= (р? + PP + 43), we have the solution in 
positive integers as L 
x = pp + qU + Zs’, 
> == UP + PNB + PPS 


where p, 4, $ are any integral numbers. 
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be a cube and the sum of whose cubes will bea square.” 
He then adds by way of illustration : 

“With the optional number 1, we get the two 
numbers (1/25, 2/25); with 2, (64/25, 128/25); with 5, 
(625, 1250); with 1/2, (1/1600, 1/800); with 1/3, 
(1/18225, 2/18225). Thus by virtue of (the multiplicity 
of) the optional number many solutions can be found." 

Example 2. “O most learned algebraist, tell me 
those various pairs of whole numbers whose difference 
is a square and the sum of whose squares is а cube."? 

That is to say, solve in positive integers 

у= х = 0, 
J? + х? m 03, 

Bháskara Il's process of solving this problem is as 
follows : 

“Let the two numbers be x, y. Putting their differ- 
ence, y — x, equal to 47, we get the value of x as 
у — и. Having thus found the value of x, the two 
numbers become y — #2, y. 

“The sum of their squares = 2y? — 2yz? + 4*. This 
isa cube. Making it equal to 49 and transposing we get 

И — yt = 2 — 1. 
Multiplying both sides by 2 and superadding #4, we get 
the square-root of the second side = 2y — 4?, and the 
first side = 249 — #4, Dividing out by #4 (and putting 
w for 2y[u?— 1), we get 
24? — y— 2%, 

By the method of the Squate-nature the roots of this 
equation are 

4 — j, 29, or 

w = 7; 41, 


1 GK, 1. 50. ? BBi, p. 103. 
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“Then by the rule, ‘Or, if a biquadratic factor has 
been removed, the greater root should be multiplied by 
the square of the lesser root," we get 


2y — 25 = 175, 
.' Of 2y — 841 — 34481. 
Therefore у = 100, 17661, ... 


“Finding the respective values of the numbers, they 
ate (75, 100), (16820, 17661), etc." 


Example 3. “Bring out quickly those two numbers 
of whichthe sum of the cube (of one) and the square 
(of the other) becomes a squate and whose sum also is a 
square.” 

That is to say, solve 

oy H=, (1) 
X -Hy = py, (2) 

This problem has been solved by Bhâskara II in 

two ways, which are substantially as follows : 


First method, From (т) we get 
“=+ A), y=t 1), 
where 4 is an arbitrary number. Putting 4 = x, we get 
` u= xH y= f(x? — x). 
Substituting this value of y in (2), we get 
х? Б х = 21°, 
or (2x + 1)? = 87? + x. 


1 The reference is to the rule on p. 249. 
2 BB, p. 107. - 
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By the method of the Square-nature we have 
> = 6 y == 35 
au E malc em 
Whence the values of (x, y) are (8, 28), (49, 1176), ... 
Second Method. Assume x = 280°, y = 72%, Then 
x +y = 9n? = (30), 
So the equation (2) is satisfied. Now, substituting 
those values in (1) we get 


825 + 4on4 = x7, 


or w8 + до) = 2. 
If 82? + 49 = +, 
then u == 900, 


Now the values of w making 8022 -- 49 a square 
are 2, 3, 7... Hence the required numbers (x, y) are 
(8, 28), (18, 63), (98, 343), ... 

Example 4. “What is that number which multiplied 
by three and added with unity becomes a cube; the 
cube-root squared and multiplied by three becomes, 
together with unity, a square.”1 


That is to say, solve 
3x c IS 3, (1) 
bo Tics, (2) 
It has been solved by Bháskara II thus : 


From (2), by the method of the Square-nature, we 
get the values of (л, v) as (1, 2), (4, 7), (15, 26), ... 
Whence the values of x are 21, 3374/3, ... 


1 ВВ;, p. 119. This problem is admittediy taken by Bháskara 
II from an earlier writer. 
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Alternatively? we assume и = 3y + 1; then from 
the equation (1) we get 
x = Gr T ay x 
Also from (2) we have 
27)? + 18у + 4 = 2? 
== (my — 2)*, say. 

Hence = zm 

m — 27 


Therefore, the required value of x is 


ope (a) ES (LAT) d (сагу. 


m? m2 — 27 


where # is a tational number greater than 5. 

The first of the previous solutions is given by w = 9. 

Double Equations in Several Unknowns. To 
solvea double equation involving several unknowns, 
Bháskara II gives the following hints : 

“When there are square and other powers of three 
or more unknowns, leaving out any two unknowns at 
pleasure, the values of others should be arbitrarily as- 
sumed and the roots investigated."? 


For the case of a single equation, he says : 


"But when there is only one equation, the roots 
should be determined as before after assuming optional 
values for all the unknowns except one." 


27. MULTIPLE EQUATIONS 


There ate some very elegant problems in which 
three or more functions, linear or quadratic, of the un- 
knowns have to be made squares or cubes. The 


1 See ВВ, p. 121. · * BBi, p. 106. 
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following example occurs in the AE ĝa of 
Bháskara F (322): 

Example 1. 'To find two numbers x and y such that 
the expressions х + y, x — y, xy + т are each a perfect 
square. і 

Brahmagupta gives the following solution: 


* A square is increased and diminished by another. 
The sum of the results is divided. by the square of half 
their difference. Those results multiplied (severally) 
by this quotient give the numbers whose sum and 
difference are squares as also their product together 
with unity."? 


Thus the solution is : 

x = Pu? + s, 

у = Р(и? — т), 

(m? + n?) + (m? TU n?) 
[240 + 7) — (02 — gp" 


any rational numbers. 


where P= т, n being 


Narayana (1357) says: 


“The square of the square of an optional number is 
set down at two places. It is decreased by the square 
(at one placé) and increased (at another), and then 
doubled. The sum and difference of the results are 
squares and so also their product together with unity."3 


That is, x = 2(pt + p?) 
J = 2(р% — p 
where p is any rational number. 


1 J B), viii. 17. ? BrSpSi, xviii. 72. 
3 GK, i. 47. 
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The rationale of this solution is as follows : 
Suppose 
x == 2x?(u* + 02), y — 222(m — n), 
so that x + y are already squares. We have, therefore, 
only to make 
xy + т = g(a + stu — n?) + 1 = а square. 
Now 
axi — nt) + т = (айл — 1)? + аи — s) 
Hence, in order that ху- 1 may be a square, one 
sufficient condition is 
m = s. 
2228 (n+ 12) + (02 — n?) 
me BA и) — (0 — 1) 5] 
Again X == 29(02 - og?) = 2(z4nt + 5200), 
or x = 2(p*+ p’), if p= л. 
Therefore J = 20р — p. 

Example 2. “If thou be expert in mathematics, 
tell me quickly those two numbers whose sum and 
difference are squares and whose product is a cube.” 

That is, solve 

х+ьу= ыы, 


ху =a cube. 


Therefore 29 = 


Bháskara II says : 

“Неге let the two numbers be 532, 492. They are 
assumed suchas will make their sum and difference both squares. 
Their product is 2034. This must be a cube. Putting 
it equal to the cube of an optional multiple? of тоў and 
removing the common factor 53 from the sides as before, 
(we shall ultimately find) the numbers to be тоооо, 
12500,” 


1 BBi, p. 56. 2G.K, i. 49. 
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In general, let us assume, as directed by Bháskara II, 
x = (т? A nR, у = 2mm, 
which will make x + y squares. We have, therefore, 
only to make 
2mnm + п) = a cube. 


Let 2zn(m? +- п) == pz, 
Th nd «Е 
d X 7 amn(n F ny 
о + wp 
Therefore x= (aman 4. pe 
2mnp® 


= {2л m +. 52)? 
where m, n, p are arbitrary. 


This general solution has been explicitly stated by 
Narayana thus : 

“The square of the cube of an optional number is 
divided by the square of the product of the two numbers 
stated above and then severally multiplied by those 
numbers. (Thus will be obtained) two numbers whose 
sum and difference are squares and whose product is a 
cube. 

The two numbers stated above? are 42-4- 5? and 
275 whose sum and difference are squares. 

In particular, putting w= 1, # = 2, p == xo, Nara- 
yana finds x = 12500, y = 10000. With other values 
of m, n, p he obtains the values (3165/16, 625/4), 
(62500/117, 250000/507), (15625/1872, 15625/2028); 
and observes: “thus by virtue of (the multiplicity of) 
the optional numbers many values can be found.” 


1GK, i. 49. 2 The reference is to rule i. 48. 
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Example з. To find numbers such that each of 
them severally added to a given number becomes a 
square; and so also the product of every contiguous 
pair increased by another given number. 

For instance, let it be required to find four numbers 
such that 


xa, ху + В = E? 
JT а= 4°, dup 
gar, yy + В == 52, 


12 -+ as, 

The method for the solution of a problem of this 
kind is indicated in the following rule quoted by Bháskara 
П (1150) from an earlier writer, whose name is not 
known : 

“As many multiple (guga) as the product-interpolator 
(vadha-ksepa) is of the number-interpolator (rZf;-&erepa), 
with the square-root of that as the common difference 
are assumed certain numbers ; these squared and dimi- 
nished by the number-interpolator (severally) will be 
the unknowns."! 


' In applying this method to solve a particular 
problem, to be stated presently, Bhaskara II observes by 
way of explanation : 

"In these cases, that which being added to an 
(unknown) number makes it a square is designated as 
the number-interpolator. The number-interpolator 
multiplied by the square of the difference of tbe square- 
roots pertaining to the numbers, is equal to the product- 
interpolator, For the product of those two numbers 
added with the latter certainly becomes a square. The 
products of two and two contiguous of the square- 
roots pertaining to the numbers diminished by the 


! BBi, p. 68. 
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number-interpolator are the square-roots corresponding 
to the products of the numbers." 


Since x = р? — a, y—4?— a, we get 
xy + В = (P — 9? — а) + В 
= (pq — «) ++{B — a(g — py}. 
In order that ху -+ В may be a square, a sufficient 
condition is 


a(g — by = 6, 
or q— p+vbja=pty, wherey= VB/a. 
Then ху 8 = (pq — ay. 
Hence E = pq— a. 


Similarly r—quv serit. 

Thus, it is found that the square-roots р, q, 7, 7 
form an A.P. whose common difference is y (= /f/a). 
Further, we have i 

x=p— а, 

у= (р) — о, 

& == (p+ 21) — а, 

>= (p + 3Y} — a, 
as stated in the rule. 


These values of the unknowns, it will be easily 
found, satisfy all the conditions about their products. 
For 


ху В = {p(p + Y) a’, 
IZ В = ((2 Y + 21) — а}?, 
xw + B= (d 2Ү)(Рр + 3Y) — a. 


1 BBs, p. 67. 
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Thus we have 
| E == р (2 + Y) — 4, 
n= (+ v)(P + гҮ) — а, 
t = (2 Æ 2y)(p + 3Y) — о; 
as stated by Bhâskara JI. . 
It has been observed by him that the above principle 
is well known in mathematics. But we do not find it 
in the works anterior to him, which are available to us. 
It is noteworthy that-:he above principle will hold 
even when all the fs are not equal. For, suppose 
that in the above instance the second set of conditions 
is replaced by the following : 


xy + By == Ба, 
IZ +H Be == n*, 
gv + Pa == 5°. 


Then, proceeding іп the same way, we find that 
а=^+ ViJe r=qt МВ, s=r+ VBa 
and B—pq—oa q—4r—o C=rs—a, 
It should also be noted that in order that ху + В 


ог ра? — о(р? + g*) + a? + В may be a square, there 
may be other values of g besides the one specified 


above, namely 4 = p + VBja. We may, indeed, regard 
р — a(p? + 9) + а + В = 8° 

as an indeterminate equation in 4. Since we know one 
solution of it, namely 4 = p +Y, E = P(P + Y) — о, 
we can find an infinite number of other solutions by the 
method of the Square-nature, 

Now, suppose that another condition is imposed on 
the numbers, vg., 

wx + В" = р. 
19 
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` On substituting the values of x and » this condition 
transforms into 

J^ + бүр? + (91° + 20)p? + боүр + a? — 98 + p^ = н, 
an indeterminate equation of the fourth degree in p. 

In the following example and its solution from 
Bháskara II we find the application of the above 
principle : 

Exaraple. “What are those four numbers which 
together with z become capable of yielding square- 
roots ; also the products of two and two contiguous of 
which added by 18 yield square-roots ; and which are 
such that the square-root of the sum of all the roots 
added by 11 becomes 13. Tell them to me, O algebraist 
friend.’’! ` 

Solution. “In this example, the product-interpolator 
is 9 times the number-interpolator. The square-root of 
9 is 3. Hence the square-roots corresponding to the 
numbers will have the common difference 3. Let 


them be ; 
x,x4-3, x+ 6, x + 9. 


“Now the products of two and two contiguous of 
these minus the number-interpolator are the square- 
roots pertaining to the products of the numbers as 
increased by 18. So these square-roots are 


х? + 3х — 2, 
x? -+ 9x + 16, 
x? -p 15x + 52. 


“The sum of these and the previous square-roots 
all together is 3x?-|- 31x -+ 84. This added with 11 


1 ВВ, P 67. 
It wil be noticed that by virtue of tbe last condition the 
problem becomes, in a way, determinate. 
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becomes equal to 169. Hence 
3X? + 31x + 95 = ox? + ox + 169. 


“Multiplying both sides by 12, superadding 961, 
and then extracting square-roots, we get 


бх + 31 = ox + 43. 
xoa. 


“With the value thus obtained, we get the values of 
the square roots pertaining to the numbers to be 2, 
5, 8, тї. Subtracting the number-interpolator from the 
squares of these, we have the (required) numbers as 2, 
25, 62, 119." f 


Example 4. То find two numbers such that 
x—y +R =H, 
x+y +4 = 0%, 
x — у? + Ф’ = 43, 
.oXÀ 4 y 4 EU = gp, 
Bháskara П says : 


“Assume first the value of the square-root pertain- 
ing to the difference (of the numbers wanted) to be any 
unknown with or without an absolute number. The 
root corresponding to the sum will be equal to the 
root pertaining to the difference together with the 
square-root of the quotient of the interpolator of the 
difference of the squares divided by the interpolator for 
the sum or difference of the numbers. The squares of 
these two less their interpolator are the sum and differ- 
ence of the numbers. From them the two numbers can 
be found by the rule of concurrence"! 


1 ВВ, pp. 111. 
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That is to say, if » is any rational number, we. 
assume 
и=њ | а, 
where а is an absolute number which may be о. Then 
y= (w + a) +- МАК. 
Now ха k = (x — x ty) + k 
= (2 — R2 — k) + & 
= 202 — (и? + 02) + £2 4- К. 
One sufficient condition that the right-hand side may be 
a square is 
ko — и)? = k, 
Or yout VK Ík, 
which is stated in the rule. Therefore, 
x — y = (w + а)? — А, 
x+y = (w tat VERE — А. 
Hence x = {0 + o)? + w a+ VRIR — 24), 
у= Ио xad VEJR — w+ a). 
Now, if y denotes V &'[&, we get 
x? 4 y? = н + ay + (3Y? — Eug 
+ 21(у° — kju + ME A M? — Ey. 
So it now remains to solve 
w+ 2yn + (3Y? — 24)? + 2y(Y? — Aya 
TOME à? — KP + EU, 
which is an indeterminate equation in и. 


Applications. We take an illustrative example with 
its solution from Bhaskara II. 


“O thou of fine intelligence, state a pair of 
numbers, other than 7 and 6, whose sum and difference 
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(severally) added with 3 аге squares ; the sum of their 
squares decreased by 4 and the difference of the squares 
increased by 12 ate also squares; half their product 
together with the smaller one is a cube ; again the sum 
of all the roots plus 2 is a square.”! 


That is to say, if x » y, we have to solve 
x ==) + з = 2, 
x yd 3 ==, 
х? — y?-d 12 = 2, 
х +) — 4 = 2, 
ъху Б.у = }%, 
Mpuvu+stitp+2=¢4. 
This problem has been solved in two ways : 


First Method. Аз directed in the above rule, 
assume 


и == 0 — І. 
Then x — y = (w — 1)? — 3 = a — aw — 2, 
x+y =(= 14 22 — 3 = w+ aw — 2. 
Therefore x = we — 2, y= 20. 


Now, we- find that 
ха — J? + та = (2? — ду, 
1ху + у = 7%. 
So all the equations except the last one are already 
satisfied. ‘This remaining equation now reduces to 
295 + зр — 2 = 4°. 

Completing the square on the left-hand side of this 
equation, we get 

(а + 3)? = 84? + 25. 


1 BBs, р. 115. 
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By the method of the Square-nature its solutions are 


475 | 4= 173 | 
4и 3 = 15)" aw + 3 == 495)” 
Therefore W = 5, 125, ... 
Hence the values of (x, y) are (7, 6), (15127, 246), ... 
Second Method. Or assume! a 


x—y +3 = 2, 
then xpyt3= 22 4 40 4 4 = (w+ 2Y. 
Whence x = 02 + 20 — 1, y= 20 4 a. 
Now, we find that 
x? — y? + 12 = (9? + 2w — 3)%, 
x? + y? — 4 = (v? + zw 4- 1), 
by d = + 1). 
Then the remaining condition reduces to 
22% + Tw + 3 = 4. 
Completing the square on the left-hand side, we get 
(4 + 7)? = 84 + 25. 
Whence by the method of the Square-nature, we get 


| 4= 5 | 4 = m) 
497—153) 4+7 = 495)” 
Therefore W = 2, 122, ... 
Hence (х, у) = (7, 6), (15127, 246), ... 


Another very interesting example which has been 
bottowed by Bháskara П from an earlier writer is the 
following:? 


1 This is clearly equivalent to the supposition, 4 = 2, 
# = Ф-|- 2. 

2 The text is &asyápyudábaragnagm (“the example of some опе”). 
This observation appears to indicate that this particular example - 
was borrowed by Bháskara II from a secondary source ; its primary 
source was not known to him, 
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“Tell me quickly, О sound algebraist, two numbers, 
excepting 6 and 8, which are such that the cube-root of 
half the sum of their product and the smaller one, the 
square-root of the sum of their squares, the square-roots 
of the sum and difference of them (each) increased by 2, 
and of the difference of their squares plus 8, all being 
added together, will be capable of yielding a square- 
root.” | 


That is to say, if x > у, we have to solve 
V 3og FD + V x* 4- ys + Vix? — y* 4-8 
+ Vet yp 2+ Муф a= 4. 
In every instance of this kind, remarks Bháskara II, 
"the values of the two unknown numbers should be 
so assumed in terms of another unknown that all the 
stipulated conditions will be satisfied." In other words, 
the equation will have to be resolved into a number of 
other equations all of which have to be satisfied simul- 
taneously. Thus we shall have to solve | 


ху + 2 == #, | 


xy 2 = 2, 
х® — y + 8 == 8, 
х? Бу = 7, 


aC + 7) = p, 
atovtsti+p=¢. 
The last equation. represents the original one. 
There: have been indicated several methods of solv- 
ing these equations. 
() Set x = »? — 1, y = zw; then we find that 
x—y+2=(— 1), 
X dd: 2 = (2 + 1), 


1 BBs, p. 110. 
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ха — p 8 = (в gp. 
xP +2 = (@®-„ ту, 
| 369 +) = r. 
So all the equations except the last one are identically 
satisfied. This last equation now becomes 


iy?--34£»—2-d. 
Completing the square on the left-hand side, we get 
(42 + 3)? = 89? + 25. 
Solutions of this are 


эк eiTe 
49 + 3—= 15)" 4m +3 == 85)" 4w + 3 = 405)’ 
Therefore, we have the solutions of our problem 
as 
(х, у) = (8, 6), (1677/4, 41), (15128, 246), ose 
Or set 
1 x == w? + 22, 
w Ё == 20 + 2; 
в.о С E 22 pum 22Р, 
(21) pe кк а 


; x= w+ 40 ++ 3, 
т 

Е Е 2w + 4. 

In conclusion Bhaskata П remarks: “Thus there 
may be a thousandfold artifices ; since they are hidden 
to the dull, a few of them have been indicated here out 
of compassion for them.” 

It will be noticed that in devising the various atti- 
fices noted above for the solution of the problem, 
Bháskara II has been in each case guided by the result 
that if 4 = w + a, then, v = w +- a- УА. Не has 
simply taken different values of a in the different cases. 


1 BBs, p. 110. 
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Bakhsháli Treatise. The earliest instance of a 
quadratic indeterminate equation of the type axy = bx 
+ су 4 d, in Hindu mathematics occurs іп the 
Bakchshàli Treatise (c. 200).! The text is very mutilated. 
But the example that is preserved is 


xy = 3x+ 49 F 1, 
of which the solutions preserved are 


х= PET дету, 
У=1+3 == 4; 
апа 
x= 1-04 = 5, 
у= ЕЗ; аш. 


Hence, in general, the solutions of the equation 
xy = bx + cy + d, 


which appear to have been given ате : 


_be+d X mme, 
CEPR D Of EN ee 
у= m+ b; = ? 


where z is an arbitrary number. 


An Unknown Author’s Rule. Brahmagupta (628) 
has described the following method taken from an 
author who is not known now.? 


1 BMs, Folio 27, recto; compare also Kaye’s Introduction $82. 

? Prthüdakasvámi (860) says that the method is due to a 
writer other than Brahmagupta. This is further corroborated by 
Brahmagupta’s strictures on it (vide infra, p. 299). 
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“The product of the coefficient of the factum and the 
absolute number together with the product of the coeffi- 
cients of the unknowns is divided by an optional number. 
Of the optional number and the quotient obtained, ‘the 
greater is added to the lesser (of the coefficients of the 
unknowns) and the lesser to the greater (of the coeffi- 
cients), and (the sums) are divided by the coefficient of 
the factum. (The results will be values of the unknowns) 
in the reverse order." 

As has been observed by Prthüdakasvámi, this rule 
is to be applied to an equation containing the factum 
after it has been prepared by transposing the factum term 
to one side and the absolute term together with the 
simple unknown terms to the other. "Then the solutions 
will be, # being an arbitrary rational number, 


x= Ls + 4), 


= 4 (“+ be b), 


а 


if b >c and w> et If these conditions be re- 


versed then x and y will have their values interchanged. 


The rationale of the above solutions can be easily 
shown to be as follows : 


axy = bx + cy + d, 


or axy — abx — acy = ad, 

Or (ах — с)(ау — b) = ad + be. 
Suppose ах — с = т, а rational number ; 
then ау — b= a 


1 BrSp5i, xviii, бо. 
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Therefore x= Lo +e), 


PER 
y= (St 45). 


Or, we may put ау – р = т; 


then we shall have ах— {== ath, 
А тай br 
whence x = (1—5 +e), 
I 
y= Pid + P). 


It will thus be found that the restrictive condition of 
adding the greater and lesser of the numbers 7 and 
(ad + bc)/m to the lesser and greater of the. numbers 
b and г respectively as adumbrated in the above rule is 
quite unnecessary. 


Brahmagupta's Rule. Brahmagupta gives the 
following rule for the solution of a quadratic indeter- 
minate*'equation involving a factum : 


“With the exception of an optional unknown, 
assume arbitrary values fot the rest of the unknowns, 
the product of which forms the factum. The sum 
of the products of these (assumed values) and 
the (respective) coefficients of the unknowns will be 
absolute quantities. The continued products of the 
assumed values and of the coefficient of the factum will 
be the coefficient of the optionally (left out) unknown. 
Thus the solution is effected without forming an equation 
of the factum. Why then was it done so?" 


The reference in the latter portion of this rule is 
to the method of the unknown writer. The principle 


1 BrSpSi, xviii. 62-3, vide supra, p. 297. 
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underlying Brahmagupta’s method is to reduce, like the 
Greek Diophantus (v. 275). the given indeterminate 
equation to a simple determinate one by assuming 
arbitrary values for all the unknowns except one. So 
it is undoubtedly inferior to the earlier method. 
Brahmagupta gives the following illustrative example : 

*On subtracting from the product of signs and 
degtees of the sun, three and four times (respectively) 
those quantities, ninety is obtained. Determining the 
sun within a year (one can pass as a proficient) mathe- 
matician,"? 

If x denotes the signs and y the degrees of the sun, 
then the equation is 

Xy — 3X — 4y = 90. 

Thus this problem, as that of Bháskara II (zzfza), appears 
- to have some relation with that of the Bakhsháli work. 
Prthüdakasvámi solves it in two ways. Firstly, he as- 
sumes the arbitrary number to be 17, then 


x= HLEA Y 4) = 10, 


у= LOT + 3) = 20. 


Secondly, he assumes arbitrarily y — 20. On substituting 
this value in the above equation, it reduces to 

20x — 3X = 170; 
whence x = 10. 

Mahavira’s Rule. Mahavira (850) has not treated 
equations of this type. There are, however, two pro- 
blems in his Ganite-séra-samgraha which involve similar 
‘equations. One of them is to find the increase or 


1 Heath, Diophantus, pp. 192-4, 262. 
з BrSpSi, xviii. 61. 
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сесгеаѕе of two numbers (a, 4) so that the product of 
the resulting numbers will be equal to another optionally 
given number (7). Thus we are to solve 


(2 + Xb +3) = 4, 
or xy + (bx + ay) = d — ab. 
The rule given for solving this is : 


“The difference between the product of the given 
numbers and the optional number is put down at two 
places. It is divided (at one place) by one of the given 
numbers increased by unity and (at the other) by the 
optional number incteased by the other given number. 
These will give in the reverse otder the values of the 
quantities to be added or subtracted.””! 


That is to say, 


ел8 й ~ ар s d ~ ab 

: d 4- b ae b+i 
_ d~ab |" d c ab 
"avr Juda] . 


Thus the solutions given by Mahávira are much 
cramped. The other problem considered by him is to 
separate the capital, interest and time when their sum is 
given: If x bc the capital invested and y the period of 
time in months, then the interest will be mxy, where m 
is the rate of interest per month. Then the problem 
is to solve 


axy + M+ ym. 
Mahavira solves this equation by assuming arbitrary 
values for y.? 


1 GSS, vi. 284. 2 GSS, vi. 55. 
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Sripati’s Rule. Sripati (1039) gives the following 
‚тше: 

“Remove the factums from one side, the (simple) 
unknowns and the absolute numbers from the other. 
The product of the coefficients of the unknowns being 
added to the product of the absolute quantity and the 
coefficient of the factum, (the sum) is divided by an 
optional number. The quotient and the divisor should 
be added arbitrarily to the greater or smaller of the 
coefficients of the unknowns. These divided by the 
coefficient of the factum will be the values of the un- 
knowns in the reverse order." 


‘ Y ; ‚_ Lyad+ be 

bb, X == zt e) x= E с) 
Y rad 4- be : 1 
алаш Ке; 


where z is arbitrary. 


Bháskara IPs Rule. Bháskara П (1150) has given 
two tules for the solution of a quadratic indeterminate 
equation containing the product of the unknowns. His 
first method is the same as that of Brahmagupta:. 


“Leaving one unknown quantity optionally chosen, 
the values of the other should be assumed arbitrarily’ 
according to convenience. The factum will thus be 
reduced and the required solution can then be obtained 
by the first method of analysis;"? 


Bháskara's aim was to obtain /z/egra/ solutions. The 
above method is, however, not convenient for the 
purpose. He observes: 

“On assuming in this way an arbitrary known 
value for one of the unknowns, the integral values of the 


1 $i$e, xiv. 20-1. 2 BBi, р. 125. 
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two unknowns can be obtained with much difficulty ^t 
So he describes a second method ‘‘by which they can 
be obtained with little difficulty." 


“Transposing the factum from one side chosen at 
pleasure, and the (simple) unknowns and the absolute 
number from the other side (of the equation), and then 
dividing both the sides by the coefficient of the factum, 
the product of the coefficients of the unknowns together 
with the absolute number is divided by an optional 
number. The optional number and that quotient should 
be increased or diminished by the coefficients of the 
unknowns at pleasure. They (results thus obtained) 
should be known as the values of the two unknowns 
reciprocally,’”? 


This tule has been elucidated by the author thus : 


“From one of the two equal sides the factum be- 
ing removed, and from .the other the unknowns 
and the absolute number; then dividing the two 
sides by the coefficients of the factum, the product 
of the coefficients of the unknowns on the other side 
added to the absolute number, is divided by an 
optional number. The optional number and the quo- 
tient being arbitrarily added to the coefficients of the 
unknowns, should be known as the values of the un- 
knowns in the reciprocal order. That is, the one to 
which the coefficient of the ké/aka (the second unknown) 
is added, will be the value of the yévat-tdvat (the first 
unknown) and the one to which the coefficient of the 
yavat-tdvat is added, will be the value of the £/a&z. 
But if, after that has been done, owing to the magnitude, 
the statements (of the problem) are not fulfilled, then 


1 *Byamekasmin vyakte rá$au kalpite sati bahünáyásenabhinnau 
1451 jiáyete" —BBi, p. 124. 
? BBi, pp. 124f. 
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from the optional number and the quotient, the coeffi- 
cients of the unknowns should be subtracted, and (the 
remainders) will be the values of the unknowns in the 
reciprocal order.” 

Thus Bháskara's solutions are 


[4 , € , 
зз 4 ca um 

b , b P" Е 
х=й Jes eN 


ys . ‚ __ I 
where #’ is any arbitrary number and z' = z ( p: + — 


The rationale of these solutions is as follows : 
аху = bx + cy + d, 

Of E uu e 
a a a 


c b d be , 
or (х—--)(э—-;)= Sta = Mn, say. 
Then, either 
x— < = + a x— = = фй! 
b me 
Jy— T +. nf у= == фт 
whence the solutions. 

Bhaskara’s Proofs. The same rationale of the 
above solutions has been given also by Bháskara II with 
the help of the following illustrative example. He 
observes that the proof “is twofold in every case: one 
geometrical (Asetragata), the other algebraic (rászgaza)."! 

Example. “The,sum of two numbers multiplied 
by four and three, added by two is equal to the product 


1 BBi, p. 125. 
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of those numbers. Tell me, if thou knowest, those 
two numbers." 

Solution. "Having performed the operations as 
stated, the sides are 

ху == 4x + 3y + 2. 

The product of the coefficients of the unknowns plus 
the absolute term is 14. Dividing this by an optional 
number (say) unity, the optional number and the quotient 
are 1,14. To these being arbitrarily added 4, 3, the 
coefficients of the unknowns, the values of (x, у) are 
(4, 18) or (17, 5). (Dividing) by (the optional number) 2, 
(other values will be) (5, 11) or (10, 6.)’”? 

Geometrical Proof. “The second side of the equation 
is equal to the factum. But the factum is the area of an 
oblong quadrilateral of which the base and upright are 
the unknown quantities. Within this figure (Fig. 15) 
exist four x's, three ys and the absolute number 2. 
From this figure on taking off four x's and y minus four 
multiplied by its own coefficient, (#.¢., 3), it becomes 
this (Fig. 16). 


Є------- l.--.-2.---3 
= um 


Fig. 15 Fig. 16 
The other side of the equation being so treated there- 


1 BBi, pp. 123, 125. 2 BBi, p. 125. 
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results 14. This must be the area of the figure remaining 
at the corner (see Fig. 16) within the rectangle represent- 
ing the factum, and is the productof its base and upright. 
But these are (still) to be known here. Therefore, assum- 
ing an optional number for the base, the upright will be 
obtained on dividing the area 14 by it. One of these, 
base and upright, being increased by 4, the cocfficient 
of x will be the upright of the figure representing the 
factum, because when four x's were separated from the 
factum-figure, its upright was lessened by 4. Similarly 
the other being increased by 5, the coefficient of y, will 
Бе the base ‘They are precisely the values of x and y.” 


Algebraic Proof “This is also geometrical in 
origin. In this the values of the base and upright of 
the smaller rectangle within the rectangle whose base 
and upright are x and y respectively, are assumed to be 
two other unknowns и and v.2 One of them being 
incteased by the coefficient of x will be the value of 
the upright of the outer figure and the other being 
increased by the coefficient of y will be taken to be the 
value of the base of the outer figure. Thus у= 4 + 4, 
x=v-+ 3. Substituting these values of the unknowns 
x, у, on both sides of the equation, the upper side will 
be 34 -- 42 4- 26 and the factum side will be wv + 3# 
J-4»-- 12. On making perfect clearance between 
these sides, the lower side becomes zv and the upper 
side 14. This is the area of that inner rectangle and it is 
equal to the product of the coefficients of the unknowns 
plus the absolute number. How the values of the 
unknowns are to be thence deduced, has been already 
explained." 3 


1 BBi, p. 126. 

2 In the original text they are respectively 27 (for si/aka) and pf 
(for pitaka). 

5 BBi, p. 127. 
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Bháskara II further observes : 

‘Thus the proof of the solution of the factum has 
been shown to be of two kinds. What has been said 
before—the: product of the coefficients of the unknowns 
together with the absolute number is equal to the area 
of another rectangle inside the rectangle representing 
.the factum and lying at a corner—is sometimes other- 
wise. For, when the coefficients of the unknowns are 
negative, the factum-rectangle will be inside the 
other rectangle at one corner ; and when the coefficients 
of the unknowns are greater than the base and upright 
of the factum-rectangle, and are positive, the otber 
will be outside the factum rectangle and at a corner, as 
(Figs. 17, 18). 
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Fig. 17 Fig. 18 5 
When it is so, the coefficients of the unknowns lessened 


by tbe optional number and the quotient, will be the 
values of x and у”! 


1 BBi, р. 127. 
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